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On centrally nilpotent loops

L.V. SaronovA, K. K. SHCHUKIN

Abstract. Using a lemma on subnormal subgroups, the problem of nilpotency of multi-
plication groups and inner permutation groups of centrally nilpotent loops is discussed.
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R. Baer proved, among others, the following result ([1, Lemma 2.3]): a sub-
group H of a group G is subnormal in G if and only if H is subnormal in the
subgroup (H, X) for every denumerable subset X of G. Moreover, in the same pa-
per, an easy counterexample shows that it is impossible to replace “denumerable”
by “finite”. As an extension of both this idea and another one [2], we deduce its
new variant.

First, we recall some notions. For a subgroup H of a group G we put Hy = G,
Hiyy = HH = (zha='|h € H,x € H;), i = 0,1,... . If there exists an n such
that H, = Hn-1 = H then H is called a subnormal subgroup of depth (or
defect) at most n in G. H is of depth (exactly) n if, moreover, H,_1 # H. In
the last case, G = Hy> H{>...> H,_1> H, = H and H is nonnormal in H,,_o
for n > 1.

Lemma. Let H be a subgroup of a group G and n be a nonnegative integer.
Then the following conditions are equivalent:
(i) H is subnormal of depth at most n in G;
(ii) H is subnormal of depth at most n in the subgroup (H, X) of G for every
denumerable subset X of G;
(iii) H is subnormal of depth at most n in the subgroup (H, X) of G for every
finite subset X of G.

PRrOOF: The implications (i) = (ii) = (iii) are clear. As for (iii) = (i), its proof
can be deduced from the proof of [1, Lemma 2.1]. Nevertheless we present a
direct proof here. Let us assume that the condition (iii) of Lemma is fulfilled
but H # H,. Then there is xg € Hy,_1 such that onaco_l = H® ¢ H. Since
H,_1= HH"*2, there exists a finite subset X7 C H,,_9 such that g € HX1, Let
us assume that X; C H,,_;_1 is selected so that X;_1 C HXi. Then H,,_;_1 =
HHn—i—2 implies the existence of a subset X; 1 C Hy,_;_2 such that X; C HXit1,
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Now, for the finite subset X,,—1 C Hy, we construct the subgroup (H, X,,_1) =
K. Since by (iii) the subgroup H is subnormal in K of depth n, we obtain
HE" = H where K = HE0, g+l — gHki =0,1,...,n—1. On the other
hand, X,,_; C K = HXO, If X; C HXn-i-1 then X;_; C HXi C HEn-i-1 =
HEn—i From this zg € HX! € HHS"? = gKn=1 and hence H® C HH*
HHK’"71

0N

= H in contradiction to our assumption.

Remark. For n = 2, there is the fourth equivalent condition:

(iv) H is subnormal of depth at most 2 in the subgroup (H, X) of G for every
subset X of G, |X|=1.

PROOF: Let, on the contrary, condition (iv) be satisfied and Hy # H. Since H

is a nonnormal subgroup in G, there is an element zg € G such that zoHx| L=

H* ¢ Ng(H) (the normalizer of H in G) Then there are elements hg € H and
a:ohozzro_l = 21 such that z;Hzy = H** C HH1 = Hy and H 2 H*'. Now we
construct the subgroup A = (H,z0) and then Hy o = A, HHao0 = Hai1 3 xo
and H®1 C HHa1 = H 9 = H in contradiction to our assumption. O

The equivalence of (i) and (iv) is false for n = 3: there is a group of order 529
and exponent 5 with the properties that every 2 elements generate a subgroup of
class 3 and that the group itself has class precisely 5 ([6, Theorem 4]). For n > 3,
an expected answer is also negative.

As an immediate corollary of Lemma we obtain a new version of well known

Theorem 1 ([3, 2.19]). Let Q be a loop with inner permutation group I(Q) and
multiplication group M(Q). Then the following statements are equivalent:

(1) I(Q) satisfies at least one (and then every) of the conditions of Lemma;
(2) Q is centrally nilpotent of class at most n.

