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Weakly infinite-dimensional compactifications
and countable-dimensional compactifications

TakAsHI KIMURA, CHIEKO KOMODA

Abstract. In this paper we give a characterization of a separable metrizable space having
a metrizable S-weakly infinite-dimensional compactification in terms of a special met-
ric. Moreover, we give two characterizations of a separable metrizable space having a
metrizable countable-dimensional compactification.
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1. Introduction

We assume that all spaces are separable and metrizable. By a compactification
of a space X, we mean a compact metrizable space containing X as a dense
subspace. We refer the reader to [3] for notions and terminology not explicitly
given.

Borst [2] gave a characterization of spaces having a S-weakly infinite-dimen-
sional compactification in terms of a special base. In [6], we obtained a result
concerning C-spaces, which is similar to Borst’s one.

On the other hand, in [1], Borst gave a characterization of spaces having a com-
pactification which is a C-space in terms of a special metric. In this paper we give
an alternative characterization of spaces having a S-weakly infinite-dimensional
compactification in terms of a special metric, which is similar to Borst’s one.

It is known that the class of C-spaces contains the class of countable-dimen-
sional spaces.

Next, we give a characterization of spaces having a countable-dimensional com-
pactification. The following theorem is well-known.

1.1 Theorem ([3, Theorem 7.2.21]). A space X has a countable-dimensional
compactification if and only if X has small transfinite dimension trind.

However, by using Borst’s method, we give two characterizations of spaces
having a countable-dimensional compactification.

For a collection A of subsets of a space X and for Y C X we write A|Y for
{ANY :Ae A}, JAfor J{A: Aec A}, NAfor N{A: A€ A} and [A]<¥ for
{B : B is a finite subcollection of A}.
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We denote by (X, d) the completion of a metric space (X, d).

For a point = of a metric space (X,d) and for a positive number ¢, the set
B(z;e) = {y € X : d(x,y) < &} is called the e-ball about z. For a set A C X and
a positive number ¢, by the e-ball about A we mean B(A;e) = | J{B(z;¢) : x € A}.

Let ' be an index set. A collection 7 = {(4;, B;) : ¢ € I'} of pairs of disjoint
closed subsets of X is called essential if for every {L; : i € T'}, where L; is a
partition in X between A; and B; for every i € I', we have (\;cp L; # 0; if 7 is
not essential then it is called inessential.

A collection A of subsets of a space X is called closure-distributive if for every
finite subcollection {A1, Ag, -+, An} of A, the equality Cl(A; NAaN---NAy) =
ClA;NClAsN---NClA, holds.

1.2 Lemma ([7, Lemma 3.2]). Let V be a closure-distributive finite collection of
open subsets of a space X and (F,U) be a pair of subsets of X such that F is
closed, U is open and F' C U. Then there exists an open subset V' of X such that
FcCcV cClV CU and VU {V} is closure-distributive.

The following lemma will play an important role in the proof of our main
theorem.

1.3 Lemma ([10], cf. [5]). Every Cech-complete space X has a compactification
aX such that aX — X is strongly countable-dimensional.

2. Spaces having a S-weakly infinite-dimensional compactification

We consider a characterization of spaces having a S-weakly infinite-dimensional
compactification in terms of a special metric.

2.1 Definition. A space X is u-S-weakly infinite-dimensional if there exists a
totally bounded metric d on X satisfying the following condition:

(*) For every collection {(A4;, B;) : i < w} of pairs of disjoint closed subsets of
X with d(4;, B;) > 0 for every i < w, there exists a collection {L; : i < w}
of subsets of X such that L; is a partition in X between A; and B; for every
i <w and ;. L; = 0 for some n < w.

Obviously, every S-weakly infinite-dimensional space is u-S-weakly infinite-
dimensional and every p-S-weakly infinite-dimensional compact space is S-weakly
infinite-dimensional.

A space Y is a Cech-complete extension of a space X if Y contains X as a
dense subspace and Y is Cech-complete.

2.2 Lemma. Every u-S-weakly infinite-dimensional space has a u-S-weakly infi-
nite-dimensional Cech-complete extension.

PROOF: Let X be a u-S-weakly infinite-dimensional space and d be a totally
bounded metric on X satisfying the condition (x) in Definition 2.1.
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Take an arbitrary countable base U for X which is closed under finite unions.
Note that X is compact. Let us set

A {(U UL v,V UUV,V' eU,Cly UcC U, ClgV CV }

' r_

and CIXU ﬂClXV =0

We enumerate A as A = {(U;,U};V;,V/) : i <w}. Let us set
D={A¢€[w<: {(Cl¢ Ul N X, Clg ViNX):n €A} is inessential in X}.

