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Boundedness of one-sided fra
tional integralsin the one-sided Calder�on-Hardy spa
esAlejandra PeriniAbstra
t. In this paper we study the mapping properties of the one-sided fra
-tional integrals in the Calder�on-Hardy spa
es Hp;+q;� (!) for 0 < p � 1, 0 < � <1and 1 < q <1. Spe
i�
ally, we show that, for suitable values of p; q; 
; � and s,if ! 2 A+s (Sawyer's 
lasses of weights) then the one-sided fra
tional integral I+

an be extended to a bounded operator from Hp;+q;� (!) to Hp;+q;�+
(!). The resultis a 
onsequen
e of the pointwise inequalityN+q;�+
 �I+
 F ;x� � C�;
N+q;� (F ;x) ;where N+q;�(F ;x) denotes the Calder�on maximal fun
tion.Keywords: fra
tional integral, maximal, one-sided Calder�on-Hardy, one-sidedweights spa
esClassi�
ation: Primary 42B20; Se
ondary 42B351. Introdu
tionThe purpose of this paper is to show that we 
an extend the fra
tional integralto a bounded operator between Calder�on-Hardy spa
es. For 0 < 
 < 1, we denoteby I
f the fra
tional integral de�ned byI
f(x) = ZR f(y)jx� yj1�
 dywhen this integral exists. The 
lassi
al results of boundedness of the fra
tionalintegral are well known. One of them ensures that if 0 < 
 < n, 1 < q < r <1,1r = 1q � 
 and f 2 Lq(Rn ) then(1.1) kI
fkLr(Rn) � Cr;qkfkLq(Rn):A proof 
an be found e.g. in [3℄ or [13℄. Another 
lassi
al result aÆrms that iff 2 ��, 0 < � < 1, then I
f 2 ��, � = � + 
. A more general version of thisresult 
an be seen in [4℄.We will study the behaviour of the operator I+
 , 0 < 
 < 1, de�ned byI+
 f(x) = Z 1x f(y)(y � x)1�
 dy;



58 A. Periniin the one-sided Calder�on-Hardy spa
es that we will de�ne below. In 1982, Gatto,Jim�enez and Segovia studied in [2℄, the Calder�on-Hardy spa
es in order to 
ha-ra
terize the solutions of �mF = f , m 2 N, for distributions f in the Hardyspa
es Hp. They proved that the operator �m is a bije
tive mapping from theCalder�on-Hardy spa
es to Hp. Later, in 2001, Ombrosi studied in [7℄ a more gene-ral weighted version of these spa
es. Ombrosi proved that the fra
tional integralI+
 
an be extended to a bounded operator from the one-sided Hardy spa
es intothe Calder�on-Hardy spa
es. To generalize these spa
es Ombrosi used a one-sidedversion of the Calder�on maximal fun
tion, denoted by N+q;�(F; x). To obtain ourresult, the key will be to prove a pointwise estimate for N+q;�(I+
 F; x). Further-more, this estimate will allow us to give another proof of the 
lassi
al result ofboundedness of I+
 between Lips
hitz spa
es.A weight ! is a measurable and non-negative fun
tion. If E � R is a Lebesguemeasurable set, we denote its !-measure by !(E) = RE !(t) dt. A fun
tion f(x)belongs to Lp(!), 0 < p <1, if kfkLp(!) = (R1�1 jf(x)jp!(x) dx)1=p is �nite.The 
lasses A+s , 1 � s � 1, were de�ned by E. Sawyer in [12℄ (see also [6℄).A weight ! belongs to the 
lass A+s , 1 < s <1, if there exists a 
onstant C su
hthat(1.2) � 1h Z xx�h !(t) dt� 1h Z x+hx !(t)� 1s�1 dt!s�1 � C;for almost all real numbers x.In the limit 
ase of s = 1 we say that ! belongs to the 
lass A+1 if M�!(x) �C!(x) a.e. x 2 R, where M�f(x) = suph>0 1h R xx�h jf(t)j dt. In a similar way,Sawyer de�ned that a weight ! belongs to the 
lass A�s , 1 < s < 1, if thereexists a 
onstant C su
h that(1.3)  1h Z x+hx !(t) dt!� 1h Z xx�h !(t)� 1s�1 dt�s�1 � C;for almost all numbers x. For s = 1 we say that ! belongs to the 
lass A�1 ifM+!(x) � C!(x) a.e. x 2 R, where M+f(x) = suph>0 1h R x+hx jf(t)j dt. Theproperties of one-sided weights whi
h we will use in this paper 
an be seen in [5℄,[8℄ and [12℄.Let us �x w 2 A+s . Then there exists x�1 su
h that w(x) = 0 if x < x�1and w(x) > 0 if x > x�1 (see [8℄ for details). We denote by Lqlo
(x�1;1), with1 < q <1, the spa
e of the real valued fun
tions f(x) on R that belong lo
ally toLq for 
ompa
t subsets of (x�1;1). We endow Lqlo
(x�1;1) with the topologygenerated by the seminormsjf jq;I = �jI j�1 ZI jf(y)jq dy�1=q ;



