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Commutative group algebras of highly

torsion-complete abelian p-groups

Peter Danchev

Abstract. A new class of abelian p-groups with all high subgroups isomorphic is defined.
Commutative modular and semisimple group algebras over such groups are examined.
The results obtained continue our recent statements published in Comment. Math. Univ.
Carolinae (2002).
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Introduction

Suppose G is an abelian p-group with first Ulm subgroup G1 = Gpω
=⋂

n<ω Gpn
, with socle G[p] and with some high subgroup HG that is a subgroup

of G maximal with respect to the ratio intersection
⋂

G1 = 1; if G is separable
(equivalently G1 = 1 by [15]) or divisible, it is obviously valid that HG = G or
HG = 1, respectively.

As usual, for i ≥ 0, the cardinal number fi(G) is the i-th Ulm-Kaplansky
invariant of G defined as in [15].

Throughout the text, let R denote a commutative unitary ring, and RG the
group ring regarded as an R-algebra of G over R. For further use, let S(RG) be
the normed Sylow p-component of RG, i.e. the group of all normalized p-units
in RG. The notation and terminology not explicitly given here shall in general
be the same as that used in [15] and [7], [12].

In [9] and [11] we have investigated the Isomorphism and the Direct Fac-
tor Problems in modular group algebras of torsion-complete and semi-complete
abelian p-groups, respectively.

Enlarging the class of direct sums of cyclic p-groups, we have settled in [7] these
questions but about the high subgroups in commutative modular group rings.

The main purpose which motivates the present work is to describe the group
algebra when the high subgroups of its group basis belong to certain group classes.
In [7], HG was assumed to be a direct sum of cyclics while here HG will be taken
torsion-complete.
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Highly torsion-complete abelian groups

Definition. The abelian p-group G is said to be highly torsion-complete if some
HG is torsion-complete.

Applying the well-known and documented Kulikov-Papp’s criterion for torsion-
completeness (see [15, p. 25, Theorem 68.4]) together with the purity of the high
subgroups of torsion groups ([17] or [15]), we write G = HG × G/HG. Since
G/HG is divisible by [17], it is selfevident that the new group class coincides
with the class of finite direct products of divisible p-groups and torsion-complete
p-groups. Further, exploiting [17], it follows from the above established direct
decomposition that all high subgroups are isomorphic to HG whence all of them
are torsion-complete and isomorphic. We note also that because fi(G) = fi(HG)
for every high subgroup HG of G (see, for example, [15]) and the Ulm-Kaplansky
functions determine up to an isomorphism the torsion-complete group [15], we
may conclude once again that all high subgroups of G are isomorphic if they are
torsion-complete.
Hence, we can write G = Gd ×Gr where Gd is the maximal divisible subgroup

of G and the reduced part Gr is torsion-complete; HG
∼= Gr.

Suppose now G is an abelian p-group with high subgroup HG which is a di-
rect sum of torsion-complete groups (whose high subgroups are semi-complete, in
particular). By virtue of [18, p. 174] if H ′

G is another high subgroup in G, then

HG[p] and H ′

G[p] are isometric, i.e. they are isomorphic as valuated vector spaces
over the simple field Fp of p-elements. That is why, according to a characteriza-
tion lemma for torsion-completeness from [19] and to a classification isomorphism
theorem due to Hill archived in [15], we may deduce that H ′

G is a direct sum of

torsion-complete groups too and even more, H ′

G
∼= HG. So, all high subgroups

are isomorphic in this case.
We begin now with a series of group-theoretic assertions, starting with a new

confirmation ([7, Lemma 5]).

Lemma 1. If C is a pure subgroup of an abelian p-group G, then for any high
subgroup HC of C we have HC = HG ∩ C for some high subgroup HG of G.

Proof: Since HC ∩ G1 = HC ∩ C1 = 1 it holds that HC ⊆ HG for some HG.
Therefore HC ⊆ HG ∩ C. On the other hand, (HG ∩ C) ∩ C1 = HG ∩ C1 ⊆

HG ∩ G1 = 1, hence the maximality of HC leads us to the desired equality. �

Lemma 2. If C is an isotype subgroup in an abelian p-group G, then

(CGpω

)[p] = C[p]Gpω

[p].

