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Coronas of ultrametri
 spa
esI.V. ProtasovAbstra
t. We show that, under CH, the 
orona of a 
ountable ultrametri
 spa
e ishomeomorphi
 to !�. As a 
orollary, we get the same statements for the Higson's
orona of a proper ultrametri
 spa
e and the spa
e of ends of a 
ountable lo
ally�nite group.Keywords: Stone-�Ce
h 
ompa
ti�
ation, ultrametri
 spa
e, 
orona, Higson's 
o-rona, spa
e of endsClassi�
ation: 54D35, 54D80, 54G05Let (X; �) be a metri
 spa
e, x0 2 X , Xd be a set X endowed with the dis
retetopology, �Xd be the Stone-�Ce
h 
ompa
ti�
ation of Xd. We identify �Xd withthe set of all ultra�lters on X and denote by X# the set of all ultra�lters onX whose members are unbounded subsets of X . A subset A is bounded if thereexists n 2 ! su
h that A � B(x0; n) where B(x0; n) = fx 2 X : �(x0; x) � ng.In what follows, all metri
 spa
es are supposed to be unbounded, so X# 6= ;.Clearly, X# is 
losed in �Xd.Given any r; q 2 X#, we say that r; q are parallel (and write r k q) if thereexists n 2 ! su
h that, for every R 2 r, we have B(R; n) 2 q where B(R; n) =Sx2RB(x; n). By [5, Lemma 4.1℄, k is an equivalen
e on X#. We denote by � thesmallest (by in
lusion) 
losed (in X# �X#) equivalen
e on X# su
h that k��.By [2, Theorem 3.2.11℄, the quotient X#= � is a 
ompa
t Hausdor� spa
e. It is
alled the 
orona of X and is denoted by �X . To 
larify the virtual equivalen
e �,we use the slowly os
illating fun
tions.A fun
tion h : (X; �) ! [0; 1℄ is 
alled slowly os
illating if, for any n 2 ! and" > 0, there exists a bounded subset V of X su
h that, for every x 2 X n V ,diamh(B(x; n)) < ";where diamA = supfjx� yj : x; y 2 Ag.By [6, Proposition 1℄, p � q if and only if h�(p) = h�(q) for every slowlyos
illating fun
tion h : (X; �)! [0; 1℄, where h� is an extension of h to �Xd. If Xis ultrametri
 we may use only the slowly os
illating fun
tions taking values 0; 1[5, Lemma 4.3℄. Re
all that (X; �) is ultrametri
 if �(x; y) � maxf�(x; z); �(y; z)gfor all x; y; z 2 X .A metri
 spa
e X is 
alled proper if every ball B(X;n) is 
ompa
t. In this 
ase�X is homeomorphi
 to the Higson's 
orona �X of X (see [1, x6℄ and [6, p. 154℄).



304 I.V. ProtasovLet (X1; �1), (X2; �2) be metri
 spa
es. A bije
tion f : X1 ! X2 is 
alled anasymorphism if, for any n 2 !, there exists m 2 ! su
h that, for all x1; x2 2 X1and y1; y2 2 X2, �1(x1; x2) � n) �2(f(x1); f(x2)) � m;�2(y1; y2) � n) �1(f�1(y1); f�1(y2)) � m:A subset Y of a metri
 spa
e (X; �) is 
alled large if there exists n 2 ! su
h thatB(Y; n) = X . The metri
 spa
es (X1; �1), (X2; �2) are 
oarsely equivalent if thereexist large subsets Y1, Y2 of X1, X2 su
h that (Y1; �1), (Y2; �2) are asymorphi
.We show that, in this 
ase, �X1 and �X2 are homeomorphi
. Let f : Y1 ! Y2 bean asymorphism. Sin
e f and f�1 are �-mappings, applying [6, Proposition 1℄,we 
on
lude that, for any p; q 2 Y #1 , p � q if and only if f�(p) � f�(q). Thenthe mapping �f : �Y1 ! �Y2 de�ned by �f([x℄) = [f�(x)℄, where [x℄ and [f�(x)℄ areequivalen
e 
lasses 
ontaining x and f�(x), is a homeomorphism. To see that �Xiand �Yi, i 2 f1; 2g are homeomorphi
, we pi
k mi 2 ! su
h that Xi = B(Yi;mi)and, for ea
h x 2 Xi, 
hoose hi(x) 2 Yi su
h that �i(x; hi(x)) � mi. Thus themapping �hi : �Xi ! �Yi is a homeomorphism.Theorem 1. For a metri
 spa
e X , the following statements hold:(i) every non-empty open subset of �X 
ontains a 
opy of !�;(ii) every non-empty GÆ-subset of �X has non-empty interior;(iii) if X is ultrametri
 then �X is zero-dimensional F -spa
e;(iv) if X is 
ountable then �X is of weight 
.Proof: We need some notations. Let x0 be a �xed point of X . Given an un-bounded subset P of X and a fun
tion f : ! ! !, we put	P;f = [i2!B(P nB(x0; f(i)); i);	P;f = fq 2 X# : 	P;f 2 qg;�	P;f = f�q 2 �X : q 2 	P;fg;where �q = fr 2 X# : r � qg. By [5, Theorem 2.1℄, for every p 2 X#,�p =\f	P;f : P 2 p; f : ! ! !g;and the family 	p = f�	P;f : P 2 p; f : ! ! !g is a base of neighbourhoods of �pin �X.(i) Let P be an unbounded subset of X . We 
hoose an inje
