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Ratio Tauberian theorems for relatively boundedfuntions and sequenes in Banah spaesRyotaro SatoAbstrat. We prove ratio Tauberian theorems for relatively bounded funtionsand sequenes in Banah spaes.Keywords: ratio Tauberian theorem, -th order Ces�aro integral, Laplae integral,-th order Ces�aro sum, Abel sumClassi�ation: 40E05, 47A351. IntrodutionLet X be a Banah spae and u : [0;1)! X be a loally integrable funtion.Let g : [0;1) ! R+ be a loally integrable funtion suh that R10 g(t) dt > 0,where R+ := ft � 0 : t 2 Rg. We assume the onditionR t0 g(r) drR s0 g(r) dr ! 1 as t; s!1 with ts ! 1;and prove that if ku(t)k = O(g(t)), t ! 1, then the following statements areequivalent:(i) x = limt!1 � R t0 u(s) ds�=� R t0 g(s) ds�;(ii) x = lim�#0 � R10 e��tu(t) dt�=� R10 e��tg(t) dt�.This solves the open problem posed in [6℄. Then partiular hoies of the funtiong will be onsidered, leading to some generalized Tauberian theorems. Disreteanalogues are obtained as well.2. Results for funtionsLet X be a Banah spae and u : [0;1) ! X be a loally integrable fun-tion. The lass of all suh funtions will be denoted by L1lo(R+ ; X). For u 2L1lo(R+ ; X),  � 1 and t > 0 we de�ne the -th order Ces�aro integral st (u) over[0; t℄ as(1) st (u) := (k � u)(t) = Z t0 k(t� s)u(s) ds;



78 R. Satowhere k(t) := t�1=�() for t 2 R+ . In partiular we have s1t (u) = R t0 u(s) ds.The Laplae integral bu(�) for � 2 R is de�ned as(2) bu(�) := Z 10 e��tu(t) dt = limb!1 Z b0 e��tu(t) dtif the limit exists. It is known (see e.g. [1, Proposition 1.4.1℄) that if bu(�0) existsthen bu(�) exists for all � > �0. If � is a loally �nite positive measure on R+ ,then we use the notation b�(�) to denote R10 e��td�(t) when R10 e��td�(t) <1.We begin with the following key lemma.Lemma 2.1. Let � be a loally �nite positive measure on R+ suh that �[0;1) >0. If(C) �[0; t℄�[0; s℄ ! 1 as t; s!1 with ts ! 1;then(C1) lim inf�#0 �[0; 1=�℄b�(�) = lim inf�#0 �[0; 1=�℄R10 e��td�(t) > 0:Proof: By hypothesis there are two onstants G > 1 and Æ > 0 suh that ift > s > G and t=s � 1 + Æ then 0 � �(s; t℄�[0; s℄ < 1:Thus for � > 0 with 1=� > G we have �(1=�; (1 + Æ)=�℄ < 20�[0; 1=�℄, and�((1 + Æ)=�; (1 + Æ)2=�℄ < �[0; (1 + Æ)=�℄ < 21�[0; 1=�℄:Then for n � 2 we have indutively�((1 + Æ)n=�; (1 + Æ)n+1=�℄ < �[0; (1 + Æ)n=�℄= �[0; 1=�℄ + n�1Xk=0 �((1 + Æ)k=�; (1 + Æ)k+1=�℄< �1 + n�1Xk=0 2k��[0; 1=�℄ = 2n�[0; 1=�℄:Hene0 < Z 10 e��td�(t) = Z[0;1=�℄ e��td�(t) + 1Xn=0 Z((1+Æ)n=�; (1+Æ)n+1=�℄ e��t d�(t)� �[0; 1=�℄ + 1Xn=0 2n�[0; 1=�℄e�(1+Æ)n <1:



Ratio Tauberian theorems for funtions and sequenes in Banah spaes 79Therefore �[0; 1=�℄b�(�) = �[0; 1=�℄R10 e��td�(t) � �1 + 1Xn=0 2ne�(1+Æ)n��1 > 0;ompleting the proof. �Theorem 2.2 (f. [2, Theorem 2.2℄). Suppose 0 6= g 2 L1lo(R+ ;R+ ) satis�esondition (C) with � := g(t) dt. Then for any u 2 L1lo(R+ ; X) with ku(t)k =O(g(t)), t!1, the following statements are equivalent:(i) x = limt!1 s1t (u)=s1t (g) = limt!1 � R t0 u(s) ds�=� R t0 g(s) ds�;(ii) x = limt!1 s�t (u)=s�t (g)= limt!1 � R t0 (t�s)��1u(s) ds�=� R t0 (t�s)��1g(s) ds� for some/all � > 1;(iii) x = lim�#0 bu(�)=bg(�) = lim�#0 � R10 e��tu(t) dt�=� R10 e��tg(t) dt�.Proof: \(i) ) (ii) ) (iii)" follows from [2, Theorem 2.1℄.(iii) ) (i): We �rst note that if P (t) = PNn=0 antn is a polynomial funtionsuh that(3) P (t) � d > 0 on [0; 1℄;then(4) x = lim�#0 R10 e��tP (e��t)u(t) dtR10 e��tP (e��t)g(t) dt :To see this, put eP (�) := R10 e��tP (e��t)g(t) dt. ThenR10 e��tP (e��t)u(t) dtR10 e��tP (e��t)g(t) dt= 1eP (�) NXn=0 an�Z 10 e��(n+1)tg(t) dt� � R10 e��(n+1)tu(t) dtR10 e��(n+1)tg(t) dt :Here(5) lim�#0 R10 e��(n+1)tu(t) dtR10 e��(n+1)tg(t) dt = x (by (iii));and(6) 0 < R10 e��(n+1)tg(t) dteP (�) � 1d (by (3)):



80 R. SatoThus lim�#0 R10 e��tP (e��t)u(t) dtR10 e��tP (e��t)g(t) dt= lim�#0 1eP (�) NXn=0 an�Z 10 e��(n+1)tg(t) dt�x = x:Next we write(7) R 1=�0 u(t) dtR 1=�0 g(t) dt = R10 e��th(e��t)u(t) dtR10 e��th(e��t)g(t) dt ;where h(t) := (0 if 0 � t < e�1;t�1 if e�1 � t � 1:For the proof we may assume without loss of generality that ku(t)k � g(t) for allt � 0. By ondition (C), given an " > 0, there are two onstants G > 1 and Æ > 0suh that(8) 0 � �(s; t℄�[0; s℄ < " if t > s > G and ts � 1 + Æ:It is standard to see that there exists a polynomial funtion P (t) = PNn=0 antnsuh that(a) h(t) < P (t) � " on [0; e�(1+Æ)℄,(b) h(t) < P (t) � h(e�1) + " on [e�(1+Æ); e�1℄,() h(t) < P (t) � h(t) + " on [e�1; 1℄.Then R 1=�0 u(t) dtR 1=�0 g(t) dt � x= R10 e��t�h(e��t)� P (e��t)�u(t) dt+ R10 e��tP (e��t)u(t) dtR10 e��th(e��t)g(t) dt � x=: I� + II� � x;and I� = �R 1=�0 + R (1+Æ)=�1=� + R1(1+Æ)=� �e��t�h(e��t)� P (e��t)�u(t) dtR10 e��th(e��t)g(t) dt=: I�(1) + I�(2) + I�(3)R10 e��th(e��t)g(t) dt ;



Ratio Tauberian theorems for funtions and sequenes in Banah spaes 81where(9) kI�(1)k < Z 1=�0 e��t" g(t) dt � " Z 10 e��th(e��t)g(t) dtby () and the assumption that ku(t)k � g(t) for all t � 0. On the other hand,(b) implieskI�(2)k < Z (1+Æ)=�1=� e��t�h(e�1) + "�g(t) dt � (e+ ") Z (1+Æ)=�1=� g(t) dt;where if � > 0 is suÆiently small, then by (8)Z (1+Æ)=�1=� g(t) dt < " Z 1=�0 g(t)dt = " Z 10 e��th(e��t)g(t) dt;so that(10) kI�(2)k < (e+ ") " Z 10 e��th(e��t)g(t) dtfor all suÆiently small � > 0. Finally (a) implieskI�(3)k < Z 1(1+Æ)=� e��t" g(t) dt � " Z 10 e��tg(t) dt:We apply Lemma 2.1 to infer that there exists a onstant � > 0 suh thatlim inf�#0 R 1=�0 g(t) dtR10 e��tg(t) dt > �:Thus if � > 0 is suÆiently small, thenZ 1=�0 g(t) dt > � Z 10 e��tg(t) dt;so that(11) kI�(3)k < "� Z 1=�0 g(t) dt = "� Z 10 e��th(e��t)g(t) dt:Consequently(12) lim sup�#0 kI�k < "+ (e+ ")"+ "� :Now we writeII� = R10 e��tP (e��t)g(t) dtR10 e��th(e��t)g(t) dt � R10 e��tP (e��t)u(t) dtR10 e��tP (e��t)g(t) dt :



