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Boundary value problems for semilinear evolutioninlusions: Carath�eodory seletions approahTiziana Cardinali�, Luia SantoriAbstrat. In this paper we prove two existene theorems for abstrat boundaryvalue problems ontrolled by semilinear evolution inlusions in whih the nonlin-ear part is a lower Sorza-Dragoni multifuntion. Then, by using these results,we obtain the existene of periodi mild solutions.Keywords: semilinear di�erential inlusion, seletion theorem, mild solution, lo-wer Sorza Dragoni multifuntion, mild periodi solution.Classi�ation: Primary 34A60, 34G201. IntrodutionIn the setting of a separable Banah spae X we prove the existene of mildsolutions for abstrat boundary value problems ontrolled by the following semi-linear evolution inlusion x0 2 A(t)x + F (t; x)in whih fA(t)gt2[0;b℄ is a family of densely de�ned linear operators generating anevolution operator T and F is a multifuntion. At �rst we examine problems inwhih the boundary ondition Lx = ! is present, L is here a ontinuous linearoperator and ! 2 X . Then we onsider problems with the more general boundaryondition Lx =Mx, where M is a ompat operator.In the reent past, analogous problems for ordinary di�erential equations havebeen treated by many authors (for a wide bibliography on this subjet see for in-stane [6℄). In the last few years the attention has been given to abstrat boundaryvalue problems ontrolled by semilinear di�erential inlusions. We refer, for exam-ple, to the papers of Anihini-Zea [2℄, Zea-Zezza [20℄, N.S. Papageorgiou [16℄,[17℄, [18℄ and to the monograph [9℄. The possibility of wide pratial appliationsexplains the growing interest in the investigation of suh abstrat boundary valueproblems. Among the others, the reent papers [15℄ and [1℄ study \degenerate"problems.In the �rst part of this note we present two existene results of mild solutionsby onsidering lower Sorza-Dragoni multifuntions (see Theorem 3.1 and Theo-rem 3.2). As onerns the operators of the family fA(t)gt2[0;b℄ we allow that they�Corresponding author.



116 T. Cardinali, L. Santoriare unbounded and so our theorems an be applied to the study of distributedparameter ontrol problems (see [14℄) and in mathematial physis (free boundaryand obstale problems, see [5℄). We show that our two results extend in a broadsense the theorems proved in [18℄ (see Remarks 3.1, 3.2 and 3.3).In the last setion we illustrate the appliability of our results for the study ofproblems with periodi boundary onditions and we obtain two existene theoremswhih extend in a broad sense the results proved in [18℄ (see Remark 4.1).2. PreliminariesThroughout this paper J denotes the interval [0; b℄; b > 0, of the real line(endowed with the Lebesgue measure �) and X is a Banah spae with the normk � k. Let P(X) denote the olletion of all nonempty subsets of X . For everyA 2 P(X), we denote by kAk = supa2A kak. The following notations will also beused Pf()(X) = fS 2 P(X) : S is losed (and onvex)g;P(w)k()(X) = fS 2 P(X) : S is (weakly-)ompat (and onvex)g:For every A;B 2 Pf (X), we de�ne the Hausdor� metri byH(A;B) = maxfsupb2B �(b; A); supa2A �(a;B)gwhere �(b; A) = inffka� bk : a 2 Ag.Let T be a topologial spae. A multifuntion F : T ! Pf (X) is said tobe H-ontinuous if it is ontinuous from T into the metri spae (Pf (X); H).A multifuntion F : T ! P(X) is said to be lower semiontinuous (l.s..) ata point t0 2 T if, for every open set A � X suh that F (t0) \ A 6= ;, there existsa neighbourhood U of t0 with the property F (t) \ A 6= ;, for every t 2 U .Let (
;�) be a measurable spae. A multifuntion F : 
 ! P(X) is said tobe measurable if the set F�(U) = ft 2 
 : F (t)\U 6= ;g is measurable, for everyopen set U � X , while F is said to be graph measurable if GrF = f(!; x) 2
 �X : x 2 F (!)g 2 �� B(X), with B(X) the Borel �-�eld of X . Moreover Fis said to be salarly measurable if for every x� belonging to the dual topologialspae X�, the funtion ! 7! �(x�; F (!)) = supfhx�; xi : x 2 F (!)g is measurable,where h�; �i denotes the duality brakets for the pair (X;X�).By SpF , 1 � p � 1, we denote the set of all seletions of a multifuntionF : J ! P(X) that belong to the Lebesgue-Bohner spae Lp(J;X) (see [8,De�nition A.3.89℄), i.e. SpF = ff 2 Lp(J;X) : f(t) 2 F (t) a.e. on Jg.A multifuntion F : J � X ! Pf (X) is said to satisfy the Sorza-Dragoniproperty if, for every " > 0, there exists a losed subset J" of J , �(JnJ") < ",suh that FjJ"�X is H-ontinuous.A multifuntion F : J �X ! P(X) is said to verify the lower Sorza-Dragoniproperty if, for every " > 0, there exists a losed subset J" of J , �(JnJ") < ",suh that FjJ"�X is lower semiontinuous.



