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On remote points, non-normality and m-weight wq

SERGEI LOGUNOV

Abstract. We show, in particular, that every remote point of X is a nonnormality point
of BX if X is a locally compact Lindelof separable space without isolated points and
Tw(X) < wi.

Keywords: remote point, butterfly-point, nonnormality point

Classification: 54D35

1. Introduction

We investigate some types of points in remainders X* = X \ X of Cech-Stone
compactifications.

A point p € X™* is called a remote point of X if it is not in the closure of any
nowhere dense subset of X. This kind of points became popular after the papers
[3], [4] of van Douwen had been published. The existence of remote points in
the remainders of ccc nonpseudocompact spaces with m-weight w1 was proved by
Dow [2]. An inspection of the relevant results in the literature reveals that the
remote points constructed so far satisfy our condition (%) below. This leads us to
the notion of a strong remote point. It is unknown to the author whether there
is an example of a remote point, which is not a strong remote point.

If removing a point p from a compact Hausdorff space results in obtaining a
nonnormal subspace, then p is called a nonnormality point of the space. There
are several simple proofs that, under CH, any point of w* is a nonnormality point
of w* ([8], [9]). “Naively”, it is known only for special points of w*. If p is an
accumulation point of some countable discrete subset of w*, or if p is a strong R-
point, or if p is a Kunen’s point, then p is a nonnormality point of w* (Blaszczyk
and Szymanski [1], Gryzlov [5], van Douwen, respectively). If X is a normal
second countable space without isolated points, which is either locally compact
or zero-dimensional, then every point of its remainder is a nonnormality point of
8X (6], [7))-

In some cases the fact that p € X™* is a strong remote point of X permits to
show that p is a b-point of 83X, i.e. that there are sets F and G C X*\ {p} which
are closed in X \ {p}, disjoint and have p as a limit point [7], [10] (see below). It
easily implies that p is a nonnormality point of X, i.e. X \ {p} is not normal.

In our paper, the following results are obtained.
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Theorem 1.1. Let X be a locally compact Lindelof separable space without
isolated points and mw(X) < wj. Then every remote point p € X* of X is a
b-point (and, consequently, a nonnormality point) of fX.

Theorem 1.2. Let X = J;c,, X; be a normal separable space without isolated
points and mw(X) < wi. Then every strong remote point p € X* of X is a
b-point (and, consequently, a nonnormality point) of fX.

2. Proofs

We will present a proof of Theorem 1.2 below, assuming its conditions hold. By
Claims 1 and 2 it is clear that Theorem 1.1 is an easy corollary to Theorem 1.2.

The set of all functions from w to w is denoted by w*. For a set U C X let
U¢=pX\Clgx(X\U)if Uis open and U* = ClgxU \ X if U is closed. A set
U C X* is called 7-bounded for a cardinal 7 iff for any F C U, |F| < 7 implies
ClgxF C U. A m-base U for X is a set of nonempty open subsets of X with
the property that each nonempty open subset of X contains a member of ¢/. The
m-weight of X, mw(X), is the minimum cardinality of a 7-base for X.

Let 2% be set of all subsets of X. A subset 7 of 2X is called strong cellular if
the closures of its members in X form a pairwise disjoint family. One refines a
subset 0 of 2%, 7> 0, if UNV # () implies U C V for any U € 7 and V € 0. If,
in addition, {U € 7 : U C V} is finite for every V € o, then 7 finitally refines o,
T >fin 0. And, finally, 7 x-refines o, m >« o, iff there is a finite subset § C 7
such that 7 \ § refines o.

If 7g, ... , 7 are nonempty subsets of 2%, then the collection

Hﬂk:{m Up :Up € 1 and ﬂUk#@}

k=0 k=0 k=0

is said to be their product.

From now on X = |J;c, X; is a free topological sum and mo = {X; : i € w}.
Definition 2.1. A point p € X* is called a strong remote point of X iff p is a
remote point of X and

() for any family of open sets W C 2% the following holds: if W > 7y and

p € UWS, then there is a subfamily W' C W such that W' > fin T0 and
pe (UW)-
From now on a strong remote point p € X* is fixed. It is easy to see that
p ¢ Clgx X; for each i € w and that () is trivial if every X; is compact.

A discrete in X countable family of nonempty open sets m C 2% is called a
p-chain if ™ > ¢;, mo and p € (7. Thus 7 is a p-chain. Next we put

[7] = m{Clﬁx Uo :0 C 7 is a p-chain}
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for any p-chain 7 and S = {s € [m] : s is a strong remote point of X}. We fix
Y =U;e, Yi, where Y; = {y;; : j € w} is a countable everywhere dense subset of
X;, and put

T ={t € [mo]:t € ClgxD for some D C Y, for which every D NY; is finite }.

From now on
Ep)={Acw:pe(|J X))}
€A
is an ultrafilter on w. For any f,g € w¥, f <pgiff {i cw: f(i) < g(i)} € &(p). It
is a folklore and easy to see that there are so called £(p)-dominant families {f, :
a < 7} C w* having the following properties: fo <, fg whenever oo < 3 < 7 and
for any g € w?, g <p fo for some a < 7. We fix one of them F = {f, : o < A(p)}
of the smallest cardinality A(p). Then, obviously, A(p) > w;. For any G C w¥,
|G| < A(p) implies g < f for each g € G and for some f € w®.
Now for every i € w we fix a mbase U; = {U;o, : @ € w1} for X;. For any
B € wi, for {Usq : a < B} C U; we fix a cellular refinement {V;;(3) : j € w} with
the following properties:
1) every V;;(f3) is a maximal strong cellular family of nonempty open subsets
of Xi;
2) Vij41(B) > Vi (B) for each j € w;
3) for every a < B3, Vjj(; a,8)(8) > {Uia} for some j(i, o, ) € w.
We put, also, Vy(8) = U, ey Vig(s)(B) for each g € w* and fix a p-chain m4(5)
so that m4(3) C Vy(f).
Claims 1 through 4 are easy and sometimes well-known and are left as exercises
to the reader.