It can also be proved that the multiplication group M (Q) of a centrally nilpo-
tent loop @ is soluble ([3, Proposition 2.22]). This leads to a natural

Question. For which class of centrally nilpotent loops their multiplication groups
are nilpotent?
Moreover, the question is under which hypotheses the following statements:

(3) M(Q) is nilpotent of class at most m;
(4) I(Q) is subnormal and nilpotent of class at most n — 1;

are equivalent to the condition (2) of Theorem 17

In an attempt to answer this question, we examine in a loop @ the (upper)
central series

() e=20C21C...CZiCZiy1 C...CZn=0Q,
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where Z;11/Z; = Z(Q/Z;), i = 0,1,...,n — 1 (Z(Q) denotes the center of the
loop @), which induces invariant series both in M(Q) = G

B) 1=ChcCiczicCiC...CZfCcCiy1CZfC...
.. CZr CCph=0G,

where ZF = {U € G|¥(z) = z(mod Z1),z € Q}, Ciy1/Z}f = C(G/Z}), i =
0,1,...,n — 1, and in the inner permutation group I(Q) = I

() l=hychchc..cLcliiC...Clh_1=1,

where I; =INZ i=0,1,...,n—2.

When the series (a) induces also the upper central series of M (Q)
(5) 1:COC01COQC...CCiCOZ'+1C...Ccm:G,
where C;41/C; = C(G/C;) and Cy = C1 = 717

Besides the trivial case C; = Z7,i = 0,1,...,n—1, when Q = M(Q) is Abelian,
a central refinement of (3) by (9) is possible in the following situations:

(A) ZF & Cipq = Ciz1, i = 0,1,...,n — 1, and evidently M (Q) will be

nilpotent of class m = n;
(B) Zz* = (9;, and then Ci—i—l = C94+1,1=0,1,...,n —1, so that M(Q) will
be nilpotent of class m = 2n — 1.
In both cases (A) and (B), we have the following conclusion:

(') Zf € Cy & Z7NI = ConI = Iy, in particular I1 € C(I) and Z7 = Cy -1,

cinl =1.

In fact, every ¥ € Z] has a unique representation as ¥ = L,0, z € Z1, O €
Iy = Z7N1I and I; NC7 = 1, so that the converse implication is trivial. If ZT C Co
then (Co/Z1)NI/ZT NI C(Co/ZY)N(I/ZTNI)=1,ie. ZiNI=ConI=1.
Now for © € I, n € I we have @ 1n~1@n € (C1N 1) =1, hence © € I; C C(I).

Using (I') and induction on 4, we can easily deduce:

(A) In both cases (A) and (B), the inner permutation group I(Q) = I of Q is

nilpotent of class (at most) n — 1.

Now, according to what has been said above, we can formulate
Proposition. Under hypotheses of Theorem 1 and provided that either (A) or
(B) is fulfilled, the following statement is valid: (1) < (2) < (3) = (4).

Indeed, it is clear that (1) < (2) = (3) = (4). Since the series () and (§)

are dual, (3) = (2) is also correct. Moreover, the implication (4) = (2) will be
correct in a particular case of (I'):

(To) Zf C Oy éZfﬂI:ZfﬂCQ =L =C().
For example, this condition is true for commutative Moufang loops ([4, Lemma
11.6, Chapter VIII]). The case (B) is realized by
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Theorem 2 (cf. [4, 11.4, Chapter VIII]; [5]). Let @ be a commutative A-loop
(I(Q) C Aut(Q)) with inner permutation group I = I(Q) and multiplication
group M(Q). Then the following statements are equivalent:

(I) Q is centrally nilpotent of class at most n;
(IT) M(Q) is nilpotent of class at most 2n — 1.

PROOF: According to Proposition, it is sufficient to establish Z7 = C2 and to
use easy induction on i. For every © € Z7 NI, v € @ and some z € Z1, we
have ©(z) = x2z. Using © € Aut(Q) we get 011,60 = Lg(z) = LzL- and hence
L7107 10,0 = L, € Cy, i.e. © € Co. According to (') we have Z7 € Co. For
the proof of the inverse inclusion, writing ¥ € Cp as ¥ = L0, a = ¥(e), O €
and using I C Aut(Q), we get a chain of equalities and congruences: LaL@(x)G =
Ly©®OLy = L,LeO (modCh), ie. LaL@(x) = L,LqL, for every z € Q and suitable
z € Zy. From this O(z) = Lg(y)(e) = L7'L.LyLg(e) = L7 (a - 22) = x2, ie.
© € Zj. Since Lq, = LoL;, we get LoLyL, = LyLoL;, ie. LoLy = LyLg for
every € Q. Hence a € Z1 and L,0© = ¥ € Z]. Therefore Z] = Cs. O

As an immediate consequence of Theorem 2, the case (A) is impossible for
commutative A-loops.
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