Boundary value problems for semilinear evolution inlusions 117Finally we reall that a funtion f : J �X ! X is said to be a Carath�eodoryseletion of a multifuntion F : J � X ! P(X) if, for every x 2 X , f(�; x) ismeasurable; for every t 2 J , f(t; �) is ontinuous; f(t; x) 2 F (t; x), a.e. t 2 J , forevery x 2 X .Moreover we reall the following basi de�nitions.Let � = f(t; s) 2 J � J : 0 � s � t � bg be �xed. A two parameter familyfT (t; s)g(t;s)2�, T (t; s) : X ! X bounded linear operators, is alled an evolutionsystem if(i) T (t; t) = I , t 2 J ,(ii) T (t; r)T (r; s) = T (t; s), 0 � s � r � t � b,(iii) (t; s) 7! T (t; s) is strongly ontinuous on �, i.e., for every x 2 X , the map(t; s) 7! T (t; s)x is ontinuous on � (see e.g. [11℄),and we denote with T : �! L(X) the respetive evolution operator (see e.g. [19℄),where L(X) is the spae of all bounded linear operators from X to X . Taking(iii) into aount, we note that there exists a onstant M > 0 suh that(2.1) sup(t;s)2� kT (t; s)kL �M;where kT (t; s)kL = supkxk�1 kT (t; s)xk �M.Let fA(t)gt2J be a family of linear operators, A(t) : D(A) � X ! X , D(A) notdepending on t and being a dense subset of X . In order to obtain our existeneresults it is not neessary to preise the way in whih the family fA(t)gt2J gener-ates an evolution operator. Usually is said that fA(t)gt2J generates an evolutionoperator T : � ! L(X) if there exists an evolution system fT (t; s)g(t;s)2� suhthat on the region D(A) eah operator T (t; s) is strongly di�erentiable relative tot and s and�T (t; s)�t = A(t)T (t; s) and �T (t; s)�s = �T (t; s)A(s)(see e.g. [11℄, [12℄, [19℄).3. Main resultsFirst of all we prove the following seletion theorem.Proposition 3.1. Let X be a Banah spae. If a multifuntion F : J � X !Pf(X) has the lower Sorza-Dragoni property, then there exists a Carath�eodoryseletion f : J �X ! X of F .Proof: From the lower Sorza-Dragoni property, for every j 2 N, we an saythat there exists a losed set Kj � J , �(JnKj) < 2�j , suh that Fj = FjKj�Xis lower semiontinuous. Sine Fj satis�es all assumptions of Mihael's seletionTheorem (see [13, Theorem 3.200℄) we an laim that there exists a ontinuous



118 T. Cardinali, L. Santorifuntion fj : Kj � X ! X suh that fj(t; x) 2 F (t; x), for all (t; x) 2 Kj � X .Now we onsider the funtion f : J �X ! X de�ned byf(t; x) = (fj(t; x); t 2 KjnSi<j Ki; j 2 N0; otherwise.We want to show that f is a Carath�eodory seletion of F .By using the ontinuity of fj it is easy to hek that, for eah t 2 J , thefuntion f(t; �) is ontinuous on X . Now, �xing x 2 X , in order to prove themeasurability of f(�; x) we onsider an open set A � X . We havef�(A; x) = ft 2 J : f(t; x) 2 Ag = H1 [H2;where H1 = ft 2 [j2NKj : f(t; x) 2 Agand H2 = ft 2 Jn[j2NKj : f(t; x) 2 Ag:Let us note that the set H1 an be rewritten as followsH1 = [j2NAj ; where Aj = f�j (A; x)n[i<jKi:Fixing j 2 N, by ontinuity of fj(�; x) on Kj we have that there exists an open setIj � J suh that f�j (A; x) = Ij \Kj . Therefore the set f�j (A; x) is measurable.We an dedue that H1 is measurable. On the other hand, as regards the set H2there are two possibilities: if 0 2 A then H2 = JnSj2NKj , while if 0 =2 A thenH2 = ;. So, H2 is also measurable.Finally we observe that if (t; x) 2 (Sj2NKj)�X then there exists ej = minfj 2N : t 2 Kjg suh that f(t; x) = fej(t; x) 2 F (t; x). Being�(Jn[j2NKj) � �(JnKj) < 2�j ; j 2 N;we an dedue that the set JnSj2NKj has measure zero. Therefore we anonlude that f is a Carath�eodory seletion of F . �Now, we are able to prove the existene of mild solutions for the followingboundary value problem governed by a semilinear di�erential inlusion(P) (x0 2 A(t)x + F (t; x)Lx = !