Boundedness of one-sided fra
tional integrals. . . 59where I = (a; b) is an interval in (x�1;1) and jI j = b� a.Let f 2 Lqlo
(x�1;1) and let � be a real positive number. We de�ne themaximal fun
tion n+q;�(f ;x) byn+q;�(f ;x) = sup�>0 ���jf jq;[x;x+�℄:Let N be a non-negative integer and PN the subspa
e of Lqlo
(x�1;1) formedby all the polynomials of degree at most N . This subspa
e is of �nite dimensionand therefore a 
losed subspa
e of Lqlo
(x�1;1). We denote by EqN the quotientspa
e of Lqlo
(x�1;1) by PN . If F 2 EqN , we de�ne the seminormskFkq;I = inff2F fjf jq;Ig :The family of all su
h seminorms indu
es on EqN the quotient topology.Given a positive real number �, we 
an write it as � = N + �, where N isa non-negative integer and 0 < � � 1. We �x � > 0 and its de
omposition� = N + � in the previous 
onditions.For F 2 EqN , we de�ne the maximal fun
tion N+q;�(F ;x) asN+q;�(F ;x) = inff2F �n+q;�(f ;x)	 :This type of maximal fun
tion was introdu
ed by Calder�on in [1℄.Now we are ready to present the one-sided Calder�on-Hardy spa
es, Hp;+q;� (!),de�ned by S. Ombrosi in [7℄. The 
ase ! = 1 and � 2 N has been studied byA. Gatto, J. Jim�enez and C. Segovia in [2℄. If F 2 EqN , we say that F belongsto Hp;+q;� (!), 0 < p � 1, 1 < q < 1, if the maximal fun
tion N+q;�(F ;x) 2 Lp(!).This means Z 1x�1 N+q;�(F ;x)p!(x) dx <1:The norm of F in Hp;+q;� (!) is given by kFkHp;+q;� (!) = kN+q;�(F ;x)kLp(!).We say that a 
lass A 2 ENq is a p-atom in Hp;+q;� (!) if there exists a represen-tative a(y) of A and an interval I su
h that(i) supp(a) � I � (x�1;1), !(I) <1,(ii) N+q;�(A;x) � !(I)�1p for all x 2 (x�1;1).From the de�nition of a p-atom, the 
ondition !(I) < 1, w 2 A+s does notassure that I is bounded, nevertheless, given the properties of one-sided weights(see Lemma 1.1.7 and page 9 in [8℄), I 
annot be of type (a;1); thus, if I is notbounded we have that x�1 = �1 and so I = (�1; b), b <1.As before, let � = N + � where 0 < � � 1. The 
lass F 2 ENq belongs to��(x�1;1) if f 2 F is su
h that f 2 CN (x�1;1), and there exists a 
onstantC su
h that the derivative DNf satis�es for every x; x0 2 (x�1;1) the Lips
hitz
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ondition ��DNf(x)�DNf(x0)�� � C jx� x0j� :We observe that to say F 2 ��(x�1;1) is equivalent to saying that all theirrepresentatives belong to ��(x�1;1). To simplify notation, we write �� insteadof ��(x�1;1).With the notation and de�nitions given above we 
an state the main results ofthis paper.Theorem 1.1. Let 0 < p � 1, 0 < � < 1, � = N + � with N an integer,0 < 
 + � < 1, 1 < q < 1
 and w 2 A+s where (�+ 1q )p � s > 1 or (�+ 1q )p > 1 ifs = 1. Let I+
 be the extension of the one-sided fra
tional integral given by (3.17).Then I+
 
an be extended to a bounded operator from Hp;+q;� (!) into Hp;+q;�+
(!).This theorem is a 
onsequen
e of the following key result.Theorem 1.2. Let F 2 ��, � = N + � with N an integer, 0 < � < 1,0 < 
 + � < 1 and 1 < q < 1
 . Let I+
 be the extension of the one-sidedfra
tional integral given by (3.17). ThenN+q;�+
(I+
 F ;x) � C�;
N+q;�(F ;x); x 2 (x�1;1);where C�;
 does not depend on F .The paper is organized as follows. In Se
tion 2 we will present some auxiliarylemmas that we will need later in Se
tion 3 and Se
tion 4. In Se
tion 3, we willprove the existen
e of the extension of the one-sided fra
tional integral to the
lasses Hp;+q;� (!) \ ��. In Se
tion 4, we will prove the main results of this work,Theorem 1.1 and Theorem 1.2. In the last se
tion we will give some remarksabout the extension de�ned in Se
tion 3.2. Auxiliary lemmasThe following results establish some properties of the maximal fun
tionN+q;�(F; x) and the spa
es Hp;+q;� (!).First we observe that if �I(x) is the 
hara
teristi
 fun
tion of the intervalI = (a; b) and we denote I� = (a� jI j; a), it is not diÆ
ult to prove that(2.1) M+�I(x) � 12 ; x 2 I� [ I:Lemma 2.1. Let F 2 EqN .(1) Let f1, f2 be two representatives of F and P = f1�f2. Then there existsa 
onstant 
k su
h that for every x1; x2 and y in (x�1;1) the inequality������ ddy�k P (y)����� � 
k �n+q;�(f1;x1) + n+q;�(f2;x2)� (jx1 � yj+ jx2 � yj)��k