Consider an element A € D. We can take a partition L(A,n) in X between
Cl; U, N X and Clg V;; N X for every n € A such that (),ca L(A,n) = 0. For

every n € A, we take a partition L(A,n) in X between Cl; Uy, and Clg Vy, such
that L(A,n) N X C L(A,n). For every A € D the set

Ta= () L(A,n)
neA

is closed in X and disjoint from X. Thus the space
Y =X {Ta:AeD}

is a Cech-complete extension of X. Let dy be the restriction of dtoY. It
suffices to show that dy satisfies the condition (*) in Definition 2.1. Consider a
collection {(4;, B;) : i < w} of pairs of closed subsets of Y with dy (4;, B;) > 0
for every i < w. Since d(Clg; 4;,Clg B;) = dy(4;, B;) > 0, we have Clg A; N
Clg B; = 0. Take U',U"", V!, V'" € U such that Clg A; C U' € Clz U’ c U",
Clg B; V' CClg Vi C V' and Clg UTNClg V' = § for every i < w. Since
d(Clg U'",Clg V') > 0, we have d(Cly U N X,Clg VPN X) > 0. Thus there
exists a partition L’ in X between Cly U''N X and Cly V'in X for every i < w
such that ;_,, L! = 0 for some m < w. Since {(Cl¢ U'in X, Clg VinXx):
i < m} is inessential in X, we have {(U, U5 Vi, V") : i < m} € A; thus
UnU VsV = Uy, U;L(Z.); V(i) Vé(i)) for some n(i) < w. Letting
A ={n():i<m},
we have A € D. For every i < m, letting

L; = L(A,n(i))NY,
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L; is a partition in Y between A; and B;. For every i > m we take a partition L;
in Y between A; and B;. We have

N Li= N (LAan)NY)= () Lan@)nyY
(i)en

<m <m

=TANY C TAN(X —Tp) =0,

thus dy satisfies the condition (*) in Definition 2.1. Hence Y is u-S-weakly infinite-
dimensional. O

2.3 Lemma. Every Cech-complete ji-S-weakly infinite-dimensional space X has
a S-weakly infinite-dimensional compactification.

PROOF: Since X is Cech-complete, by Lemma 1.3, there exists a compactification
aX such that the remainder X — X is strongly countable-dimensional. We shall
prove that aX is S-weakly infinite-dimensional.

Let {(A;, B;) : i < w} be a collection of pairs of disjoint closed subsets of aX.
For every i < w, we take two open subsets Usg;+1 and Va;41 of X such that
Agi1 C Uzit1, Bojy1 C Vaiq1 and Clyx Usip1 NClyx Vaipg = 0. Since aX — X
is A-weakly infinite-dimensional, there exists a partition Lg;4+1 in aX —X between
Clox Uzit1 N (aX — X) and Clyx Vai41 N (X — X) for every ¢ < w such that
Nicw L2it1 = (). For every i < w we take a partition L/2i+1 in aX between Ag;11
and By;i1 such that Ly, N (aX — X) C Loj1. Let us set K = [, Lb; -
Since K is S-weakly infinite-dimensional, there exists a partition Lg; in K between
Ag; N K and Bg; N K for every i < w such that (,_,, La; = () for some n < w.
For every i < w we take a partition L,2i in aX between Ag; and Bs; such that
Ly, N K C Ly;. Obviously, we have (), L = . This implies that aX is A-
weakly infinite-dimensional and hence since aX is compact it is also S-weakly
infinite-dimensional. O

2.4 Lemma. FEvery space X having a S-weakly infinite-dimensional compactifi-
cation aX is u-S-weakly infinite-dimensional.

Proor: Take an arbitrary metric d on aX. Let dx be the restriction d to X. It
is easy to show that dx satisfies the condition () in Definition 2.1. Hence X is
u-S-weakly infinite-dimensional. O

‘We now come to our main theorem.

2.5 Theorem. A space X has a S-weakly infinite-dimensional compactification
if and only if X is u-S-weakly infinite-dimensional.