Proof: Choose x ∈ (CGpω
)[p] and we write x = cg with cp = g−p where c ∈ C

and g ∈ Gpω
. Furthermore, cp ∈ C ∩ Gpω+1

= Cpω+1
, i.e. c ∈ Cpω

C[p]. Finally

x ∈ Gpω
[p]C[p], as claimed. �
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Lemma 3. Assume C ≤ G are abelian p-groups. Then C is pure in G if and
only if HC is pure in HG.

Proof: For the necessity, bearing in mind thatHC is pure in C (see, for instance,
[17] or [15]) and employing the transitivity of the purity, we detect that HC must
be pure in G hence in HG for some high subgroup in G.
For the sufficiency, using again the above cited purity property of high sub-

groups, we extract that HC is pure in G. Moreover, C[p] = HC [p] × Cpω
[p].

Thus, in view of the modular law and [17], C[p] ∩ Gpn
= Cpω

[p](HC [p] ∩ Gpn
) =

Cpω
[p]× H

pn

C [p] = Cpn
[p]. Finally, inspired by [15], C is pure in G, as expected.

�

The following are generalizations to ([7, Lemma 7 and Theorem 9]).

Lemma 4. Let G be an abelian p-group and C its pure subgroup. Then

(HGC)[p] = HG[p]C[p].

Proof: Given x ∈ (HGC)[p], write x = hc with h−p = cp for h ∈ HG and c ∈ C.
Certainly, consuming [17] and Lemma 1, cp ∈ Cp ∩ HGp = HCp = (HC )

p where
HG can be chosen so that it contains some HC . That is why c ∈ HCC[p] and
x ∈ HG[p]C[p], as desired. �

Proposition 1. Suppose G is an abelian p-group and C its balanced subgroup.
Then

HGC/C = HG/C
∼= HG/HC .

Proof: Use the idea from [7] and Lemmas 1 to 4. �

We come now to the central section entitled

Group algebras of highly torsion-complete groups

Now, we are in a position to proceed by proving the first main assertion.

Theorem 1. S(RG) is highly torsion-complete if and only if G is algebraically
compact, provided R is a first kind field with respect to p of characteristic distinct
from p such that its spectrum contains all natural numbers or R is a perfect field
of characteristic p > 0.

Proof: Case 1. R is of the first type of char R 6= p.
Invoking [21], HS(RG)

∼= S(R(G/G1)). Consequently, for the first implica-

tion, conforming with [12] (see also [10]), G/G1 is bounded. So, via [4], G is
algebraically compact.
For the reverse implication, the algebraical compactness of G yields elemen-

tarily that G/G1 is bounded, hence S(R(G/G1)) is bounded as well by [21].
Therefore HS(RG) is bounded whence torsion-complete, as required.
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Case 2. R is of the second type of char R = p.
Complying with [14], HS(RG)/G is a direct sum of cyclics. On the other hand,

by using Lemma 3 and the fact that G is pure in S(RG), we observe that HG is
pure in HS(RG). But Proposition 1 or [7, Theorem 9] implies that HS(RG)/HG

∼=

HS(RG)/G, so a theorem due to L. Kulikov [15] assures the isomorphismHS(RG)
∼=

HG × HS(RG)/G.

Thus, considering the necessity, [15] ensures that HS(RG)/HG is bounded.

Then, for some positive integer k, we get the relation H
pk

S(RG)
⊆ HG, i.e., from

Lemma 3 we obtain H
pk

S(RG)
= H

pk

G . It is not hard to see that H
pt

G = 1 for some

t ∈ N, hence HG is bounded. Indeed, since S(RHG) ∩ Spω
(RG) = S(RHG) ∩

S(Rpω
Gpω
) = S(Rpω

(HG ∩ Gpω
)) = 1, we deduce that S(RHG) is contained in

HS(RG). Thus Spk
(RHG) = S(Rpk

Hpk

G ) = Hpk

G , hence it follows easily that Hpk

G

has power less than or equal to 2. FinallyH
pk+1

G = 1 which gives our claim. But as
we have mentioned above, G/HG is divisible, which is equivalent to G = HGGp.