Boundedness of one-sided fra
tional integrals. . . 61holds.(2) If N+q;�(F; x0) is �nite for some x0 then there exists a unique f 2 F su
hthat n+q;�(f ;x0) <1 and, therefore, N+q;�(F ;x0) = n+q;�(f ;x0).(3) If N+q;�(F ;x) is �nite, f is a representative of F and we denote byP (x; y) the unique polynomial of degree at most N su
h that n+q;�(f(y)�P (x; y);x) = N+q;�(F ;x), then f(x) = P (x; x) for almost every x su
hthat N+q;�(F ;x) is �nite.(4) Assume that N+q;�(F; x) � t for all x belonging to a set E � (x�1;1).Let f be a representative of F and let P (x; y) be the unique polynomialin PN , su
h that N+q;�(F ;x) = n+q;�(f(y)� P (y; x);x). Then there exists
 > 0 su
h that����Ak(x)�X 1i! (x� x)iAk+i(x)���� � 
 t jx� xj��k ;for all x and x in E, where Ak(x) = DkyP (x; y)��y=x.(5) F belongs to �� if and only if there exists a �nite 
onstant C su
h thatN+q;�(F; x) � C for all x 2 (x�1;1).(6) If F 2 ��, x1 2 (x�1;1) and f is the representative of F su
h thatN+q;�(F; x1) = n+q;�(f; x1), then��Dif(y)�� � C kNq;�(F ; :)k1 jy � x1j��iholds for i = 0; 1; : : : ; N and y 2 (x�1;1).The proof of (1) 
an be found in [7℄. The proof of (2) is similar to the one ofLemma 3 in [2℄. The proof of (3) 
an be seen in [8℄. Pro
eeding as in the proofof Lemma 5 in [1℄ we obtain the proof of (4), also we 
an �nd a 
omplete proofin [8℄. Part (5) is Lemma 3.10 in [7℄. The details of the proof of (6) 
an be seenin [8℄.Remark 2.2. Given a representative f 2 F , if for ea
h x we haveN+q;�(F ;x) <1by Lemma 2.1(2), there exists a unique representative of F that realizes themaximal fun
tion N+q;�(F ;x) < 1. We denote this representative by f(y) �P (x; y), where P (x; y) is a polynomial of degree less than or equal to N .Lemma 2.3. Let 0 < p � 1 and w 2 A+s where (�+ 1q )p � s > 1 or (�+ 1q )p > 1if s = 1. The spa
e Hp;+q;� (!) is 
omplete.The proof of this result is similar to that of Corollary 2 in [2℄, see also [8℄.The following result is fundamental for the proof of Theorem 1.1 in Se
tion 4.Theorem 2.4. Let 0 < p � 1 and w 2 A+s where (�+ 1q )p � s > 1 or (�+ 1q )p > 1if s = 1. The set of 
lasses Hp;+q;� (!) \ �� is dense in Hp;+q;� (!).The proof of this result is due to Ombrosi [8℄, who used to prove it a one-sidedversion of the Calder�on-Zygmund de
omposition.



62 A. Perini3. Extension of the one-sided fra
tional integral to the 
lassesHp;+q;� (w) \ ��Let 0 < 
 < 1. Given a measurable fun
tion in R, the one-sided fra
tionalintegral of order 
 is de�ned byI+
 f(x) = Z 1x f(y)(y � x)1�
 dy; x 2 (x�1;1);provided the integral exists.Remark 3.1. If we 
onsider the kernel K(x) = �(�1;0)jxj
�1, we 
an write theone-sided fra
tional integral as a 
onvolution produ
t as followsI+
 f(x) = (K � f)(x):It is simple to prove that K(x) 2 L1lo
(R � f0g) and K satis�es for 1 � i � n,(3.1) jDiK(x)j � C
;ijxj
�1�i; x 2 (�1; 0):From the de�nition it is trivial to prove that, for f � 0,(3.2) I+
 f(x) � I
f(x); x 2 (x�1;1)and(3.3) I+
1 Æ I+
2f(x) = I+
1+
2f(x); x 2 (x�1;1):In what follows we suppose that ! 2 A+s where (�+ 1q )p � s > 1 or (�+ 1q )p > 1if s = 1. Furthermore we 
onsider the number x�1 asso
iated with ! 2 A+s su
hthat x�1 < 0.Let us �x a fun
tion � 2 C10 , 0 � �(y) � 1, supp(�) � [�2; 2℄, and su
h that�(y) � 1 in [�1; 1℄. Let r > 0 and x1 2 R. We denote(3.4) �x1;r(y) = ��y � x1r � :Then the support of �x1;r(y) is 
ontained in [x1 � 2r; x1 + 2r℄ and �(y) � 1 in[x1 � r; x1 + r℄. Moreover, we have that(3.5) ��Di(�x1;r)(y)�� � Cir�i;for every non-negative integer i, where Ci is kDi�k1. If x1 = 0, we denote �0;r(y)by �r(y).Unless we state something di�erent, we 
onsider � > 0, � =2 N where � 
an berepresented by � = N + � with 0 < � < 1.