PROOF: The theorem follows from Lemmas 2.2, 2.3 and 2.4. O

2.6 Problem. Does Lemma 2.2 remain true if we replace ‘a totally bounded
metric on X’ in Definition 2.1 by ‘a metric on X7
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3. Spaces having a countable-dimensional compactification

In this section we consider characterizations of spaces having a countable-
dimensional compactification.

A collection A of subsets of a space X is strongly point-finite if for every infinite
subcollection A’ of A there exists A” € [A]<% such that NA" = 0.
We need the following theorem to prove our main theorems.

3.1 Theorem ([5, Theorem 1]). A space X has small transfinite dimension trind
if and only if X has a base B such that {Bd B : B € B} is strongly point-finite.

On the other hand, the following theorem is well-known.

3.2 Theorem ([8], [9]). A space X is countable-dimensional if and only if for
every collection {(4;, B;) : i < w} of pairs of disjoint closed subsets of X, there
exists a collection {L; : i < w} of subsets of X such that L; is a partition in X
between A; and B; for every i < w and {L; : i < w} is point-finite.

A collection A of subsets of a space X is separating in X if for every x € X
and every closed set F' C X with « ¢ F there exist Ay, Ao € A such that © € Aj,
F C As and A1 N Ay = (). Obviously, every separating collection of open subsets
of a space X is a base for X.

3.3 Definition. A space X is small countable-dimensional if there exists a count-
able separating collection B of open subsets of X satisfying the following condition:

() For every collection {(B;1,B;2) : i < w} of pairs of elements of B with
ClB;1 N ClB;y = () for every i < w, there exists a collection {L; : i < w} of
subsets of X such that L; is a partition in X between Cl B;; and Cl B; for
every i <w and {L; : i < w} is strongly point-finite.

‘We now come to our main theorem.

3.4 Theorem. A space X has a countable-dimensional compactification if and
only if X is small countable-dimensional.

PROOF: Let X be small countable-dimensional and ¢/ be a countable separating
collection of open subsets of X satisfying the condition (x) in Definition 3.3. Let
us set

A={U,U"):U,U eU with ClgzUNCl;U’ =0}

We enumerate A as A = {(U;,U}) : i < w}. Take a partition L; between Cl1U;
and C1U] for every i < w such that {L; : ¢ < w} is strongly point-finite. We
can take disjoint open subsets B; and B such that C1U; C B;,ClU] C B} and
X — L; = B UB.. It is easy to show that the set B = {B; : i < w} is a base
for X. Since {L; : i < w} is strongly point-finite, so is {Bd B; : i < w}. From
Theorem 1.1, X has small transfinite dimension trind. By Theorem 3.1, X has a
countable-dimensional compactification.
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Now let X be a countable-dimensional compactification of X and U be a
countable base U for aX. Let us set

A={U,U):U,U €U with Cl,xU cU'}.

We enumerate A as A = {(U;,U]) : i <w}. For every i < w, inductively, we shall
construct two open subsets V; and Vi/ of aX satisfying the following conditions:

Clox U; CV; CClyx V; CaX —Clyx V/ CaX —V/ Cc U} and
V={Vi:i<wlU{V/:i<w} is closure-distributive.

Assume that for every k < i (> 0) we have constructed two open subsets Vj,
and Vk/ of aX satisfying the following conditions: Cl,x U C Vi, C Cl,x Vi C
aX —Clyx V) CaX =V c Ui and V; = {V}, : k < i} U{V] : k < i} is
closure-distributive. By Lemma 1.2, there exists open subsets VZ-' and VZ-’ of aX
such that Clox U; C V; C Clax Vi C aX — Clox V/ € aX —V/ C U} and
Vir1 = Vi U{V;, VZ/} is closure-distributive. It is easily seen that V is closure-
distributive. Let us set
B=V|X.

