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Liftings of vector fields to 1-forms on the
r-jet prolongation of the cotangent bundle

W.M. MIKULSKI

Abstract. For natural numbers 7 and n > 2 all natural operators i, ~ T(J"T™)
transforming vector fields from n-manifolds M into 1-forms on J"T*M = {jI(w) |w €
QY (M), x € M} are classified. A similar problem with fibered manifolds instead of
manifolds is discussed.
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0. Introduction

Let n and r be natural numbers.

In [4], we studied how a vector field X on an n-dimensional manifold M can
induce a 1-form A(X) on the r-cotangent bundle 7"*M = J"(M,R)q of M. This
problem is reflected in the concept of natural operators A : Tipmyg, ~ T*T™*. We
proved that for n > 2 the set of all natural operators A : Tipmpf, ~ T*T™ is a free
2r-dimensional C°°(R")-module, and we constructed explicitly the basis of this
module. In particular, we reobtain a result from [1] saying that every canonical
1-form on T*M is a constant multiple of the well-known Liouville 1-form .

In the present paper we study a similar problem with the r-jet prolongation
JT*M = {jiw | w € QY (M), € M} of the cotangent bundle T*M instead
of T™* M. We investigate how a vector field X on an n-manifold M can induce
a l-form A(X) on J"T*M. This problem is reflected in the concept of natural
operators A : Tjrqy, ~» T*(J"T™) in the sense of Kolaf, Michor and Slovék [2].
We prove that for n > 2 the set of all natural operators A : T|py, ~ T™(J"T™)
is a free (3r + 2)-dimensional C°(R"*1)-module, and we construct explicitly the
basis of this module.

A similar problem with fibered manifolds instead of manifolds is discussed.

Analyzing constant natural operators A : Timy, ~ T*(J"T*) we reobtain a
result from [3] saying that every canonical 1-form on J"T*M is a constant multiple
of \" = (n()*\, where ny : J'T*M — T*M is the jet projection and A is the
Liouville 1-form on T* M.
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Some natural operators transforming functions, vector fields, forms on some
natural bundles F' are used practically in all papers in which problem of prolon-
gation of geometric structures is considered. That is why such natural operators
have been studied, see [2].

From now on 1, ..., z™ denote the usual coordinates on R™, and 9; = ai for

I
i =1,...,n are the canonical vector fields on R".

All manifolds and maps are assumed to be of class C*°.

1. The r-jet prolongation of the cotangent bundle

For every m-dimensional manifold M we have the vector bundle J"T*M =
{jrw | w e QY (M), x € M} over M. It is called the r-jet prolongation of the
cotangent bundle T* M. Every embedding ¢ : M — N of two n-manifolds induces
a vector bundle map J"T*¢ : J'T*M — J'T*N, J'T*¢(jiw) = j;(m)(cp*w),
w e QY(M), x € M. The correspondence J"T* : M f, — VB is a vector natural
bundle over n-manifolds in the sense of [2].

2. Examples of natural operators T, ~ T*(J"T)
Example 1. Let X be a vector field on an n-manifold M. For every ¢ =0,...,r

(a) (a)
we have a map X : J'T*M — R, X (jiw) := X9w(X)(z), w € QY (M), x € M,
where X9 =X o---0 X (¢g-times). Then for every ¢ = 0,...,r we have a 1-form

(9) (9) (9)
dX on J"T*M. The correspondence A : Tjprqg, ~ T*(J'T*), X — dX, is a

natural operator.

Example 2. Let X be a vector field on an n-manifold M. For every p =

<p> <p>
0,...,r — 1 we have a 1-foom X : TJ'T*M — R on J'T*M, X (v) =
< dp(XPw(X)), Tr(v) >, v € (TJT*)M, z € M, w e QY M), p'(v) = jiw,
pT  TJ'T*M — J"T*M is the tangent bundle projection, 7 : J"T*M — M is
<p> <p>
the bundle projection. The correspondence A : Ty, ~ T™(J'T*), X - X,

is a natural operator.