Boundedness of one-sided fra
tional integrals. . . 63Lemma 3.2. Let F 2 �� and let f(y) be the representative of F su
h thatn+q;�(f ; 0) = N+q;�(F ; 0). If we de�ne(3.6) gj(x) = Z 1x f(y)(y � x)1�
 �j(y) dy� NXi=0 Z 1x Di� 1j:� yj1�
� (0)f(y)(�j(y)� �1(y)) dyxii! ;where �j(y) and �1(y) are given as in (3.4), then there exists limj!1 gj inLqlo
(x�1;1).Proof: We �x I = [a; b℄ � R, and we 
onsider a natural number l su
h thatI � [�l=2; l=2℄. Then for all x 2 I and j > l we 
an write gj(x) as(3.7) gj(x) = gl(x) + Z 1x " 1(y � x)1�
 � NXi=0 Di� 1j:� yj1�
� (0)xii! #� f(y)(�j(y)� �l(y)) dy:Now we prove that there exists the limit of the se
ond term of (3.7) when j !1.Sin
e �j(y)� �l(y) � 1� �l(y) and supp(1� �l) � fjyj � lg it follows thatsupp (�j � �l) � supp (1� �l) � fjyj � lgand so the se
ond term of (3.7) 
an be estimated as
(3.8) Z 1x ����� 1(y � x)1�
 � NXi=0 Di� 1j:� yj1�
� (0)xii! ����� jf(y)j j�j(y)� �l(y)j dy� Zfjyj>lg\(x;1) ����� 1(y � x)1�
 � NXi=0 Di � 1j:� yj1�
� (0)xii! ������ jf(y)j j1� �l(y))j dy:We observe that if x 2 I � [�l=2; l=2℄, and y 2 A = fjyj � lg \ (x;1), for0 < � < 1 we have j�x� yk � jyj=2. In e�e
t,j�x� yj = jy � �xj � jyj � j�xj � jyj � j�j l2 � jyj � l2 � jyj � jyj2 = jyj2 :



64 A. PeriniThen by the Taylor's Formula and Lemma 2.1(6), we have
(3.9)

Zfjyj>lg\(x;1) ����� 1(y � x)1�
 � NXi=0 Di� 1j:� yj1�
� (0)xii! ������ jf(y)j(1� �l(y)) dy� C
;N Zfjyj>lg\(x;1) j�x� yj
�(N+2)jf(y)j dy jxjN+1� C
;N2(N+2) Zfjyj>lg\(x;1) jyj
�(N+2)jf(y)j dy jxjN+1� C
;N2(N+2) kNq;�(F ; :)k1 Zfjyj>lg\(x;1) jyj
�(N+2)jyjN+� dy jxjN+1and sin
e the last integral is 
onvergent for 0 < 
 + � < 1, it followsZfjyj>lg\(x;1) ����� 1(y � x)1�
 � NXi=0 Di� 1j:� yj1�
� (0)xii! ����� jf(y)j (1� �l(y)) dy� C�;
;N;l kNq;�(F ; :)k1 <1:Therefore, 1(y � x)1�
 � NXi=0 Di� 1j:� yj1�
� (0)xii! ! f(y)(1� �l(y)) 2 L1((x�1;1))and by the Dominated Convergen
e Theorem, the se
ond term of (3.7) 
onvergesto Z 1x " 1(y � x)1�
 � NXi=0 Di � 1j:� yj1�
� (0)xii! # f(y)(1� �l(y)) dy:Then there exists limj!1 gj(x) in L1lo
(x�1;1), and, 
onsequently, pointwiseand in Lqlo
(x�1;1). �Taking into a

ount the notation of Lemma 3.2 we de�ne(3.10) I+;0
 f(x) = limj!1 gj(x)= limj!1 Z 1x f(y)(y � x)1�
 �j(y) dy� NXi=0 Z 1x Di� 1j:� yj1�
� (0)f(y)(�j(y)� �1(y)) dyxii!where the limit is taken in the sense of L1lo
(x�1;1).



