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Tower extension of topological constructs

Dexue Zhang

Abstract. Let L be a completely distributive lattice and C a topological construct; a
process is given in this paper to obtain a topological construct C(L), called the tower
extension of C (indexed by L). This process contains the constructions of probabilistic
topological spaces, probabilistic pretopological spaces, probabilistic pseudotopological
spaces, limit tower spaces, pretopological approach spaces and pseudotopological ap-
proach spaces, etc, as special cases. It is proved that this process has a lot of nice
properties, for example, it preserves concrete reflectivity, concrete coreflectivity, and it
preserves convenient hulls of topological construct, i.e., the extensional topological hulls
(ETH), the cartesian closed topological hulls (CCTH) and the topological universe hulls
(TUH) of topological constructs.

Keywords: topological construct, extensionality, cartesian closedness, tower extension,
completely distributive lattice
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0. Introduction

In 1989 R. Lowen [20] introduced the category of approach spaces which can be
characterized as chains (indexed by [0,∞]) of closure operators satisfying cer-
tain coherence axioms; in [17] E. & R. Lowen introduced pretopological ap-
proach spaces, pseudotopological approach spaces which can be described as
chains (indexed by [0,∞]) of pretopologies (pseudotopologies) with certain con-
ditions. Richardson and Kent [25], Brock and Kent [6] introduced probabilistic
pretopological spaces, probabilistic pseudotopological spaces, as chains (indexed
by [0, 1]) of pretopologies, pseudotopologies respectively with certain conditions.
And the probabilistic topologies in [6] (or equivalently the F-diagonal probabilis-
tic convergence structures with respect to the triangular norm ∧ on [0, 1] in [25],
[15]) are nothing but chains of topologies. The approach uniformities in [22] are
defined to be chains (indexed by [0,∞]) of semiuniformities with certain coherence
axioms.
It is easy to see that the underlying ideas of the above constructs are similar.

It is the purpose of this paper to give a unifying construction of these constructs.
Precisely, for a completely distributive lattice L and a topological construct C,
another topological construct C(L) is constructed, called the tower extension
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(indexed by L) of C. C(L) contains C as a simultaneously bireflective and bicore-
flective construct; and it is proved that the process of tower extension has many
nice properties, for example, it preserves concrete reflectivity, concrete coreflec-
tivity and various convenient hulls, namely, the extensional topological hulls, the
cartesian closed topological hulls and the topological universe hulls of topological
constructs. Hence the related results in [17], [15] about the extensional topo-
logical hulls and topological universe hulls of approach spaces and probabilistic
topological spaces are special cases of the results in this paper.

1. Preliminaries

Let a, b be elements in a complete lattice L, we say a is wedge below b, in
symbols, a ⊳ b or b ⊲ a, if for every subset D ⊆ L, ∨D ≥ b implies a ≤ d for
some d ∈ D. L is called completely distributive if every element a ∈ L is the
supremum of all the elements wedge below it. For an equational definition of
complete distributivity we refer to [8].
If L is a complete chain, then a ⊳ b if a < b or a = b and b has a direct

predecessor. Hence every complete chain is completely distributive.

Proposition 1.1 ([8]). Let L be a complete lattice, then the following are equiv-
alent:

(1) L is completely distributive;
(2) the supremum operation sup : Low(L) −→ L has a left adjoint β, where

Low(L) is the lattice of all the lower sets in L with respect to the partial order
of inclusion, and in this case β(a) = {b ∈ L | b ⊳ a} for all a ∈ L. �

From (2) in the above proposition we see that for all a ∈ L, β(a) =
⋃

b⊳a β(b) =
⋃

b∈β(a) β(b). Hence the wedge below relation in a completely distributive lattice

has the interpolation property, this means a ⊳ b in a completely distributive
lattice L implies that there is some c ∈ L such that a ⊳ c ⊳ b.
For basic results about completely distributive lattices we refer to the Com-

pendium [8], and for categorical notions we refer to [1], [16], [24]. Subcategories
are always supposed to be full in this paper. And for two objects X, Y in a cate-
gory A, the set of all the A-morphisms is denoted HomA(X, Y ), and sometimes
we simply write Hom(X, Y ) if no confusion will arise.