Example 3. Let X be a vector field on an n-manifold M. For every q =
<<g>> <<g>>
0,...,r we have a I-form X :TJ"T*M — R on J'T*M, X (v) =
< (Lx)%w,Tr(v) >, v e (TJ'T)eM, z € M, w € QYM), pT (v) = jiw, where
(Lx)?=Lxo---0oLx (g-times), Lx is the Lie derivative with respect to X. The
<<g>> <<g>>
correspondence A :Tjpqyp, ~ T*(J"T), X — X, is a natural operator.
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3. A classification theorem

The set of all natural operators Tjys, ~ T*(J"T™) is a module over the
algebra C®(R"T1). Actually, if f € C®°(R"™!) and A : Tipmyp, ~ THITY)
is a natural operator, then fA : T, ~ T*(J'T™) is given by (fA)(X) =

(0) (r)

FX,..  X)AX), X € X(M), M € Obj (Mfy).
The main result of this paper is the following classification theorem.

Theorem 1. For natural numbers r and n > 2 the C>°(R"T1)-module of all
natural operators T|pqy, ~» T*(J"T*) is free and (3r + 2)-dimensional. The

(@) <p> <<g>>
natural operators A, A and A forq=0,....,randp=20,...,r—1 form

the basis over C*°(R" 1) of this module.
The proof of Theorem 1 will occupy Sections 4 and 5.

From now on we consider a natural operator A : T}y, ~ T™(J"T™).

4. Some preparations

_ (0) (r) <o> <r—1> <<0>> <<r>>
Since the operators A,..., A, A ,..., A and A ,..., A are
C>® (RT"'I)—linearly independent, we prove only that A is a linear combination of
(0) (r) <o0> <r—1> <<0>> <<r>> . )
s A, ,oo.y, A and A ..., A with C®(R"!)-coefficients.

The following lemma shows that A is uniquely determined by the restriction
AO)|(TI"T*)R™.

Lemma 1. If A(01)|(TJ"T*)oR™ =0, then A = 0.

PROOF: The proof is standard. We use the naturality of A and the fact that any
non-vanishing vector field is locally 0. ]

So, we will study the restriction A(d1)[(TJ"T*)oR™.

Lemma 2. There are maps fo, ..., fr € C® (R’""‘l) such that
. (9)
(4= 5 d) @lwvrome ~o
q=0

where VJ"T*M C TJ"T*M denotes the m-vertical subbundle.
ProOOF: We have (VJ"T*)oR"=(J"T*)oR" x (J"T*)oR"™,

Eh&:o(u + tw)=(u, w), w,w € (J'T*)R™.
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Forq:O,...,rwedeﬁnefq:RT‘H—>]R,

fa(a) = A(8y) <j6 <§ %al(wl)ldfl) b (%(xl)qcixl) > ,

where a = (ag, . ..,a,) € R™TL
We prove the assertion of the lemma. For simplicity denote

5 . (9
A;:A—qufl.
q=0

Consider w,n € QY(R™). Define a = (ag, . . .,a,) € R"T1 by

Define b = (b, ...,b.) € R™T! by
"1
36 ((@t,0,...,0) ) = jS(Z ﬂbl(:cl)ld:vl)
=0

Using the naturality of A with respect to the homotheties (z!,tz2, ..., tz™) for
t # 0 and putting t — 0 we get

A(al)(ngngﬁ) = /1(81)(]6((1171, 0,..., 0)*“})’ .6((:617 0,..., 0)*77))
Then A(91)(j§w, j6m) = g0 baSfa(a) = Si—g fa(a)bg = 0. 0

5. Proof of Theorem 1

(9)
Replacing A by A — 37/ _( fq A we can assume that

A@O)|(VITT*)R™ = 0.

It remains to show that there exist maps go,...,gr_1,R0,...,hr € CO(R"T1)
such that

r—

1
(*) A:ng

p=0

<p> r <<g>>
A+> hg A
q=0
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Forp:O,...,r—ldeﬁnegp:Rr+1—>R,

gpla) = (61><J T*@(m(Zl,al Yo+ 1>”x2d:c1)>),

where a = (ag,...,a,) € R"TL. For ¢ =0,...,r define hy : R"T! - R,

hafa) = Aloy) (77 @(Zﬁal Yaet + atyeaa?) ) )

where a = (ag,...,ar) € R™TL. We inform that J"T*X denotes the complete
lifting (flow operator) of a vector field X € X(M) to J"T*M

We are going to prove (x). By Lemma 1 and A(91)|(VT™)oR™ = 0 it is
sufficient to show

<g>>

A@) (T <ng 3 h A )(&)(J?”T*a(jsm)
q=0

for any w € Q'(R™) and any linearly independent on d; constant vector field 0
on R™.

For simplicity denote

r—1 T
~ <p> <<Lg>>
A=N"gp A +> by A
p=0 q=0

Using the naturality of A and A with respect to linear isomorphisms R — R™
preserving J; we can assume that 9 = Js.