Boundedness of one-sided fra
tional integrals. . . 65In Lemma 3.2 we have proved that for x 2 I = [a; b℄ � [�l=2; l=2℄,(3.11) I+;0
 f(x) = limj!1 gj(x)= gl(x) + Z 1x " 1(y � x)1�
 � NXi=0 Di � 1j:� yj1�
� (0)xii! #� f(y)(1� �l(y)) dy;where gl(x) = Z 1x f(y)(y � x)1�
 �l(y) dy� NXi=0 Z 1x Di� 1j:� yj1�
� (0)f(y)(�l(y)� �1(y)) dy xii! :Summarizing, if F 2 �� we have 
hosen a representative f , in parti
ular f is su
hthat n+q;�(f ; 0) = N+q;�(F ; 0), and for this f we de�ne an extension of the fra
tionalintegral operator I+
 , denoted by I+;0
 , su
h that I+;0
 f belongs to L1lo
(x�1;1).The following step is to prove that if f is a polynomial of degree less than or equalto N then I+;0
 f is also a polynomial of degree at most N , whi
h shows that theextension does not depend on the representative f .Lemma 3.3. Let P (y) be a polynomial of degree at most N . Then I+;0
 P (x)(de�ned by (3.10)) 
oin
ides with a polynomial of degree at most N in (x�1;1).Proof: Without loss of generality, we 
an assume that P (y) = yn where 0 �n � N . Let us �x l 2 N and x 2 [�l=2; l=2℄. Then from (3.11), we have that
(3.12) I+;0
 P (x) = Z 1x yn(y � x)1�
 �l(y) dy+ Z 1x " 1(y � x)1�
 � NXi=0 Di� 1j:� yj1�
� (0)xii! # yn(1� �l(y)) dy� NXi=0 Z 1x Di � 1j:� yj1�
� (0) yn(�l(y)� �1(y)) dyxii!= P1(x) + P2(x) +Q(x):It is enough to prove that DN+1(I+;0
 P ) � 0. Sin
e Q(x) is a polynomial of degreeat most N , we have that DN+1(Q)(x) = 0.Then, the only thing to prove is that(3.13) DN+1 (P2) (x) = �DN+1 (P1) (x):



66 A. PeriniWe 
onsider �(y) = yn�l(y). Sin
e �l(y) 2 C10 (R), we have �(y) 2 C10 (R). Bythe 
hange of variable z = y � x we 
an write P1(x) asP1(x) = Z 10 (x + z)n�l(x + z)z1�
 dz = Z 10 �(x + z)z1�
 dz:Given that � and its derivatives are 
ompa
tly supported, by the standard theoremof derivation under the integral sign we have that P1(x) admits derivatives untilorder N + 1 and(3.14) DN+1(P1)(x) = Z 10 1z1�
DN+1�(x+ z) dz:Now we want to di�erentiate P2(x) until order N + 1. For s = 0; 1; : : : ; N + 1,jyj > l and x 2 [�l=2; l=2℄ using Taylor's Formula and (3.1) we have�����Dsx " 1(y � x)1�
 � NXi=0 Di� 1j:� yj1�
� (0)xii! #������ CDN+1� 1j:� yj1�
� (�x)jxjN+1�s � Cljyj
�N�2;hen
e,Z �����Dsx " 1(y � x)1�
 � NXi=0 Di� 1j:� yj1�
� (0)xii! #����� jyn (1� �l(y))j dy� Cl Zjyj>l jyjn+
�N�2 dy <1and so we obtain(3.15) DN+1 (P2) (x) = Z 1x DN+1x � 1(y � x)1�
 � yn(1� �l(y)) dy= (�1)N+1 Z 1x DN+1y � 1(y � x)1�
� yn(1� �l(y)) dy:Applying integration by parts in (3.15) and 
hanging variables y = x+ z we havethat(3.16) (�1)N+1 Z 1x DN+1y � 1(y � x)1�
 � yn(1� �l(y)) dy= (�1)2N+1 Z 1x 1(y � x)1�
DN+1y (yn�l) (y) dy= � Z 10 1z1�
DN+1x �(x + z) dz= �DN+1 (P1) (x):



Boundedness of one-sided fra
tional integrals. . . 67By (3.15) and (3.16), we have proved (3.13) whi
h �nishes the proof. �De�nition 3.4. Let F 2 �� and f(y) be a representative of F . We de�ne I+
 Fas the 
lass in EqN of the fun
tion in Lqlo
(x�1;1) given by(3.17) I+;0
 f(x) = limj!1 �Z 1x f(y)(y � x)1�
 �j(y) dy� NXi=0 Z 1x Di� 1j:� yj1�
� (0)f(y)(�j � �1)(y) dyxii! # :This de�nition makes sense, sin
e by Lemma 3.2 we have that for ea
h rep-resentative of F the limit in (3.17) exists in the sense of Lqlo
(x�1;1) and byLemma 3.3 the 
lass I+
 F does not depend on the representative f of F .Furthermore, if we �x x0 2 (x�1;1), and de�neI+;x0
 f(x) = limj!1 �Z 1x f(y)(y � x)1�
 �x0;j(y) dy� NXi=0Z 1x Di� 1j:� yj1�
�(x0)f(y) (�x0;j(y)� �x0;1(y)) dy (x� x0)ii! #;where f is a representative of F , similar 
omputations show that I+;x0
 f(x) di�ersfrom I+;0
 f(x) by a polynomial of degree at most N and therefore I+
 F is also the
lass of I+;x0
 f(x).4. Proofs of the main resultsProof of Theorem 1.2: Let x0 2 (x�1;1) and let f(y) be the representativeof F su
h that n+q;�(f ;x0) = N+q;�(F ;x0).We know that a representative of I+
 F isI+;x0
 f(x) = limj!1 �Z 1x f(y)(y � x)1�
 �x0;j(y) dy� NXi=0Z 1x Di� 1j:� yj1�
�(x0)f(y)(�x0;j(y)��x0;1(y)) dy (x� x0)ii! #:Let � > 0 and x 2 [x0; x0 + �=4℄. Our goal is to prove the following estimates(4.1) ��I+;x0
 (f(1� �x0;�)) (x)�Q(x0; x)�� � C
;�N+q;�(F ;x0)��+
and(4.2)  Z x0+�=4x0 ��I+;x0
 (f�x0;�) (x)��q dx! 1q � C
;�N+q;�(F ;x0)�(�+
)+ 1q ;