2. Tower extension of topological constructs

A construct is a concrete category over SET, i.e., a pair (C, U), where U is a
forgetful functor from the category C to SET. For each C-object A, U(A) is
called the underlying set of A and for each C-morphism f , U(f) is called the
underlying map of f .
We can consider a construct C as a category, with objects structured sets, i.e.

pairs (X, ξ) where X is the underlying set and ξ is called the C-structure, and
with morphisms suitable maps between X and Y . Sometimes we identify a C-
object with its underlying set, this is purely notational, it should be clear from
the context what is meant.
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Definition 2.1. A construct C is called a topological construct if it satisfies the
following conditions:

(TC1) Existence of Initial Structures: For any set X , any class T , and family
((Xt, ξt))t∈T ofC-objects and any family (ft : X −→ Xt)t∈T of maps, there exists
a unique C-structure ξ on X which is initial with respect to the source (ft : X −→
(Xt, ξt))t∈T , this means that for a C-object (Y, η), a map g : (Y, η) −→ (X, ξ) is
a C-morphism iff for all t ∈ T, ft ◦ g : (Y, η) −→ (Xt, ξt) is a C-morphism.

(TC2) Fibre-smallness: For any set X , the C-fibre of X , i.e. the class of all
C-structure on X , which we denote by C(X), is a set.

(TC3) Terminal Separator Property: For any set with cardinality at most 1
there is exactly one C-structure on it.

Note. Topological constructs defined in the above definition are called well-fibred
topological constructs by some authors, and they call a construct with (TC1) and
(TC2) a topological construct.

A nice property of topological constructs is that they have final structures,

precisely, let {U(Xt, ξt)
ft

−→ X}t∈T be a sink, then there exists a unique C-

structure ξ on X such that the sink {(Xt, ξt)
ft

−→ (X, ξ)}t∈T is final. And it
is well-known that every bireflective and every bicoreflective subconstruct of a
topological construct is topological.
Let C be a topological construct, and let X be a set, the initial C-structure

ξd (the final C-structure ξin) on X with respect to the empty source (the empty
sink) is called the discrete structure (indiscrete structure) on X . Let ξ and η be
C-structures on X , ξ is called coarser than η, in symbols ξ ≤ η, if idX : (X, η) −→
(X, ξ) is a C-morphism. It is easy to see that set C(X) of C-structures on X is a
complete lattice with respect to the partial order ≤, with the indiscrete structure
being the bottom element and the discrete structure the top element.

Definition 2.2. Let C be a topological construct, and let L be a completely
distributive lattice, a tower indexed by L (or simply a tower) in C is a pair (X,Γ)
where X is a set and Γ : L −→ C(X) is a map such that for any a ∈ L, the source

{(X,Γ(a))
idX−−→ (X,Γ(b))}b⊳a is initial, or equivalently Γ is a join-preserving map

from L to the complete lattice C(X). A morphism between two towers (X,Γ) and
(Y,Ξ) is a map f : X −→ Y such that for all a ∈ L, f : (X,Γ(a)) −→ (Y,Ξ(a))
is a C-morphism. The construct of all towers in C is denoted C(L), called the
tower extension of C (with respect to L).

Note. The word ‘tower’ is taken from [20] where it is used to denote a tower of
closure operators indexed by [0,∞] with certain coherence conditions.

Proposition 2.3. C(L) is a topological construct.

Proof: (TC2) and (TC3) are trivial for C(L), as for (TC3) let {X
ft

−→
(Xt,Γt)}t∈T be a source, for each a ∈ L, let Γ(a) be the C-structure on X such



44 D.Zhang

that {(X,Γ(a))
ft

−→ (Xt,Γt(a))}t∈T is initial, then it is easy to see that (X,Γ) is
a tower in C, and Γ is the initial structure on X with respect to the given source.