82 R. SatoSimilarly as in (12) one may show that if � > 0 is suÆiently small, then1 � R10 e��tP (e��t)g(t) dtR10 e��th(e��t)g(t) dt < 1 + "+ (e+ ")"+ "� :Sine P (t) � d > 0 on [0; 1℄ for some d > 0, it follows thatlim�#0 R10 e��tP (e��t)u(t) dtR10 e��tP (e��t)g(t) dt = x:Hene(13) kII� � xk � R10 e��tP (e��t)u(t) dtR10 e��tP (e��t)g(t) dt � x+ �"+ (e+ ")"+ "��R10 e��tP (e��t)u(t) dtR10 e��tP (e��t)g(t) dt�! �"+ (e+ ")"+ "��kxkas � # 0. Combining this with (12) yields(14) lim sup�#0 R 1=�0 u(t) dtR 1=�0 g(t) dt � x < �"+ (e+ ")"+ "��(1 + kxk)whih ompletes the proof, sine " > 0 is arbitrary. �Theorem 2.3 (f. [2, Theorem 4.2℄, [5, Proposition 3.4℄). Let � � 0. Suppose u 2L1lo(R+ ; X) satis�es ku(t)k = O(t��1), t ! 1. Then the following statementsare equivalent:(i) x = limt!1 ��(�+ 1)=t�� R t0 u(s) ds;(ii) x = limt!1 ��(�+ �)=�(�)t�+��1� R t0 (t� s)��1u(s) ds for some/all� > 1;(iii) x = lim�#0 �� bu(�) = lim�#0 �� R10 e��tu(t) dt.Proof: \(i) ) (ii) ) (iii)" follows from [2, Theorem 4.1℄.(iii) ) (i): Suppose � > 0. Then de�ne g(t) := k�(t) = t��1=�(�) for t 2 R+and � := g(t) dt. It follows that ku(t)k = O(g(t)), t ! 1, that bg(�) = �� forall � > 0, and that �[0; t℄ = R t0 k�(s) ds = (k1 � k�)(t) = k�+1(t) = t�=�(� + 1).Hene � satis�es ondition (C), and so (i) follows from Theorem 2.2.Next suppose � = 0. Sine ku(t)k = O(t�1), t ! 1, it follows from standardalulations (see e.g. [8, pp. 204, 206℄) that the funtion U(t) := R t0 u(s) ds isbounded and feebly osilating (i.e. kU(t) � U(s)k ! 0 as t and s ! 1 in suha way that t=s ! 1). Thus (i) follows from [5, Proposition 3.4℄. The proof isomplete. �



Ratio Tauberian theorems for funtions and sequenes in Banah spaes 83Remark. The speial ase � = 1 of Theorem 2.3 states that, under the assump-tion that u is bounded, the Ces�aro limit limt!1(1=t) R t0 u(s) ds exists if and onlyif the Abel limit lim�#0 � bu(�) exists and they are both equal. This is a las-sial Tauberian theorem (see e.g. [1, Theorem 4.2.7℄). The speial ase � = 0of Theorem 2.3 states that, under the assumption that kuk = O(t�1), t ! 1,the limit limt!1 R t0 u(s) ds exists if and only if the limit lim�#0 bu(�) exists andthey are both equal. This is another lassial Tauberian theorem (see e.g. [1,Theorem 4.2.9℄).Theorem 2.4. Suppose u 2 L1lo(R+ ; X) satis�es ku(t)k = O(t�1), t!1. Thenthe following statements are equivalent:(i) x = limt!1 �1= log t� R t0 u(s) ds;(ii) x = limt!1 �1=t��1 log t� R t0 (t� s)��1u(s) ds for some/all � > 1;(iii) x = lim�#0 �1=� log��bu(�) = lim�#0 �1=� log�� R10 e��tu(t) dt.Proof: Let g(t) := (0 if 0 � t < 1;t�1 if t � 1:An approximation argument yields that(15) limt!1 R t0 (t� s)�1g(s) dst�1 log t = limt!1 R t1 (t� s)�1s�1 dst�1 log t= limt!1 R 11=t(1� s)�1s�1 dslog t = 1for all  � 1 and thatlim�#0 bg(�)� log� = lim�#0 R11 e��tt�1 dt� log� = lim�#0 R1� e�tt�1 dt� log� = 1:(16)Sine ku(t)k = O(g(t)), t ! 