68 A. Periniwhere Q(x0; x) = NXi=0 Z 1x Di � 1j:� yj1�
� (x0)f(y)�x0;1(y) dy (x � x0)ii! :Let us see �rst that, if (4.1) and (4.2) hold, then we obtain the desired estimate: Z x0+�=4x0 ��I+;x0
 f(x)�Q(x0; x)��q dx! 1q=  Z x0+�=4x0 ��I+;x0
 f(x)�I+;x0
 (f�x0;�)(x)+I+;x0
 (f�x0;�)(x)�Q(x0; x)��q dx!1q�  Z x0+�=4x0 ��I+;x0
 f (1� �x0;�) (x) �Q(x0; x)��q dx! 1q+ Z x0+�=4x0 ��I+;x0
 (f�x0;�) (x)��q dx! 1q� C
;�N+q;�(F ;x0)��+
 ��4� 1q + C
;�N+q;�(F ;x0)��+
+ 1q= C
;�N+q;�(F ;x0)��+
+ 1q :Then for � > 01��+
  1� Z x0+�=4x0 ��I+;x0
 f(x)�Q(x0; x)��q dx! 1q � C�;
N+q;�(F; x0);and taking supremum for � > 0 we haven+q;�+
 �I+;x0
 f(x)�Q(x0; x);x0� � C�;
N+q;�(F ;x0):Sin
e I+;x0
 f(x)�Q(x0; x) 2 I+
 F , we haveN+q;�+
 �I
+F ;x0� � C�;
N+q;�(F ;x0); x0 2 (x�1;1):Now we prove (4.1) and (4.2).
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tional integrals. . . 69For (4.1) we have
(4.3) I+;x0
 (f (1� �x0;�)) (x) = limj!1 �Z 1x f(y)(1� �x0;�(y))�x0;j(y)(y � x)1�
 dy� NXi=0 Z 1x Di � 1j:� yj1�
� (x0)f(y)(1� �x0;�(y))(�x0;j(y)� �x0;1(y)) dy� (x� x0)ii! # :Subtra
ting and adding up f(y)(y�x)1�
 (1��x0;�(y))�x0;1(y) in the �rst integral andasso
iating we have(4.4) I+;x0
 (f(1� �x0;�))(x) = Z 1x f(y)(y � x)1�
 (1� �x0;�(y))�x0;1(y) dy+ limj!1 Z 1x " 1(x� y)1�
 � NXi=0 Di� 1j:� yj1�
� (x0) (x� x0)ii! #� f(y)(1� �x0;�(y))(�x0;j(y)� �x0;1(y)) dy:Writing(4.5) 1(x� y)1�
 = NXi=0 Di � 1j:� yj1�
� (x0) (x� x0)ii!+ " 1(x� y)1�
 � NXi=0 Di� 1j:� yj1�
� (x0) (x� x0)ii! #and repla
ing (4.5) in the �rst integral of (4.4), we have(4.6)I+;x0
 (f(1� �x0;�))(x) = NXi=0 Z 1x f(y)Di� 1j:� yj1�
� (x0)�x0;1(y) dy (x� x0)ii!� NXi=0 Z 1x f(y)Di � 1j:� yj1�
� (x0)�x0;1(y)�x0;�(y) dy (x� x0)ii!+ limj!1 Z 1x " 1(y � x)1�
 � NXi=0 Di� 1j:� yj1�
� (x0) (x� x0)ii! #� f(y)(1� �x0;�(y))�x0;j(y) dy= I1(x) + I2(x) + I3(x):



70 A. PeriniLet us estimate I1(x); I2(x) and I3(x). Sin
e F 2 �� and f is a representativesu
h that n+q;�(f ;x0) = N+q;�(F ;x0) then by Lemma 2.1(6) for i = 0, we havejf(y)j � C 

N+q;�(F ; :)

1 jy � x0j� :Then from the last estimate and (3.1) we obtain that ea
h integral in I1 is boundedby Z 1x ����f(y)Di� 1j:� yj1�
� (x0)�����x0;1(y) dy� C 

N+q;�(F ; :)

1 Z x0+2x0 ����Di� 1j:� yj1�
� (x0)���� jy � x0j� dy� C
;i 

N+q;�(F ; :)

1 Z x0+2x0 jy � x0j
�i�1 jy � x0j� dy= C
;i 

N+q;�(F ; :)