�

Hence a source {ft : (X,Γ) −→ (Xt,Γt)}t∈T in C(L) is initial iff for all a ∈ L,
{ft : (X,Γ(a)) −→ (Xt,Γt(a))}t∈T is initial. Meanwhile the final structure for a
sink (ft : (Xt,Γt) −→ X)t∈T can be obtained as follows: for each a ∈ L, let Γ∗(a)
be the final structure on X with respect to the sink (ft : (Xt,Γt(a)) −→ X)t∈T in
C, trivially we have that for all a, b ∈ L, a ≤ b implies Γ∗(a) ≤ Γ∗(b), now let Γ(a)

be the initial structure on X with respect to the source {X
idX−−→ (X,Γ∗(b))}b⊳a,

then Γ is the final structure on X with respect to the given sink.

Examples. (1) Let L = [0, 1], C = Top (PrTop, PsTop), then C(L) is the
construct of probabilistic topological spaces (probabilistic pretopological spaces,
probabilistic pseudotopological spaces respectively) in [6].

(2) Let C be the construct of limit spaces, and L = [0,∞]op, then C(L) is the
construct of limit tower spaces in [6].

(3) Let C = PrTop (PsTop), L = [0,∞]op, then C(L) is the construct of
pretopological approach spaces (pseudotopological approach spaces) in [17]. The
construct of approach spaces ([20]) is a subconstruct of PrTop(L). And Top(L)
is the construct of topological approach spaces in [6].

(4) The construct of fuzzy uniform spaces in the sense of Lowen [18] is con-
cretely isomorphic to Unif ([0, 1]) [7]; The construct of fuzzy neighbourhood
spaces in the sense of Lowen [19] is concretely isomorphic to Top([0, 1]op) =
Top([0, 1]) [19], [26]; and the construct of fuzzy neighbourhood convergence spaces
in the sense of Blasco and Lowen [4] is concretely isomorphic to PrTop([0, 1]).

(5) Let C be the construct of semiuniform spaces, then the construct AUnif
of approach uniform spaces ([22]) is a subconstruct of C([0,∞]op).

Given an object (X, ξ) in a topological construct C let ωL(ξ) : L −→ C(X) be
defined as follows:

ωL(ξ)(a) =

{

ξ, a > 0;

the indiscrete structure, a = 0.

It is easy to see that ωL induces a concrete embedding of C in C(L), and we have
more.

Proposition 2.4. The embedding functor ωL : C −→ C(L) has a concrete left
adjoint and a concrete right adjoint, hence C can be embedded in C(L) as a both
bireflective and bicoreflective subcategory.

Proof: Give an object (X,Γ) in C(L), its C-reflection is given by

idX : (X,Γ) −→ (X, ωL(γ))
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where γ is the C-structure on X such that the sink {(X,Γ(a))
idX−−→ (X, γ)}a>0

is final. And its C-coreflection is given by

idX : (X, ωL(γ
∗)) −→ (X,Γ)

where γ∗ is theC-structure onX such that the source {(X, γ∗)
idX−−→ (X,Γ(a))}a>0

is initial. �

For each a ∈ L, we define two functors ωa, ω∗
a : C −→ C(L) as follows: for

each C-object (X, γ),

ωa(γ)(b) =

{

γ, if a ⊳ b,

the indiscrete structure, otherwise,

and

ω∗

a(γ)(b) =











the indiscrete structure, b = 0,

γ, b ≤ a and b 6= 0,

the discrete structure, otherwise.

These two functors will be employed in the sequel, trivially ωa and ω∗
a preserve

initial sources and final sinks.

The following proposition shows that the process of tower extension preserves
concrete reflectivity and concrete coreflectivity.

Proposition 2.5. Let A be a concretely reflective (concretely coreflective) sub-
construct of a topological construct C then A(L) is concretely reflective (con-
cretely coreflective) in C(L).

Proof: (1) Suppose A is concretely reflective in C, given an object (X,Γ) in
C(L), for each a ∈ L, let (X, γ(a)) be the A-reflection of (X,Γ(a)), it is easy to
see that for all a ≤ b in L, γ(a) is coarser than γ(b). Now for each a ∈ L, let Γr(a)

be the C-structure on X such that the source {(X,Γr(a))
idX−−→ (X, γ(b))}b⊳a is

initial, or equivalently Γr is the biggest join-preserving map smaller than γ. Since
A is concretely reflective in C, A is initially closed in C, hence (X,Γr) is in A(L),
and it is trivially the A(L)-reflection of (X,Γ).