Consider w € Q1 (R™).

Define a = (ag, . ..,a,) € R"1 by

aqg = 0w (91)(0), ¢=0,...,r
Define b = (bg,...,br—1) € R" by
bp = 0 w(01)(0), p=0,...,r —1.

Define ¢ = (¢, ...,cr) € R™! by

cg = 0jw(82)(0), ¢ =0,...,r.
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Using the naturality of A with respect to (z',tz?, 723 ..., 72") : R — R" for
t, 7 # 0 we get the homogeneity condition

tA(81)(J T*D9jb (w)) = A(91)(J T* (55 (a1, ta?, 7a®, . .. T2™)*w)).

This type of homogeneity gives
A(01)(J"T* 02 (jpw)) ng a)bp + th

because of the homogeneous function theorem [2].
On the other hand

A(01)(J"T*Ba(jjw)) Z gp(a)bp + Z hq(a

The proof of Theorem 1 is complete. O

6. Corollaries

Using the homogeneous function theorem, we have the following corollary of
Theorem 1.

Corollary 1. Let r andn > 2 be natural numbers. Then for every linear natural
operator A : Timyg, ~ T*J"(T*) there exist real numbers «, 3,v,0 such that

(0) <0> <1> 0)<<0>>
AX)=aAX)+08 A (X)+7v A (X)+6X A

for any vector field X € X (M).
<<0>>
The operator A can be considered as the well-known canonical 1-form \"
on J"T*, the pull-back (7y)*A of the Liouville 1-form A on 7™ with respect to
the jet projection 7(, : J"T™* — T*. Considering the values of natural operators
Tipmy, ~ T*(J’"T*) at X = 0 we obtain the next corollary of Theorem 1.

Corollary 2 ([3]). For natural numbers r and n > 2 every canonical 1-form on
J"T* is a constant multiple of \".

Corollary 3 ([5]). For natural numbers r and n > 2 there is no canonical sim-
plectic structure on J"T*.

ProoF: Using Corollary 2 and the Poincaré lemma it is easy to see that any
canonical closed 2-form on J"T*M is a constant multiple of d\". O
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7. A generalization to fibered manifolds

Given a fibered manifold Y — M we say that a 1-form w on Y is horizontal if
w|VY =0, where VY C TY is the vertical bundle of Y — M. By QL (Y) we
denote the space of all horizontal 1-forms on Y.

Let s, be two natural numbers with s > r. We say that two horizontal 1-forms
w 17 € Qhor( ) on a fibered manifold p : Y — M determine the same (r, s)-jet
Jytw =gy naty ey if Jyw = jyn and jy(w|Yz) = j;(n|Yz), see [2]. Here Yy is
the fiber of Y over z = p(y).

Let m,n,r, s be natural numbers, s > r. For every (m,n)-dimensional fibered
manifold Y — M (dim(M) = m, dim(Y) = m + n) we have a vector bundle
JSTE Y = {jyw | we Qi (Y), y € Y} over Y. Every fibered embedding ¢ :
Y — Z of two (m, n)-dimensional fibered manifolds induces a vector bundle map
JnSTI;kor(p : JT78TI>1k0rY - JT78TI>1korZ’ JﬁsTflkorSD(j;’S ) j@(y) (gp*w) we Qhor( )
y € Y. The correspondence J"*T}  : FMpn — VB is a vector natural bundle
on the category F M, y, of (m, n)-dimensional fibered manifolds and their fibered
embeddings.

Let m,n,r, s be natural numbers with s > r.

Example 1°. Let X be a projectable vector field on an (m, n)-dimensional fibered
manifold p: Y — M. (We say that a vector field X on Y is projectable if there
exists a p-related with X vector field X, on M.) For every ¢ =0,...,r we have a

(9) (9)
map X : JOSTY Y = R, X (jy°w) == X9w(X)(y), w € U (Y), y €Y, where

(9)
X%=Xo---0X (¢-times). Then for every ¢ = 0,...,r we have a 1-form d X on

(@) (9)
J"T Y. The correspondence A @ Th, |FMpn ™ T (J" 1), X — dX, is

a natural operator.