1, and the measure � := g(t) dt satis�es ondi-tion (C), the desired result follows from Theorem 2.2. �Remark. If X is a Banah lattie with positive one X+ and u 2 L1lo(R+ ; X+),then statements (i), (ii) and (iii) in Theorem 2.4 are also equivalent. This followsfrom [2, Theorem 2.2℄. (We note that if u 2 L1lo(R+ ; X+), then statement (ii) inTheorem 2.4 implies that bu(�) exists for all � > 0 (see [3, Lemma 2.5℄).)Fat 2.5. Let u 2 L1lo(R+ ; X). Consider the following three statements:(i) x = limt!1 R t0 u(s) ds;(ii) bu(�) exists for all � > 0 and x = limt!1 �1=t��1� R t0 (t� s)��1u(s) ds forsome/all � > 1;(iii) x = lim�#0 bu(�) = lim�#0 R10 e��tu(t) dt.Then (i) ) (ii) ) (iii).



84 R. SatoProof: Letting g(t) := �[0;1℄(t) we havelimt!1 R t0 (t� s)�1g(s) dst�1 = limt!1 R 10 (t� s)�1 dst�1 = 1for all  � 1 and lim�#0 bg(�) = lim�#0 Z 10 e��t dt = 1:Thus the desired result follows from [2, Theorem 2.1℄. �Remarks. (a) If R10 ku(t)k dt < 1, then learly both (i) and (iii) in Fat 2.5hold. In general (iii) does not imply (i). (For example let u(t) := sin t.) Ifu 2 L1lo(R+ ; X) satis�es ku(t)k = O(t�1), t!1, or if X is a Banah lattie andu 2 L1lo(R+ ; X+), then (iii) implies (i). (See Theorem 2.3 and [2, Theorem 4.2℄,respetively.)(b) There exists a ontinuous funtion u : [0;1) ! R suh that inff� 2 R :bu(�) existsg = 1 and also suh that limt!1 (1=t) R t0 (t�s)u(s) ds (2 R) exists (seethe Remark over Theorem 2.4 in [3℄, or [7, Example 5℄). Thus the hypothesis thatbu(�) exists for all � > 0 annot be omitted from (ii) in Fat 2.5.3. Results for sequenesLet fxng := fxng1n=0 be a sequene in a Banah spae X . For  2 R andn 2 N [ f0g, we de�ne the -th order Ces�aro sum sn(fxig) as(17) sn(fxig) := nXk=0�n� k +  � 1n� k �xk ;where �r0� := 1 and �rn� := r(r � 1) : : : (r � n + 1)=n! for r 2 R and n � 1.Thus s0(fxig) = x0 for all  2 R, s0n(fxig) = xn and s1n(fxig) =Pnk=0 xk for alln 2 N0 . The Abel sum dfxig(r) of fxng is de�ned as(18) dfxig(r) := 1Xn=0 rnxn; 0 < r < � lim supn!1 kxnk1=n��1:Clearly dfxig(r) exists for all 0 < r < 1 if and only if lim supn!1 kxnk1=n � 1. Letfang1n=0 be a sequene of nonnegative real numbers suh that P1n=0 an > 0. Wede�ne u(t) := x[t℄ and g(t) := a[t℄ for t � 0, where [t℄ denotes the largest integerless than or equal to t. Then we have the followingLemma 3.1. (i) x = limn!1 �Pnk=0 xk�=�Pnk=0 ak� if and only if x =limt!1 � R t0 u(s) ds�=� R t0 g(s) ds�.