Boundary value problems for semilinear evolution inlusions 119where ! 2 X , L : C(J;X)! X is an operator and the family fA(t)gt2J satis�esthe assumptionH(A): fA(t)gt2J is a family of linear operators A(t) : D(A) � X ! X , withD(A) not depending on t and dense in X , generating an evolution systemfT (t; s)g(t;s)2� suh that the operator T (t; s) is ompat, for t� s > 0.We reall that a funtion x 2 C(J;X) is said to be a mild solution for (P) ifx(t) = T (t; 0)x(0) + Z t0 T (t; s)f(s) ds; t 2 J; where f 2 S1F (�;x(�));Lx(t) = !; t 2 J:At �rst, we prove the existene of mild solutions for (P) when F has the lowerSorza-Dragoni property .Theorem 3.1. Let X be a separable Banah spae whose dual X� is separable.We assume that H(A) is satis�ed and we suppose the following hypotheses on thedataH(F ): F : J �X ! Pf(X) is a multifuntion suh that(1) (t; x)! F (t; x) has the lower Sorza-Dragoni property;(2) there exists a sequene ('k)k2N, where 'k 2 Lp+(J), 1 � p � 1,supkxk�k kF (t; x)k � 'k(t), a.e. on J , and suh thatlimk!1 1k R b0 'k(t) dt = � <1.H(L): L : C(J;X)! X is a linear, ontinuous operator satisfying:H0: the operator bL 2 L(X) de�ned by bL(x) = L(T (�; 0)x), x 2 X , isa bijetion;H1: (MkbL�1kLkLkL + 1) M� < 1, where M and � are as in (2.1) andH(F )(2), respetively.Then (P) admits at least one mild solution.Proof: From Proposition 3.1 the multifuntion F : J � X ! Pf(X) has aCarath�eodory seletion f : J � X ! X . Let us onsider the multifuntion G :J �X ! Pk(X) de�ned as(3.1) G(t; x) = ff(t; x)g; (t; x) 2 J �X:Now, for eah x 2 X , beause f(�; x) is measurable we an say that the mul-tifuntion G(�; x) is measurable. Moreover, for eah t 2 J , f(t; �) is ontinuousand so it is easy to hek that G(t; �) is H-ontinuous. Then G is a Carath�eodorymultifuntion with ompat and onvex values in the separable Banah spae X .Hene, from Proposition 7.16 of [8℄, we get that G satis�es the Sorza-Dragoniproperty.Moreover, taking into aount that f is a seletion of F , by using H(F )(2) wehave that the mentioned sequene ('k)k is suh that supkxk�k kG(t; x)k � 'k(t),a.e. t 2 J , k 2 N. Now, sine X� has the Radon-Nikodym property (see [8,



120 T. Cardinali, L. SantoriProposition A.3.97℄), from Theorem 1 of [17℄ we have that there exists at leastone mild solution ex 2 C(J;X) for the following problem:(P)ext (x0 2 A(t)x+ ext G(t; x)Lx = !where ext G(t; x) denotes the set of extreme points of G(t; x). Sine ext G(t; x) =ff(t; x)g � F (t; x), we an say that ex is also a mild solution for (P). �Remark 3.1. Let us remark that Theorem 3.1 extends in a broad sense Theo-rems 3.1 and 3.2 proved in [18℄. First of all we observe that (P) (in whih ! 2 Xis �xed) an be written as the following problem( eP) (x0 2 A(t)x + F (t; x)Lx =Mxwhere M : C(J;X)! X is the operator de�ned by Mx = !, x 2 C(J;X).The following multifuntion F : [0; 1℄� R ! Pf(R)F (t; x) = (f0g; x 2 N0[0; n℄; x 2 ℄n� 1; n[ [ ℄� n; 1� n[ ; n 2 Nsatis�es all hypotheses of Theorem 3.1 but not the property H(F )(3) of The-orem 3.1 of [18℄ or H(F )1(3) of Theorem 3.2 of [18℄. Indeed, any sequene('k)k2N; 'k 2 L1+([0; 1℄), with the propertysupkxk�k kF (t; x)k = maxn�k fk[0; n℄kg = k � 'k(t); a.e. on [0; 1℄it is suh that limk!1 1k R 10 'k(t) dt 6= 0.Now we obtain an existene result of mild solutions for the more general prob-lem ( eP).Theorem 3.2. Let X be a separable Banah spae. We assume that H(A), H(L)and H0 are satis�ed and we suppose the following hypotheses on the dataH(F )1: F : J �X ! Pf(X) is a multifuntion suh that(1) (t; x)! F (t; x) has the lower Sorza-Dragoni property;(2) there exists a sequene ('k)k2N, where 'k 2 L1+(J),supkxk�k kF (t; x)k � 'k(t), a.e. on J , and suh thatlimk!1 1k R b0 'k(t) dt = 0.