1 Z x0+2x0 jy � x0j
�i�1+� dy <1;sin
e 
 + � � i � 1 = 
 + � +N � i � 1 > N � 1 � i � �1 if 0 � i � N . ThenI1(x) is a polynomial of degree at most N , denoted by Q(x0; x), that is(4.7) Q(x0; x) = NXi=0 Z 1x f(y)Di� 1j:� yj1�
� (x0)�x0;1(y) dy (x� x0)ii! :Now we estimate ea
h term of I2. Sin
e supp( 1jx0�yj1�
 �x0;�(y)) � [x0; x0 + 2�℄and using the 
ondition (3.1) we have����Z 1x f(y)Di � 1j:� yj1�
� (x0)�x0;1(y)�x0;�(y) dy (x� x0)ii! ����� C
;i Z x0+2�x0 jx0 � yj
�1�ijf(y)j dy jx� x0jii!� C
;i Z x0+2�x0 jx0 � yj
�1�ijf(y)j dy �ii!� C
;i�i 1Xj=0 Z x0+2�j+1�x0+2�j� jx0 � yj
�1�ijf(y)j dy� C
;i�i 1Xj=0 1(2�j�)1+i�
 Z x0+2�j+1�x0+2�j� jf(y)j dy� C
;i�i 1Xj=0 1(2�j�)1+i�
 Z x0+2�j+1x0 jf(y)j dy
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tional integrals. . . 71� C
;i�i 1Xj=0 1(2�j�)1+i�
  Z x0+2�j+1�x0 jf(y)jq dy! 1q (2�j+1�) 1q0= C
;i�i 1Xj=0 (2�j+1�) 1q(2�j�)1+i�
  12�j+1� Z x0+2�j+1�x0 jf(y)jq dy! 1q (2�j+1�) 1q0� C
;i�i 1Xj=0 (2�j+1�)(2�j�)1+i�
 (2�j+1�)�N+q;�(F ;x0)� C
;i;���+
N+q;�(F ;x0) 1Xj=0 2�j(�i+�+
):Sin
e �i + � + 
 � � + 
 > 0, we have that the series P1j=0 2�j(�i+�+
) is
onvergent and then ea
h term of I2(x) is 
ontrolled by����Z 1x f(y)Di� 1j:� yj1�
� (x0)�x0;1(y)�x0;�(y) dy (x� x0)ii! ����� C
;i;�N+q;�(F ;x0)��+
 :Then for x 2 [x0; x0 + �4 ℄,(4.8) jI2(x)j � C
;�N+q;�(F ;x0)��+
 :We estimate I3(x). Supposing that x 2 [x0; x0+�=4℄, y =2 [x0; x0+�℄ and 0 < � < 1we havejx0 + �(x� x0)� yj � jy � x0j � jx� x0j > jy � x0j � �4 > 34 jy � x0j:By the Mean Value Theorem, the 
ondition (3.1) and the Taylor's Formula wehave that I3(x) is estimated by�����Z 1x " 1(x � y)1�
 � NXi=0 Di � 1j:� yj1�
� (x0) (x� x0)ii! #� f(y)(1� �x0;�(y))�x0;j dyj� ����Z 1x DN+1� 1jx0 + �(x � x0)� yj1�
� f(y)(1� �x0;�(y))�x0j(y) dy� (x� x0)N+1(N + 1)! ������ C
;N�N+1 Z 1x0+� jx0 + �(x � x0)� yj
�1�(N+1) jf(y)j dy
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;N�N+1 Z 1x0+� jf(y)jjy � x0j�
+N+2 dy= C
;N�N+1 1Xj=0 Z x0+2j+1�x0+2j� jf(y)jjy � x0j�
+N+2 dy� C
;N�
�1 1Xj=0 1(2j)�
+N+2  Z x0+2j+1�x0+2j� jf(y)j dy!� C
;N�
�1 1Xj=0 (2j�) 1q(2j)�
+N+2  12j� Z x0+2j+1�x0+2j� jf(y)jq dy! 1q (2j�) 1q0= C
;N�
�1 1Xj=0 2j�(2j)�
+N+2  12j� Z x0+2j+1�x0+2j� jf(y)jq dy! 1q� C
;N�
+�N+q;�(F; x0) 1Xj=0 2(j)(�+1)(2j)�
+N+2= C
;N�
+�N+q;�(F; x0) 1Xj=0 2j(
�N�2+�+1):Sin
e 
 �N � 2 + �+ 1 < 0, we have that the series is 
onvergent and(4.9) jI3(x)j � C
;�N+q;�(F; x0)��+
 :From the identity (4.6), the estimations (4.7), (4.8) and (4.9) give (4.1).Now we have to prove (4.2):(4.10)I+;x0
 (f�x0;�)(x) = limj!1 Z 1x f(y)(y � x)1�
 �x0;�(y)�x0;j(y) dy� NXi=0 Z 1x Di� 1j:� yj1�
� (x0)f(y)�x0;�(y)(�x0;j(y)� �x0;1(y)) dy (x� x0)ii!= Z 1x f(y)(y � x)1�
 �x0;�(y) dy� NXi=0 Z 1x Di� 1j:� yj1�
� (x0)f(y)�x0;�(y)(1� �x0;1(y)) dy (x � x0)ii!= J1(x) + J2(x):Arguing as in the proof of (4.8), we have(4.11) jJ2(x)j � C
;�N+q;�(F ;x0)��+
 for all x 2 (x0; x0 + �=4):
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tional integrals. . . 73In order to estimate the Lq norm of J1, we use H�older inequality and (1.1). Ine�e
t, if r = q1�q
 , we haveZ x0+�=4x0 ����Z 1x f(y)�x0;�(y)(y � x)1�
 dy����q dx= Z x0+�=4x0 ��I+
 (f�x0;�) (x)��q dx� "Z x0+�=4x0 ���I+
 (f�x0;�) (x)��q� rq dx# qr "Z x0+�=4x0 1 rr�q dx# r�qr= CkI+
 (f�x0;�)kqr�1� qr� Cqr;qkf�x0;�kqq�1� qr= Cqr;q�2� qr  1� Z x0+�=4x0 jf�x0;�(x)jq dx!� Cqr;q [N+q;�(F; x0)℄q�(�+
)q+1:Then from the estimations of J1(x) and J2(x) we have proved (4.2). �Proof of Theorem 1.1: From Theorem 1.2 and by a standard argument weobtain Theorem 1.1. Anyway, for the sake of 
ompleteness we will do the proof.In e�e
t, for F 2 Hp;+q;� (!) we want to prove that there exists a 
onstant C
;� su
hthat(4.12) 