Ratio Tauberian theorems for funtions and sequenes in Banah spaes 85(ii) Suppose dfxig(r) and dfaig(r) exist for all 0 < r < 1. Thenx = limr"1 dfxig(r)dfaig(r) = limr"1 P1n=0 rnxnP1n=0 rnanif and only if x = lim�#0 bu(�)bg(�) = lim�#0 R10 e��tu(t) dtR10 e��tg(t) dt :Proof: (i) Putting Æ(t) := t� [t℄ we have 0 � Æ(t) < 1, andR t0 u(s) dsR t0 g(s) ds = �1� Æ(t)�P[t℄�1k=0 xk + Æ(t)P[t℄k=0 xk�1� Æ(t)�P[t℄�1k=0 ak + Æ(t)P[t℄k=0 ak ;so that the �rst ondition of (i) implies the seond ondition. The onverse im-pliation is obvious.(ii) By an elementary alulation we haveR10 e��tu(t) dtR10 e��tg(t) dt = P1n=0 e��nxnP1n=0 e��nan ; � > 0;whene (ii) follows. �Theorem 3.2 (f. [2, Theorem 3.2℄). Let fang1n=0 be a sequene of nonnegativereal numbers suh that P1n=0 an > 0. Suppose(D) Pmk=0 akPnk=0 ak ! 1 as m;n!1 with mn ! 1:Then for any sequene fxng1n=0 in X , with kxnk = O(an), n!1, the followingstatements are equivalent:(i) x = limn!1 s1n(fxig)=s1n(faig) = limn!1 �Pnk=0 xk�=�Pnk=0 ak�;(ii) x = limn!1 s�n(fxig)=s�n(faig) for some/all � > 1;(iii) x = limr"1 dfxig(r)=dfaig(r) = limr"1 �P1n=0 rnxn�=�P1n=0 rnan�.Proof: Condition (D) implies that the funtion g(t) = a[t℄ satis�es ondition (C)with � := g(t) dt. Hene dfaig(r) and dfxig(r) exist for all 0 < r < 1. Then \(i) )(ii) ) (iii)" follows from [2, Theorem 3.1℄.(iii) ) (i): By Lemma 3.1 and Theorem 2.2 we havex = limr"1 dfxig(r)dfaig(r) = lim�#0 bu(�)bg(�) = limt!1 s1t (u)s1t (g) = limn!1 s1n(fxig)s1n(faig) ;whih ompletes the proof. �



86 R. SatoTheorem 3.3 (f. [2, Theorem 4.4℄, [5, Proposition 3.6℄). Let � � 0. Supposefxng1n=0 is a sequene in X suh that kxnk = O(n��1), n ! 1. Then thefollowing statements are equivalent:(i) x = limn!1 ��(�+ 1)=(n+ 1)��Pnk=0 xk;(ii) x = limn!1 ��(�+ �)=(n+ 1)�+��1�s�n(fxig) for some/all � > 1;(iii) x = limr"1 (1� r)� dfxig(r) = limr"1 (1� r)�P1n=0 rnxn.Proof: \(i) ) (ii) ) (iii)" follows from [2, Theorem 4.3℄.(iii) ) (i): Suppose � > 0. Then de�ne an := �n+��1n � for n � 0. It follows(f. [9, pp. 76{77℄) that (1� r)�� =P1n=0 rnan for 0 < r < 1, and an = n��1(1+o(1))=�(�), n!1. Thus kxnk = O(an), n!1. SinenXk=0 ak = �n+ �n � = n��(�+ 1) �1 + o(1)�; n!1;fang1n=0 satis�es ondition (D). Hene (i) follows from Theorem 3.2.Next suppose � = 0. Then the funtion u(t) = x[t℄ satis�es ku(t)k = O(t�1),t!1, and (iii) implies that x = lim�#0 R10 e��tu(t) dt. Hene, by Theorem 2.3,x = limt!1 R t0 u(s) ds = limn!1Pnk=0 xk . This ompletes the proof. �Remark. The speial ases � = 1 and � = 0 of Theorem 3.3 are lassial resultsfor sequenes orresponding to � = 1 and � = 0 of Theorem 2.3, respetively.