We shall prove that B is a countable separating collection of open subsets of
X satisfying the condition (%) in Definition 3.3. First we shall show that B is
separating. Consider a point z € X and a closed subset F' of X with = ¢ F.
The collection U being a base for X, we can take U,U’ € U such that z € U C
Clax U c U c Clyx U’ C aX — Cl,x F. Since (U,U’) € A, (U,U’") = (Uy,U})
for some n < w. We have z € U, C Cl,x U, C Vp; thus z € V, N X € B.
Since aX — V! c U}, C Clyx U}, € aX — Clyx F, we have Cl,x F C V/;
thus F = Cl,x FNX C V), NnX € B. Obviously, (V, N X)N (V) NX)=0.
Thus B is separating. Next, we shall show that B satisfies the condition (x) in
Definition 3.3. Consider a collection {(B;1, Bj2) : @ < w} of pairs of elements of
B with Clx B;1 N Cly Bjg = 0 for every i < w. For every i < w we can take
B!, B, €V such that

Bii =B NX and Bjp=Bl,NX.
Then we have
Clax Bi1 N Clax Bjy = Clax (B N Bj) = Clax (Bj; N Bjp N X)
= Clax (Bi1 N Bi2) C Clax(Cly Biy NClx Big) = 0.

Since aX is countable-dimensional, we can take a collection {L} : i < w} of
subsets of aX such that L/ is a partition in aX between Cl,x B}, and Cl,x Bls,
and {L} : i < w} is strongly point-finite. Then L; = L, N X is a partition in X
between Clx B;1 and Clx B;s. Obviously, {L; : ¢ < w} is strongly point-finite;

thus B satisfies the condition (*) in Definition 3.3. Hence X is small countable-
dimensional. O
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3.5 Problem. Does Theorem 3.4 remain true if we replace ‘a countable separat-

ing collection of open subsets of a space X’ in Definition 3.3 by ‘a countable base
for X7

Next we consider a characterization of spaces having a countable-dimensional
compactification in terms of a special metric.

3.6 Definition. A space X is u-countable-dimensional if there exists a totally
bounded metric d on X satisfying the following condition:

(*) For every collection {(A4;, B;) : i < w} of pairs of disjoint closed subsets of
X with d(4;, B;) > 0 for every i < w, there exists a collection {L; : i < w}
of subsets of X such that L; is a partition in X between A; and B; for every
i <wand {L; : i < w} is strongly point-finite.

3.7 Theorem. A space X has a countable-dimensional compactification if and
only if X is p-countable-dimensional.

PROOF: Let X be p-countable-dimensional and d be a totally bounded metric on
X satisfying the condition (%) in Definition 3.6. The completion (X, d) of (X, d)
is compact. Take an arbitrary countable base U/ for X. Let us set

A={(U,U"):U,U' eU with ClgU CU'}.
We enumerate A as A = {(U;,U]) : i < w}. For every i < w, since Clg U; N
(X — UH)=0,¢ = CZ(CIX U;, X — U!) > 0. Thus we can take a partition L; in X
between Clg B(Clg Uise;/3) N X and Clg B(X — Ul;ei/3)N X for every i < w

such that {L; : ¢ < w} is strongly point-finite. For every i < w we take a partition
L; in X between Clg U; and X — UZ.' such that L; N X C L;. Let us set

D={AeWw]<: () Ln=0}.
neA

For every A € D the set
Ta= () Ln
neA

is closed in X and disjoint from X. The set
Y=X—-|( {Ta:AeD}

is a Cech-complete extension of X. Now, for every i < w, we can take disjoint
open subsets V; and Vi' of Y such that Clg U;NY CV;, (X — UZ') Ny c Vi, and
Y —(L;NY) =V; UV/. Let us set

V={V;:i<w}.
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It is easily seen that V is a base for Y. We shall show that {Bdy V; : i < w} is
strongly point-finite. Obviously, Bdy V; € L; NY for every i < w. It suffices to
show that {L; NY : i < w} is strongly point-finite. Consider an infinite subset
A of w. The collection {L; : i < w} being strongly point-finite, we can take
A € [A]<¥ such that (,ca Ln = 0; thus A € D. We have mneA(En ny) =
TANYC TaN(X —Ta) =0. Thus {L; NY :4 < w} is strongly point-finite. By
Theorem 3.1, Y has a countable-dimensional compactification aY. Then aY is a
compactification of X.

Now let X be a countable-dimensional compactification of X. Take an arbi-
trary metric d on aX. Let dx be the restriction of d to X. It is easy to show
that dx satisfies the condition (*) in Definition 3.6. Hence X is p-countable-
dimensional.

d

3.8 Problem. Does Theorem 3.7 remain true if we replace ‘a totally bounded
metric on X’ in Definition 3.6 by ‘a metric on X7
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