I+
 F


Hp;+q;�+
(!) � C
;�kFkHp;+q;� (!):By Lemma 2.4 we have that there exists a sequen
e Fj 2 Hp;+q;� (!)\�� su
h thatFj ! F in Hp;+q;� (!).Sin
e Fj 2 Hp;+q;� (!) \ �� � ��, by Theorem 1.2 we have(4.13) 


I+
 Fj


Hp;+q;�+
(!) � C
;� kFjkHp;+q;� (!) :Using that the operator I+
 is linear and (4.13) we have that for ea
h j; k 2 N(4.14) 


I+
 Fj � I+
 Fk


Hp;+q;�+
(!) = 


I+
 (Fj � Fk)


Hp;+q;�+
(!)� C
;� kFj � FkkHp;+q;� (!) :Sin
e Fj is a Cau
hy sequen
e in Hp;+q;� (!), by (4.14) we have that I+
 Fj is aCau
hy sequen
e in Hp;+q;�+
(!). By Lemma 2.3 Hp;+q;�+
(!) is 
omplete, thus I+
 Fjhas a limit in Hp;+q;�+
(!) that we de�ne by I+
 F and so we have that I+
 Fj ! I+
 F



74 A. Periniin Hp;+q;�+
(!). Then by this last 
on
lusion and (4.13) we have (4.12) as followskI+
 FkHp;+q;�+
(!) = limj!1 


I+
 Fj


Hp;+q;�+
 (!)� C
;� limj!1 kFjkHp;+q;� (!) = C
;�kFkHp;+q;� (!): �5. Final remarksRemark 5.1. By the 
hara
terization given in Lemma 2.1(5) we 
an observethat Theorem 1.2 gives another proof of the 
lassi
al result whi
h ensures thatI+
 map �� into ��+
 for � = N + � with 0 < � + 
 < 1.Remark 5.2. It is not hard to see that as a 
onsequen
e of Ombrosi's results,see Theorems 4.1.5 and 4.2.2 in [8℄, we 
an say that the previous result is alsotrue for the 
ase � 2 N.Remark 5.3. Nevertheless, Theorem 1.1 is false for � + 
 = 1, 0 < � < 1. Wewill see that by an example. We suppose ! � 1. Let � be a in C10 , 0 � �(y) � 1,with support 
ontained in [�8; 8℄, and with �(y) � 1 in [�4; 4℄. For 0 < � < 1,we de�ne(5.1) a(x) = �(x) 1Xn=1 12�n 
os 2nx! :The previous series de�nes a fun
tion Lips
hitz-� (see [14℄), and sin
e �(x) 2 C10 ,a(x) also belongs to Lips
hitz-�. Then if we denote the 
lass of a(x) in Eq0 byA, we have that N+q;�(A; x) is bounded, and therefore sin
e a(x) has 
ompa
tsupport 
ontained in a bounded interval, A is a multiple of a p-atom in Hp;+q;� (1).Then the 
lass of a(x) in Eq0 belongs to Hp;+q;� (1). If we 
onsider, in parti
ular, the
ase � = N + �, N = 0 and � + 
 = 1. If we suppose that I+1�� is a boundedextension from Hp;+q;� (1) into Hp;+q;1 (1), then we have that the 
lass in Eq0 of thefun
tion I+1��a(x) 2 Hp;+q;1 (1) and this is false. If we suppose that it is true, byTheorem 4.2.2 in [8℄ we have that DI+1��a(x) 2 Hp, where Hp is the 
lassi
alHardy spa
e, and this is false. A proof of this fa
t is given in [8℄.A
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