Example 2°. Let X be a projectable vector field on an (m, n)-dimensional fibered
<p>

manifold Y. Forevery p=0,...,7r—1wehavea I-form X :TJ"Ty Y — Ron

<p>
Jr STI’lkorY X (v) =< dz(XPw(X)), Tw(v) >, where v € (TJ" T )Y,y €Y,
weQl (Y), pT(v) = jyw, p’ TJTy Y — J¥Ty Y is the tangent bundle
projection, 7 : J"*Ty Y — Y is the bundle projection. The correspondence

<p>

<p>
Toroj| FMmopn ~> T*(J74T},), X — X, is a natural operator.

Example 3’. Let X be a projectable vector field on an (m, n)-dimensional fibered
<<g>>
manifold Y. For every ¢ = 0,...,7 we have a 1-foom X :TJ"Ty YV — R
<<g>>
on J" STh Y, X (v) =< (Lx)%w,Tn(v) >, where v € (TJ"*T} )Y,y €Y,
we Q (V) pl(v) = Jyw, (Lx)? = Lx o---o Ly (g-times), Ly is the Lie
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<<g>>
derivative with respect to X. The correspondence A @ T,; \FMmn ™

<<g>> ’
T (J"T.,), X — X, is a natural operator.

The set of all natural operators Tp,oi| 7M., ~ T7(J"*T},,) is a module
over the algebra C®°(R"1). Actually, if f € C°(R"1) and A : Toroj | F Mo
~ T*(J"5Ty,,) is a natural operator, then fA : Tyro5) 7y, ~ T (I T, ) 18

(r)

given by (fA)(X) = f(S(O), o XVA(X), X € Xproj(Y), Y € Obj (FMim.p).

Theorem 1°’. For natural numbers r,s, m and n with m > 2 and s > r the
C>°(R™t1)-module of all natural operators Toroj | FMm. > TH(JI75TY,,) is free

(@) <p> <<g>>
and (3r + 2)-dimensional. The natural operators A, A and A for ¢ =
0,...,randp=0,...,7r — 1 form a basis over COO(R”'l) of this module.

The proof of Theorem 1’ is a simple modification of the proof of Theorem 1. It
is left to the reader. We propose to use the fact that every projectable vector field

on Y with non-vanishing underlying vector field is locally a;gl in some fibered

1

manifold coordinates z*,..., 2™, y1,...,y" on Y.

8. Exercises

Exercise 1. Let s,r,t be natural numbers with s > r < t. We say that two 1-
forms w,n € Q*(Y) on a fibered manifold 5 : Y — M determine the same (r, s, t)-

s,t .7,8,t

jet gy 'w = jy ' maty €Y if Jyw = Jyn, jf/wR = jan and jy(w|Yz) = j;(n|Yz).
Here Y, is the fiber of Y over z = p(y) and w!* : Y — (VY)* is given by the
restriction wy|V,Y for any y € Y. Define a bundle functor J™!T* : FMp, 5, —
VB by using (r, s, q)-jets of 1-forms instead of (r, s)-jets. Classify natural operators
At Toroj FMpp ~ TH(I ST,

Answer: For natural numbers 7, s, t, m and n with m > 2 and s > r < t all
natural operators Ty, 5| 7 A, , ~ T*(J"S!T*) form a free, (3r + 2)-dimensional
module over C®°(R"T1). The (similar as in Examples 1’, 2’ and 3’) natural

(@) <p> <<g>>
operators A, A and A forg=0,...,randp=0,...,r—1 form the basis

over C®°(R"*1) of this module.

Exercise 2. Let s, 7, t, u be natural numbers with s > r, u > ¢, t > r and u > s.
We say that two 1-forms w,n € Ql(Y) on a fibered manifold  : Y — M determine
the same (r, s, t, u)-jet jg’s’t’uw = j;’s’t’un at y € Y if jyw = jym, jéwR = jénR,
JywlYz) = j;(n|Yz) and j;j(wR|Ym) = j;(nR|Ym). (Y and wf as in Exercise 1.)
Define a bundle functor J"$HUT* : FM,, , — VB by using (r, s, q,u)-jets of
1-forms. Classify natural operators A : Tyro5 F My, ~ T*(J™SbuT™).
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Answer: For natural numbers r, s, t, u, m and n with m > 2 and s > r, u > t,
t > r and u > s all natural operators Ty 5| £ M., . ~ T*(J"55WT*) form a free,

(3r 4 2)-dimensional module over C*°(R"*1). The (similar as in Examples 1’, 2’
(@) <p> <<g>>
and 3’) natural operators A, A and A forg=0,...,randp=0,...,7—1

form the basis over C°°(R"*1) of this module.
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