Comment.Math.Univ.Carolin. 47,1 (2006)155-158

Another proof of Derriennic’s reverse maximal
inequality for the supremum of ergodic ratios
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Abstract. Using the ratio ergodic theorem for a measure preserving transformation in a
o-finite measure space we give a straightforward proof of Derriennic’s reverse maximal
inequality for the supremum of ergodic ratios.
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1. Let (X,F,u) be a o-finite measure space and T be a measure preserving
transformation in (X, F, ). Given two measurable functions f and g on X such
that 0 < f, g <ooon X and 0 < [y gdu < oo, let

S T) = su 72?:0 f(TZI)
o 0] = sup S )

(Throughout this note we define a/oo = 0 and a/0 = oo for any a, with 0 <
a < 00.) In this note we use the ratio ergodic theorem to give a straightforward
proof of the following reverse maximal inequality due to Derriennic [1] (cf. also
Ornstein [5]). It is interesting to note that the author was inspired by reading
Ephremidze’s paper [3].

Theorem. Suppose that T is conservative and ergodic, and that | x fdp < oo.
If > [y fdu/ [x gdu, then, letting E(a) = {z | s(f,g)(x) > a}, we have

| i<l gdp.
E(a) E(a)UT-1E(a)

PrOOF: We may assume that u(E(«)) > 0. For z € X, let K(z) = {n > 0 |
T"z € E(a)} and L(z) = {0,1,...} \ K(z). Since T is conservative and ergodic,
K (x) is infinite for a.a. x € X. To see that L(x) is also infinite for a.a. z € X,
suppose there exists k > 0 such that ¢ € K (x) for all i > k. Then clearly we have
l i
(1) lim sup M > a.
l—oo i g(T'x)
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But this is a contradiction, since

! ;
2) lim ok (') [x fdp ca

=00 Zé:k 9(Tiz) [y gdu

for a.a. x € X by the ratio ergodic theorem (cf. Theorem 3.3.4 in [4]).

Since K (z) and L(x) are infinite for a.a. z € X, we can write K(z) = U, ~; In
(disjoint union), where I, = [kn, In] (={i|kn <i<Ip})and 0 <k, <lp <ln+
2 < kpy1 for each n > 1. Hence the set J(z) = {n >0 | T"z € E(a)UT 1 E(a)}
has the form

J( ) { [Oa ll] U Un:2 [kn -1, ln] if k= 0,
Xr) =
Un:]_ [kn 1; ln] lf kl > ].

Since TF»~1z ¢ E(a) for n > 2, we have

S 1 F(Tx)
Zf:n:kn—l g(Tix)

(3) <a (n>2).

On the other hand, if h is a function in Lq(x) such that [y hdp=1and 0 < h <
oo on X, then, by the ratio ergodic theorem,

n _ T?
(4) lim ZZ_O(XE((:L)UT 1Ez'(o¢)f)( ) :/ fdu
n—0o o h(T"x) E(a)UT-1E(a)
and
n _ T?
) - Zz_O(XE((Z)UT 1Ei(a)9)( ) :/ "
n—0o i—o h(T"x) E(a)UT-1E(a)

for a.a. 2 € X. Since 352 h(Tx) = oo for a.a. z € X, combining (3), (4) and (5)
yields

(6) / fap<a | gdp
E(a)UT-1E(a) E()UT—1E(a)

and this completes the proof, since f > 0 on X. O

2. Here we consider the case ¢ = 1 on X. Then it follows that s(f,1) = f*,
where f*(x) = sup,>q n~1 Z?:_()l f(T'z). In this case we have the following
reverse maximal inequality.
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Proposition. If ;(X) = oo, T is ergodic (but not necessarily conservative), and
f satisfies f{f>t} fdup < oo forallt > 0, then we have f{f*>a} fdu < 2ap({f* >
a}) < oo for all o > 0.

PrROOF: We first prove that u({f* > a}) < co. To do this, let f1 = fXx{r<qa/2}

and fo = f — f1. Then we have f = f1 + fa, ||fillco < /2, and [y fodp < .
Since f* < fi + f5 and || f{[|co < /2, it follows that {f* > o} C {f5 > o/2},
and by Hopf’s maximal ergodic theorem (cf. Theorem 1.2.1 in [4])

W5 > a2 @) | <o

so that pu({f* > a}) < co. Putting F = f — a, we then have F™ = (f —a)T €
Li(p) and {F* > 0} = {f* > a}; furthermore [y Fdp = [y (f—a)T du— [y (f—
o)~ dp = —oo because (X)) = co. Hence by Theorem 1.4 in Ephremidze [2] we
see that

/ (f—a)du<0.
{f>a}uT-H{f*>a}

Since f >0 and p({f* > a}) < co, we then have

[ gaus | Fdu < 20p({f* > a}) < o0,
{f>a} {fr>aur=H{f*>a}

completing the proof. O
Corollary. If u(X) = oo, and T is ergodic, then for any 3 > 0 we have

x\ B
/ f*<10gf—> dpu <oo forallt>0
{r>t} t

if and only if
f B+1
/ f (log ?> dyu < oo forall t>0.
{r>t}

PROOF: See the proof of Theorem 2 in [6]. O
(Of course, as is known, this holds when p(X) < oo, by the Theorem.)
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