(2) Suppose A is concretely coreflective in C, given an object (X,Γ) in C(L),
for each a ∈ L, let (X,Γc(a)) be the A-coreflection of (X,Γ(a)). Since concrete
right adjoints preserve initial sources, it is easy to check that (X,Γc) is an object
in A(L), and it is the A(L)-coreflection of (X,Γ). �

Hence Top(L) is concretely reflective in PrTop(L) and PrTop(L) is con-
cretely reflective in PsTop(L).
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3. Tower extension preserves ETH

Definition 3.1 ([12], [13]). Let C be a topological construct;

(1) A partial morphism from X to Y is a morphism f : Z −→ Y whose domain
Z is a subspace of X .

(2) Partial morphisms to Y are representable provided Y can be embedded via

the addition of a single point ∞ into an object Y # with the property that for
every partial morphism f : Z −→ Y from X to Y , the map fX : X −→ Y #,
defined by fX(x) = f(x) if x ∈ Z, fX(x) = ∞ if x /∈ Z, is a morphism. The

object Y # is called the one-point extension of Y , and if the C-structure on Y is
ξ, the C-structure on Y # is denoted ξ#.

(3) C is extensional if partial morphisms to all C-object are representable.

Lemma 3.2. In an extensional topological construct, the one-point extension

process preserves initial sources, precisely, let (ft : X −→ Xt)t∈T be an initial

source, then (f#t : X
# −→ X#t )t∈T is an initial source, where f#t is defined by

f#t (x) = ft(x) if x 6=∞ and f#t (∞) =∞.

Proof: Straightforward verifications. �

Definition 3.3. An extensional topological construct A is called an extensional
topological hull of topological construct C if A is a finally dense extension of
C with the property that any finally dense embedding of C into an extensional
topological construct can be uniquely extended to A.

The extensional topological hull of a topological construct always exists, and
it is unique up to isomorphisms ([12]).

Theorem 3.4 ([12], [13]). The extensional topological hull A of a topological
construct C is characterized by the following properties:

(1) A is an extensional topological construct;
(2) C is finally dense in A;

(3) {Y # | Y ∈ C} is initially dense in A. �

The construct Top of topological spaces is not extensional and its extensional
topological hull is the construct PrTop of pretopological spaces ([16]).

Theorem 3.5. Tower extensions preserve extensional topological hull, this means

if A is the extensional topological hull of a topological construct C, then A(L)
is the extensional topological hull of C(L).

Proof: (1) A(L) is extensional.

Given an object (X,Γ) in A(L), for each a ∈ L, let (X#,Γ(a)#) be the one

point extension of (X,Γ(a)), by the above lemma it is easy to see that (X#,Γ#)
is an object in A(L), and it is the one point extension of (X,Γ).

(2) C(L) is finally dense in A(L).
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Suppose (X,Γ) is a tower in A, since C is finally dense in A, for each a ∈ L,
there is a final sink (ft : (Xt, γt) −→ (X,Γ(a)))t∈Ta

with (Xt, γt) in C for all
t ∈ Ta.
At first for all a ∈ L it is easy to check that ft : (Xt, ω

∗
a(γt)) −→ (X,Γ) is

continuous for all t ∈ Ta.
Next we assert that for all a, b ∈ L and t ∈ Tb, ft : (Xt, ω

∗

b (γt)(a)) −→
(X,Γ(a)) is continuous.
Indeed the conclusion is trivial for a = 0; if 0 < a ≤ b, then ω∗

b (γt)(a) =
ω∗

a(γt)(b) = γt, thus the conclusion follows from the continuity of ft : (Xt, γt) −→
(X,Γ(b)); finally if a 6≤ b, then ω∗

b (γt)(a) is the discrete structure, thus our con-
clusion follows.
Therefore for all a ∈ L, the sink

{ft : (Xt, ω
∗

b (γt)(a)) −→ (X,Γ(a)) | t ∈ Tb}b∈L

is final. Now it is easy to see that the sink

{ft : (Xt, ω
∗

a(γt)) −→ (X,Γ) | t ∈ Ta}a∈L

is final since for all a ∈ L, {(X,Γ(a))
idX−−→ (X,Γ(b))}b⊳a is initial. Trivially all

the objects (Xt, ω
∗
a(γt)) are in C(L), hence C(L) is finally dense in A(L).