(See e.g. [4, Theorem 3.1℄, [1, Theorem 4.2.17℄.)Theorem 3.4. Suppose fxng1n=0 is a sequene in X suh that kxnk = O(n�1),n!1. Then the following statements are equivalent:(i) x = limn!1 �1= log (n+ 1)�Pnk=0 xk ;(ii) x = limn!1 ��(�)=(n+ 1)��1 log (n+ 1)� s�n(fxig) for some/all � > 1;(iii) x = lim�#0 �1=� log��dfxig(e��) = lim�#0 �1=� log ��P1n=0 e��nxn.Proof: De�ne a0 := 0 and an := n�1 for n � 1. Hene kxnk = O(an), n !1, and Pnk=0 ak = logn + O(1), n ! 1. It follows that fang1n=0 satis�esondition (D). If � > 1, then(19) s�n(faig) = nXk=1�n� k + � � 1n� k �1k :Sine �n+ � � 1n � = n��1�(�) �1 + o(1)�; n!1;



Ratio Tauberian theorems for funtions and sequenes in Banah spaes 87it follows by an approximation argument thats�n(faig) = Z n1 (n� s)��1�(�) s�1 ds � �1 + o(1)�= n��1 log n�(�) � �1 + o(1)�; n!1 (by (15)).Similarly dfaig(e��) = 1Xn=1 e��nn�1 = Z 11 e��tt�1 dt � �1 + o(1)�= � log� � �1 + o(1)�; � # 0 (by (16)):Hene the desired result follows from Theorem 3.2. �Remark. If X is a Banah lattie and fxng1n=0 � X+, then statements (i), (ii)and (iii) in Theorem 3.4 are also equivalent. This follows from [2, Theorem 3.2℄.(We note that statement (ii) in Theorem 3.4 implies that dfxig(r) exists for all0 < r < 1.)Fat 3.5. Let fxng1n=0 be a sequene in X . Consider the following three state-ments:(i) x = limn!1Pnk=0 xk;(ii) x = limn!1 ��(�)=(n+ 1)��1� s�n(fxig) for some/all � > 1;(iii) x = limr"1 dfxig(r) = limr"1P1n=0 rnxn.Then (i) ) (ii) ) (iii).Proof: By letting a0 := 1 and an := 0 for n � 1, the desired result follows as inFat 2.5. We may omit the details. �Remark. In general (iii) does not imply (i) in Fat 3.5. (For example let xn :=(�1)n.) If fxng satis�es kxnk = O(n�1), n ! 1, or if X is a Banah lattieand fxng � X+, then (iii) implies (i). (See Theorem 3.3 and [2, Theorem 4.4℄,respetively.)4. A ounterexampleThe following example shows that ondition (D) is essential in Theorem 3.2.(See also Example 3 in [6℄.)Example. De�ne fang1n=0 byan := (n if n 2 f2k; 2k + 1g for some k � 1;0 otherwise.
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