Boundary value problems for semilinear evolution inlusions 121H(M): M : C(J;X)! X is a ompat operator suh thatlimkuk!1 kM(u)kkuk = 0.Then ( eP) admits at least one mild solution, i.e. a funtion x 2 C(J;X) verifyingx(t) = T (t; 0)x(0) + R t0 T (t; s)f(s) ds, t 2 J , where f 2 S1F (�;x(�)), and suh thatLx(t) =Mx(t), t 2 J .Proof: First we observe that, by proeeding as in Theorem 3.1, we an onsiderthe multifuntion G : J �X ! Pk(X) de�ned as in (3.1). From Proposition 1.6of [8℄ we an dedue that f is measurable and so we have that G is salarlymeasurable (see [8, Proposition 2.39, p. 166℄). Moreover, for every t 2 J , themultifuntion G(t; �) : X ! Pk(X) is H-ontinuous, so we an say that it isupper semiontinuous from X into Xw, where Xw denotes the Banah spae Xendowed with the weak topology.Next, by using the fat that f is a seletion of F , the onditionH(F )1(2) impliesthat the mentioned sequene ('k)k2N is suh that supkxk�k kG(t; x)k � 'k(t), a.e.t 2 J , k 2 N.Now we are in position to apply Theorem 3.1 of [18℄ and so we an say thatthere exists at least one mild solution ex 2 C(J;X) for problem(P)G (x0 2 A(t)x +G(t; x)Lx =MxRealling the de�nition of G, we an onlude that ex is also a mild solutionfor ( eP). �Remark 3.2. We note that our Theorem 3.2 extends in a broad sense Theo-rem 3.1 of [18℄. Indeed there exist multifuntions verifying the hypotheses ofTheorem 3.2, but not all onditions required in Theorem 3.1 of [18℄. For example,we an onsider the multifuntion F : [0; 1℄� R ! Pk(R) de�ned as followsF (t; x) = (f0g; x 2 N0[0; 1k ℄; x 2 ℄k � 1; k[ [ ℄� k; 1� k[ ; k 2 N:Remark 3.3. Let us note that if we restrit Theorem 3.2 of [18℄ to the lass ofmultifuntions F : J �X ! Pf(X) we an say that our Theorem 3.2 improvesTheorem 3.2 of [18℄. Indeed by Theorem 3.5 of [7℄ we have that B(J�X)�B(X)-graph measurability oinides with measurability so, by using Theorem 2.1 of[3℄, the hypotheses on F required in Theorem 3.2 of [18℄ imply the assumptionsof Theorem 3.2. On the other hand, there exist multifuntions satisfying thehypotheses of our Theorem 3.2 but not all hypotheses of Theorem 3.2 of [18℄, asthe following example proves:



122 T. Cardinali, L. SantoriExample 3.1. Put C � [0; 1℄ the Cantor set suh that �(C) = 0, where � is theLebesgue measure in R, let f : [0; 1℄! [0; 2℄ be a funtion so de�nedf(x) = fC(x) + x; x 2 [0; 1℄where fC is the Vitali-Cantor funtion. It is easy to see that f is an homomor-phism and that �(f(C) n f0g) = 1. Fixed H a non Lebesgue measurable subsetof f(C) n f0g, we onsider M = f�1(H). Now we are in position to de�ne themultifuntion F : [0; 1℄� R ! Pf(R) whereF (t; x) = 8><>:[0; 2℄; t 2M;[0; 1℄; (t; x) = (0; 0);f0g; otherwise.First of all we observe that, for eah " > 0, by using the regularity of Lebesguemeasure there exists a ompat subset C" � [0; 1℄ nC suh that �([0; 1℄ nC") < "2 .Now, the losed set J" = C" \ [ "2 ; 1℄ is suh that �([0; 1℄ n J") < " and FjJ"�R iss..i.. Moreover it is easy to hek that F has also the other properties of ourTheorem 3.2.On the other hand, F does not verify all the assumptions of Theorem 3.2 of[18℄. In fat, taking into aount that M is not a Borel measurable set, themultifuntion F is not B([0; 1℄� [0; 1℄)�B(R)-graph measurable.Remark 3.4. Obviously, taking into aount that in Theorem 3.1 we also requirethe separability of the dual spae X�, there exist multifuntions that satisfy theproperties of Theorem 3.2 but not all the hypotheses of Theorem 3.1 (for exampleif 