(3) {(X#,Γ#) | (X,Γ) ∈ C(L)} is initially dense in A(L).

Given an object (X,Γ) in A(L), for each a ∈ L, there is an initial source

{ft : (X,Γ(a)) −→ (X#t , γ#t )}t∈Ta
with all (Xt, γt) inC sinceA is the extensional

topological hull of C. It is easy to check that (X#t , ωa(γ
#
t )) = (X

#
t , (ωa(γt))

#)
for all t ∈ Ta, a ∈ L, this is to say the functor ωa preserves one point extensions.
Now as in (2) it can be checked that the source

{ft : (X,Γ) −→ (X#t , ωa(γ
#
t )) | t ∈ Ta}a∈L

is initial. Therefore A(L) is the extensional topological hull of C(L). �

By the above theorem ETH(Top(L)) = PrTop(L) and ETH(AP) =
PrTop([0,∞]op) since Top([0,∞]op) ⊂ AP ⊂ PrTop([0,∞]op).

4. Tower extension preserves CCTH and TUH

A category A with finite products is cartesian closed if for each object A in A,
the functor −× A : A −→ A has a right adjoint, denoted by [A,−].
For topological constructs, cartesian closedness is characterized by canonical

function spaces, i.e. [X, Y ] is given by the set Hom(X, Y ) endowed with a struc-
ture fulfilling condition (2) of the following theorem, and the counit of this ad-
junction is the usual evaluation map.
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Theorem 4.1 ([9]). For a topological construct C, the following are equivalent:

(1) C is cartesian closed;
(2) for each pair X, Y of C-objects, the set Hom(X, Y ) can be endowed with
a C-structure α such that
(a) the evaluation map ev : (Hom(X, Y ), α)×X −→ Y , ev(f, x) = f(x),
is a morphism, and

(b) for each C-object W and each morphism h : W × X −→ Y, the
map h∗ : W −→ (Hom(x, Y ), α) defined by h∗(w)(x) = h(w, x) is a
morphism. �

Definition 4.2. A cartesian closed topological construct A is called a cartesian
closed topological hull of a topological constructC ifA is a finally dense extension
of C with the property that any finally dense embedding of C into a cartesian
closed topological construct can be uniquely extended to A.

The cartesian closed topological hull (CCTH) of a topological construct is
unique up to isomorphism (but it does not always exist [2]), and it can be cha-
racterized in terms of function spaces.

Theorem 4.3 ([14], [16]). The cartesian closed topological hullA of a topological
construct C is characterized by the following properties:

(1) A is a cartesian closed topological construct;
(2) C is finally dense in A;
(3) {[X, Y ] | X, Y ∈ C} is initially dense in A. �

The purpose of this section is to show that the process of tower extension
preserves cartesian closedness and cartesian closed topological hulls.

Theorem 4.4. Suppose A is the cartesian closed topological hull of a topological

construct C, then A(L) is the cartesian closed topological hull of C(L).

Proof: We prove the conclusion by the characterization of cartesian closed topo-
logical hull in the above theorem.

(1) A(L) is a cartesian closed topological construct.

Given objects (X,Γ), (Y,Ξ) in A(L), we write Hom(X, Y ) for the set of all the
morphisms between (X,Γ) and (Y,Ξ) in A(L), then trivially we have

Hom(X, Y ) =
⋂

a∈L

HomA(Xa, Ya)

where Xa = (X,Γ(a)) and Ya = (Y,Ξ(a)). Let Υ∗(a) denote the A-structure
on Hom(X, Y ) inherited from the function space structure on [Xa, Ya], and let

Υ(a) be the A-structure on Hom(X, Y ) such that the source {(X,Υ(a))
idX−−→

(X,Υ∗(b))}b⊳a is initial. Now we prove that [X, Y ] = (Hom(X, Y ),Υ) satisfies
condition (2) in Theorem 4.1.
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(a) The evaluation map ev : (Hom(X, Y ),Υ)× (X,Γ) −→ (Y,Ξ) is continuous.
It is sufficient to prove that for all a ∈ L,

ev : (Hom(X, Y ),Υ(a))× (X,Γ(a)) −→ (Y,Ξ(b))

is continuous for all b ⊳ a, and this follows from the continuity of

ev : (Hom(X, Y ),Υ∗(b))× (X,Γ(b)) −→ (Y,Ξ(b))

and the fact that Υ(a) is finer than Υ∗(b) for all b ⊳ a.