tive sequen
e(tn)n2! in P su
h that, for ea
h n 2 !,B(ft1; : : : ; tng; n) \ B(tn+1; n+ 1) = ;;and put T = ftn : n 2 !g. Let q; r be distin
t ultra�lters from T �, Q 2 q, R 2 rand Q\R = ;. By the 
hoi
e of T , for ea
h n 2 !, B(Q;n)\B(R; n) is bounded,
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es 305so we 
an 
hoose h : ! ! ! and h0 : ! ! ! su
h that 	Q;h \	R;h0 = ;. Hen
e,the mapping from T � to �X , de�ned by p 7! �p is inje
tive. It follows that, forevery f : ! ! !, �	P;f 
ontains a 
opy of !�.(ii) Let p 2 X#, fPn : n 2 !g be a de
reasing family of members of p,ffn : n 2 !g be a family of fun
tions fn : ! ! !. It suÆ
es to show thatTn2! �	Pn;fn has non-empty interior. We 
hoose a sequen
e (an)n2! in X su
hthat an 2 Pn nB(x0; n), where x0 is taken from de�nition of 	P;f , put A = fan :n 2 !g, de�ne a fun
tion f : ! ! ! byf(i) = maxfi; f0(i); : : : ; fi(i)g;and note that A nB(x0; f(i)) � Pn nB(x0; fn(i))for all i � n. Sin
e the subset	A;f n \i�nB(A nB(x0; f(i)); i)is bounded, we get �	A;f � �	Pn;fn .(iii) To show that �X is zero-dimensional, we �x p 2 X#, P 2 p and f : ! ! !.By the de�nition, 	P;f is 
losed. We put � = 	P;f . Sin
e X is ultrametri
,B(B(x; n); i) = B(x; n) for all x 2 X and n � i. It follows that B(�; i) n � isbounded for ea
h i 2 !. Therefore we 
an de�ne a fun
tion h : ! ! ! su
h that	�;h � �, so �	�;h � �	P;f and �	P;f is open.To prove that �X is an F -spa
e, in view of [4, Lemma 1.2.2(b)℄, it suÆ
es toverify that any two disjoint open FÆ subsets Y; Z of �X have disjoint 
losures. Wemay suppose that Y = [n2! �	Yn;fn ; Z = [n2! �	Zn;fn :Sin
e �	Yn;fn \ �	Zm;fm is bounded for all m;n 2 !, we 
an 
hoose indu
tively thesequen
es of fun
tions (f 0n)n2!, (h0n)n2! su
h that�	Yn;fn = �	Yn;f 0n ; �	Zm;hm = �	Zm;h0m ; 	Yn;f 0n \	Zm;h0m = ;for all m;n 2 !.For every n 2 !, we put	n = \i�nB(Yn nB(x0; f 0n(i)); i);	0n = \i�nB(Zn nB(x0; h0n(i)); i);and note that �	n = �	Yn;fn ; �	0n = �	Zn;hn :



306 I.V. ProtasovNow suppose that �p 2 
l �X Sn2! �	n and pi
k p0 2 �p su
h that p0 2 
lX# S	n,so Sn2! 	n 2 p0. We put P = Sn2! 	n and de�ne a fun
tion f : ! ! ! byf(i) = maxff0(i); : : : ; fi(i)g:Sin
e X is ultrametri
, B(	n; i) = 	n for every i � n. Hen
e, 	P;f � Sn2! 	nand �p � Sn2! 	n.Analogously, for every �q 2 
l �X Sn2! �	0n, we have �q � Sn2! 	0n. Sin
e(Sn2!	n) \ (Sn2! 	0n) = ;, we 
on
lude that 
l �X Y \ 
l �X Z = ;.(iv) By (i), w( �X) � 
. The familyf	P;f : P is an unbounded subset of X; f : ! ! !gis a base of topology of �X , so w( �X) � 
. �Theorem 2. Let X be an ultrametri
 spa
e su
h that X = B(A; n) for some
ountable subset A of X and n 2 !. Then, under CH, �X is homeomorphi
 to !�.Proof: Sin
e X and A are 
oarsely equivalent, �X and �A are homeomorphi
,so we may suppose that X is 
ountable. By Theorem 1, �X is a 
ompa
t zero-dimensional F -spa
e of weight 
 in whi
h every non-empty GÆ-subset has anin�nite interior. Thus, we 
an apply a 
hara
terization [4, Corollary 1.2.4℄ of !�under CH. �Corollary 1. Under CH, the Higson's 
orona �X of a proper ultrametri
 spa
eX is homeomorphi
 to !�.Proof: To apply Theorem 2, we note that �X is homeomorphi
 to �X and X =B(A; 1) for some 
ountable subset A of X . �Let G be an in�nite dis
rete group. A subset A � G is 
alled almost invariantif gAnA is �nite for every g 2 G. We denote by A the family of all in�nite almostinvariant subsets of G and by "G the set of all maximal �lters in A endowed withthe topology de�ned by the family ff' 2 "G : A 2 'g : A 2 Ag as a base for theopen sets. Then "G is the remainder of the Freudental-Hopf 
ompa
ti�
ation ofG and every element of "G is 
alled an end of G (for this approa
h to de�nitionof ends see [3℄). If G is 
ountable and lo
ally �nite, by [7, Theorem 3.1.1℄ and[5, Proposition 2℄, there is an ultrametri
 on G su
h that �G is homeomorphi
to "G. Re
all that G is lo
ally �nite if every �nite subset of G generates a �nitesubgroup.Corollary 2. Under CH, the spa
e of ends of a 
ountable lo
ally �nite group Gis homeomorphi
 to !�.A
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