 is a separable measurable spae, X = L1(
) is a separable Banah spaewhose dual X� = L1(
) is not separable (f. [4, p. 98℄)). Moreover there existmultifuntions that verify the hypotheses of Theorem 3.1 but not the hypothesesof Theorem 3.2. To justify this assertion we an onsider the multifuntion ofRemark 3.1.4. Periodi solutionsIn this setion we use the results of Setion 3 to establish the existene ofperiodi mild solutions for the following boundary value problem(PP) (x0 2 A(t)x + F (t; x)x(0) = x(b)We need the following stronger hypothesis on fA(t)gt2JH(A)p: fA(t)gt2J is a family of linear operators, A(t) : D(A) � X ! X , withD(A) not depending on t and dense in X , generating an evolution systemfT (t; s)g(t;s)2� suh that the operator T (t; s) is ompat, for t � s > 0,



Boundary value problems for semilinear evolution inlusions 123and(4.1) T (b; 0)x = x , x = 0:From ondition (4.1) we dedue that Ker(T (b; 0) � I) = f0g (where I is theidentity operator). By invoking Fredholm's alternative Theorem (see [8, Theo-rem A.3.125℄), (4.1) implies that R(T (b; 0) � I) = X . Therefore the operatorT (b; 0) � I is a bijetion. Being T (b; 0) � I 2 L(X), by Banah's Theorem (see[10, Theorem 2, p. 229℄) we an dedue (T (b; 0)� I)�1 2 L(X) and so there existsa onstant eK > 0 suh that(4.2) k(T (b; 0)� I)�1kL � eK:Now, we an proveTheorem 4.1. Let X be a separable Banah spae whose dual X� is separa-ble. We suppose that H(A)p is satis�ed, the multifuntion F veri�es H(F ) ofTheorem 3.1 andH 01: (2M eK+1)M� < 1, whereM; eK and � are as in (2.1), (4.2) and H(F )(2),respetively.Then (PP) admits at least one mild periodi solution, i.e. a funtion x 2 C(J;X)verifying x(t) = T (t; 0)x(0) + R t0 T (t; s)f(s) ds, t 2 J , where f 2 S1F (�;x(�)), andsuh that x(0) = x(b).Proof: Let us onsider the operator L : C(J;X) ! X de�ned by Lx = x(b) �x(0). It is easy to hek that L is a ontinuous and linear operator. Moreover, letbL : X ! X be the operator bLx = L(T (�; 0)x), x 2 X . By realling the de�nitionof L and H(A)p we learly have(4.3) bL = T (b; 0)� I 2 L(X)and there exists bL�1 2 L(X), so L satis�es H0 of Theorem 3.1. On the otherhand, thanks to the de�nition of L we an writekLkL = supkxkC�1 kx(b)� x(0)k � 2and, by using H 01 and (4.2), we have(MkbL�1kL kLkL + 1) M� < 1:Then, H1 of Theorem 3.1 is also veri�ed. By using operator L, �xed ! = 0, theproblem (PP) an be rewritten as (P). So, by applying Theorem 3.1 we anonlude that (PP) has at least one mild periodi solution. �Now we prove the existene of mild periodi solutions in the ase that X� isnot neessarily separable.
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