(b) Suppose h : (W,Ψ) × (X,Γ) −→ (Y,Ξ) is a continuous map in A(L), we
say that the function h∗ : (W,Ψ) −→ (Hom(X, Y ),Υ) defined by h∗(w)(x) =
h(w, x) is continuous. It suffices to show that for each a ∈ L, h∗ : (W,Ψ(a)) −→
(Hom(X, Y ),Υ∗(b)) is continuous for all b ⊳ a, this follows from the continuity of
ev : (W,Ψ(b)) −→ (Hom(X, Y ),Υ∗(b)) and that Ψ(a) is finer than Ψ(b).
Hence A(L) is a cartesian closed topological construct.

(2) C(L) is finally dense in A(L), this follows from the final density of C in A.

(3) {[(X,Γ), (Y,Ξ)] | (X,Γ), (Y,Ξ) ∈ C(L)} is initially dense in A(L).

At first we observe that for objects (X, γ), (Y, ξ) in A and a ∈ L, we have

HomA((X, γ), (Y, ξ)) = Hom((X, ωa(γ)), (Y, ωa(ξ)))

and the function space structure on Hom((X, ωa(γ)), (Y, ωa(ξ))) is ωa(α), where
α is the function space structure on HomA((X, γ), (Y, ξ)) in A, that is to say

[(X, ωa(γ)), (Y, ωa(ξ))] = ωa([(X, γ), (Y, ξ)])

or equivalently the functor ωa preserves function spaces.
Suppose (X,Γ) is an object in A(L), for each a ∈ L, since A is the carte-

sian closed topological hull of C there is an initial source {ft : (X,Γ(a)) −→
[(Xt, γt), (Yt, ξt)]}t∈Ta

with all (Xt, γt), (Yt, ξt) in C. Now it can be checked that

{ft : (X,Γ) −→ [(Xt, ωa(γt)), (Yt, ωa(ξt))] | t ∈ Ta}a∈L

is an initial source with all (Xt, ωa(γt)), (Yt, ωa(ξt)) in C(L), hence
{[(X,Γ), (Y,Ξ)] | (X,Γ), (Y,Ξ) ∈ C(L)} is initially dense in A(L).
Therefore A(L) is the cartesian closed topological hull of C(L). �

By the above theorem we know that the cartesian closed topological hull of the
construct of probabilistic topological spaces is Ant(I) where Ant is the cartesian
closed topological hull of Top, that is to say it is the construct of Antoine spaces
([3], [5]). Hence an answer to the problem in [15] is given with respect to the
triangular norm ∧. And the cartesian closed topological hull of PrTop(L) is
given by PsTop(L).
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Definition 4.5. A topological construct is called a topological universe if it both
extensional and cartesian closed, and it is also called a topological quasitopos
([28]).

For convenient properties of topological universes we refer to [10], [11], [28].

Definition 4.6. A topological universe A is called a topological universe hull of
a topological construct C if A is a finally dense extension of C and every finally
dense embedding of C into any topological universe can be uniquely extended
to A.

The topological universe hull of Top is PsTop ([27], [5]). And we refer to [1],
[16] for characterizations of topological universe hulls.
The topological universe hull of a topological construct does not always exit,

but when it exits it is the cartesian closed topological hull of its extensional
topological hull ([23]). And conversely if the cartesian closed topological hull of the
extensional topological hull of a topological construct C is still extensional, then
it is the topological universe hull of C. Hence by Theorem 3.5 and Theorem 4.4
we have

Theorem 4.7. Tower extension preserves topological universe hulls. �

Hence the topological universe hull of AP is PsTop([0,∞]op) since
TUH(Top([0,∞]op)) = PsTop([0,∞]op) and Top([0,∞]op) ⊂ AP ⊂
PsTop([0,∞]op).
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