Henceforth Gpt
= Gpt+1

, i.e. Gpt
is divisible. Next, taking into account [15], we

establish that G is a direct product of a divisible group with a bounded group or,
in other words, G is algebraically compact, as stated.
The sufficiency is shown as follows. In the spirit of [3], the algebraic compact-

ness of G guarantees that S(RG) is algebraically compact, so HS(RG) is bounded,

hence torsion-complete. �

Remark. The fields of the first point do exist. Indeed, such are the field of all
rationals Q and its algebraic extension Q(ξqi) where ξqi are the primitive qi-roots
of unity and q is a prime, q 6= p.

We concentrate now on the verification of the second major attainment,
namely:

Theorem 2. If G is highly torsion-complete and R has prime characteristic p
such that RG ∼= RA as R-algebras for any group A, then G ∼= A.

Proof: Write down G = Gd × Gr where Gd is divisible and Gr is torsion-
complete. Consulting with [8], Gd

∼= Ad and RGr
∼= RAr. Besides, [9] is applica-

ble to infer that Gr
∼= Ar. Finally, G = Gd × Gr

∼= Ad × Ar = A, as formulated.
The proof is complete. �

After this, we improve two identical theorems from [5] and [6], respectively.

Theorem 3. Let G be an abelian group whose high subgroupHG is a direct sum

of torsion-complete groups (in particular, it is semi-complete). If FpA ∼= FpG as
Fp-algebras for an arbitrary group A, then HA

∼= HG.

Proof: Foremost we remark that the Fp-isomorphism FpA ∼= FpG yields that
HA[p] and HG[p] are isometrically isomorphic (see [8]). Thus, by [15], it is enough
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to show that HA is a direct sum of torsion-complete groups. In fact, we may pre-
sume that FpG = FpM for some groupM ∼= A. Furthermore, S(FpG) = S(FpM)
and HS(FpG) = HS(FpM). Owing to [14], both HS(FpG)/G and HS(FpM)/M are

direct sums of cyclic groups. The application of Proposition 1 or [7, Theorem 9]
yields that HS(FpG)/G

∼= HS(FpG)/HG and HS(FpM)/M
∼= HS(FpM)/HM . So, we

can apply Lemma 3 and the above cited claim of Kulikov [15] on direct factors to
infer HS(FpG)

∼= HG × HS(FpG)/G and HS(FpM)
∼= HM × HS(FpM)/M . By what

we have just shown above, HG ×HS(FpG)/G
∼= HM ×HS(FpM)/M , hence in view

of [15] the direct factor HM is a direct sum of torsion-complete groups.

Now, since A ∼= M we derive that A[p] and M [p] are isometric. But Apn
[p] =

H
pn

A [p] × Apω
[p] and Mpn

[p] = H
pn

M [p] × Mpω
[p] for each n ≥ 0. And so, HA[p]

and HM [p] are isomorphic as filtered vector spaces. Consequently, the commen-
taries from the previous group-theoretic section trivially lead us to HA

∼= HM , as
needed. The proof is complete. �

The following is actual.

Question. Can the restriction on the coefficient field being a simple field be
removed?

Concluding discussion

Utilizing the same technique as above or an analogous approach, other classes of
abelian p-groups can be considered such as abelian groups with pλ-high subgroups
(λ an arbitrary ordinal) which are totally projective or which belong to different
classes of crucial abelian p-torsion groups (see, for example, [20] or [16]). However,
this is a problem of some other possible study.
In this aspect, whether we may assume that the above argued affirmations

and those from [13] remain true for an abelian p-group with a high subgroup
which is pω+n-projective (n ∈ N0); does it follow then that all high subgroups
are isomorphic? In virtue of [18, p. 174], this holds provided all of them are
pω+n-projective (cf. [1] and [2], as well).

Corrigenda: In [7, p. 424, line 17-16(-)] the phrase “Moreover, no every high
subgroup of S(RG) is of the above kind” should be written and read as “Moreover,
no every high subgroup of V (RG) is of the above kind”.

Acknowledgments. The author would like to thank the referee and Editors for
the helpful corrections made.
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