Claim 1. If p € X* is a b-point of X, then 8X \ {p} is not normal.

Claim 2. Let p € X*, where X is a locally compact Lindel6f space. Then there
exists a family {X, : n € w} of compact regularly closed subsets of X such that
{Xn :n € w} is a discrete in X family and p € Clgx | J{Xn : n € w}.

Claim 3. For any p-chains 7 and o, if ™ >4 o, then 7] C [o].

Claim 4. For any finite family of p-chains {m;}?"_, [[i_( m; is a p-chain refining
every ;.

Claim 5. For any countable family of p-chains {m; : i € w} there is a p-chain 7
*_refining every ;.

PROOF: Let 0 = J,,¢,, (n), where

n
o(n) = H{U C Xp: either Uem or U= Xn\CZUm}.
1=0
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Then Cl|Jo = X. So ClgxOp C |Jo€¢ for some neighborhood Op C 3X. Any
p-chain 7 such that 7 C {OpNU : U € o meets Op} is as required. O

Claim 6. T is A(p)-bounded.

PrOOF: Let F' C T and |F| < A(p). For every x € I, x € Clgx U;e {vij €Y :
Jj < fz(?)} for some f; € w¥. For some f € w*, fu <p f for each x € F. But
then

ClgxF C Clgx | J{vij €V 15 < f(i)} Nlmo] C T.
€W (]

Claim 7. S is A(p)-bounded.

PROOF: Let ¢ € [mg] \ S. Then there is a maximal strong cellular family of open
sets W = {V;; C X; :4,j € w}such that ¢ ¢ Clgx Jo forany o C W, 0 > ¢4, 7.
Let F C S and |F| < A(p). Then for every z € F, x € (U, Uj<, (5) Vij)© for
some f; € w*. For some f € w¥, fi <p f for each x € F. But then

ClgxF c Clgx | |J Vij € BX\{q}.
€W j<f(4) O

Claim 8. For any family of p-chains {ma }a<r, if 7 < A(p) then (", [7a]NT # 0.
PRrROOF: For any finite p C 7 we can fix a point t(p) € T so that
tp) € [[] 7al € () [al-
aecp acp

But then the set Clgx{t(p) : p C 7 is finite}, which is contained in 7' by Claim 6,
meets (), [Tal- O
Claim 9. For any family of p-chains {mq}a<r, if T < A(p), then p is not isolated
in na<7—[7r0l]'

PROOF: Let (), [ma] N ClgxOp = {p} for some neighborhood Op C BX. Then
for a p-chain 7 = {Op N X; : i € w} we have (. [Ta] N [7]NT = 0 in a
contradiction to Claim 8. O

Claim 10. Let (), [ma] NS = {p} for some family of p-chains {ma}a<r of
cardinality T < A(p). Then p is a b-point of 3X.

ProOOF: For any finite p C 7 we can fix a point s(p) € S\ {p} so that s(p) €
([lacp™al by [2]. But then the sets Clgx{s(p) : p C 7 is finite} \ {p} and
Na<r[ma] \ {p} are as required. O

Below we have only to examine the case when the hypotheses of Claim 10 are
wrong.
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Claim 11. For an arbitrary neighborhood Op C X, [ty (3)] C Op for some
fo € Fand B € wy.

PROOF: Let ClﬁXO/p C Op for a neighborhood O’'p C BX. As p is a strong
remote point, p € (JU;e,, Z/{Z{)E C O'p for some finite L{Z{ C U;. For some 8 < wy,
L{Z{ C {U;o : @ < B} for each i € w. For every U, € Z/I; we can choose j (i, a, 3) € w
so that V;;(; a,8)(8) > {Uia} (see above). Let g € w* be defined for any i € w

as follows: ¢(i) = max {j(i,,0) : Ui € Z/{Z,} if Z/li, # () and g(i) = 1 otherwise.
Then Vy(8) > Ujco Z/li, by our construction. Let, finally, fo € F be chosen so
that g <p fa. But then [rs, (3)] C [14(8)] € Clsx UU;enU; C Op. 0
Claim 12. If |F| > w1, then p is a b-point of X.

PRrROOF: For every f, € F there are points to € T and s, € S\ {p}, belonging
to By, =(\g<w, [T, (B)] by Claims 8 and 10. Then the sets I = Clgx{ta : a <
A)} \ {pr} and G = Clgx{sa : a < A(p)} \ {p} are as required. Indeed, they
have p as a limit point by Claim 11. For every A < v < A(p), fa <p f clearly
implies [y (3)] C [my, (B)] for each 8 < w1, so By, C By,. But then

FNG\ By, CClgx{ta:a<A}NClgx{sa:a<A}CTNS=0.
O

Claim 13. If |F| = w1, then p is a b-point of 3X.

PROOF: Let {7, (8): fa € F, € w1} be listing into the form {7y : v € w1}. By
Claim 5 we can construct p-chains o (v < wi) so that oy >4 7y and 0, >« o)
if A < <wi. We can fix points t, € T and sy € S\ {p}, belonging to [o,], and
repeat the proof of Claim 12, using these points.

Our proof is complete. O
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