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Cellularity and the indexof narrowness in topologi
al groupsM. Tka
henkoAbstra
t. We study relations between the 
ellularity and index of narrowness intopologi
al groups and their GÆ-modi�
ations. We show, in parti
ular, that theinequalities in((H)� ) � 2� �in(H) and 
((H)� ) � 22��in(H) hold for every topo-logi
al group H and every 
ardinal � � !, where (H)� denotes the underlyinggroup H endowed with the G� -modi�
ation of the original topology of H andin(H) is the index of narrowness of the group H.Also, we �nd some bounds for the 
omplexity of 
ontinuous real-valued fun
-tions f on an arbitrary !-narrow group G understood as the minimum 
ardinal� � ! su
h that there exists a 
ontinuous homomorphism � : G ! H onto atopologi
al group H with w(H) � � su
h that � � f . It is shown that this
omplexity is not greater than 22! and, if G is weakly Lindel�of (or 2!-steady),then it does not ex
eed 2!.Keywords: 
ellularity, GÆ-modi�
ation, index of narrowness, !-narrow, weaklyLindel�of, R-fa
torizable, 
omplexity of fun
tionsClassi�
ation: 54H11, 54A25, 54C301. Introdu
tionPassing to a subspa
e of a (
ompa
t) spa
e 
an in
rease the 
ellularity of aspa
e. Indeed, for every un
ountable 
ardinal � , the Ty
hono� 
ube I� of weight� 
ontains a dis
rete subspa
e of 
ardinality � , while the 
ellularity of the 
ubeitself is 
ountable. The same happens in (
ompa
t) topologi
al groups| it suÆ
esto repla
e the Ty
hono� 
ube I� with T� , where T is the 
ir
le group with theusual multipli
ation and topology inherited from the 
omplex plane C .However, the gap between the 
ellularity 
(G) of a topologi
al group G andthe 
ellularity of subgroups of G be
omes 
onsiderably smaller. A

ording to [1,Theorem 5.4.11℄, the inequality 
(H) � 2
(G) holds for every subgroup H of G. Inaddition, if G is pre
ompa
t, then every subgroup of G has 
ountable 
ellularity.Another important fa
t for our study was proved by I. Juh�asz in [3℄: If X is a
ompa
t spa
e and 
 is a disjoint family of GÆ-sets in X , then the 
ardinality of
 is at most 2
(X). This result shows that the 
ellularity of the GÆ-modi�
ationof X , say (X)!, does not ex
eed 2
(X). As usual, by GÆ-modi�
ation of X wemean the underlying set X whi
h 
arries the topology whose base 
onsists ofGÆ-sets in X . Similarly, one de�nes the G� -modi�
ation of X , for any 
ardinal� � !, whi
h will be denoted by (X)� .
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henkoOur main 
on
ern here is to �nd a bound for the 
ellularity of the G� -modi-�
ation of a topologi
al group H in terms of the 
ellularity of H . This is donein Theorem 3.1 where we show that the inequalities in((H)� ) � 2� �in(H) and
((H)� ) � 22��in(H) hold for every topologi
al group H and every 
ardinal � � !,where in(H) is the index of narrowness of H (see Se
tion 2 below). This means,in parti
ular, that every � -narrow topologi
al group H satis�es 
((H)� ) � 22� .It turns out that this bound is exa
t | in Example 3.4 we present an !-narrowAbelian group H su
h that 
((H)!) = 22! .A topologi
al group G is 
alled R-fa
torizable if every 
ontinuous real-valuedfun
tion f on G 
an be represented as a 
omposition of a 
ontinuous homomor-phism of G to a se
ond 
ountable group H and a 
ontinuous real-valued fun
tionon H (see [7, Se
tion 5℄ or [1, Chapter 8℄). In other words, G is R-fa
torizableif every 
ontinuous real-valued fun
tion on G has `
ountable 
omplexity'. By [7,Proposition 5.3℄, every R-fa
torizable group is !-narrow, but !-narrow groupsneed not be R-fa
torizable a

ording to [7, Example 5.14℄. These fa
ts give riseto the problem of �nding bounds for the 
omplexity of 
ontinuous real-valuedfun
tions on !-narrow groups (see [6, Problem 3.3℄ or Problem 4.1 below).We show in Theorem 4.2 that 22! is su
h a bound. However, we do not knowwhether this bound is exa
t. However, it is shown in Proposition 4.3 that 2! is abound for the 
omplexity of 
ontinuous real-valued fun
tions on weakly Lindel�oftopologi
al groups, while Proposition 4.4 extends this fa
t to 2!-steady groups(the terms are explained in the next se
tion).2. Notation and terminologyGiven a topologi
al group G, we de�ne the index of narrowness of G, in(G),as the minimum in�nite 
ardinal � su
h that G 
an be 
overed by at most �translates of every neighborhood of the identity. It is easy to verify that in(G) �
(G) for every topologi
al group G, where 
(G) is the 
ellularity of G (see [1,Proposition 5.2.1℄). We say that G is �-narrow if it satis�es in(G) � � .Suppose that p : G ! H is a 
ontinuous homomorphism. Given a 
ontinuousmapping f : G ! X of the group G to a spa
e X , we write p � f if there existsa 
ontinuous mapping h : H ! X su
h that f = h Æ p.A spa
e X is weakly Lindel�of if every open 
overing of X 
ontains a 
ountablesubfamily whose union is dense in X . All Lindel�of spa
es as well as all spa
esof 
ountable 
ellularity are weakly Lindel�of. By virtue of [1, Proposition 5.2.8℄,every weakly Lindel�of topologi
al group is !-narrow.A topologi
al group G is 
alled �-steady (see [1, Se
tion 5.6℄) if every 
ontin-uous homomorphi
 image H of G with  (H) � � satis�es nw(H) � � . By [1,Corollary 5.6.11℄, every � -steady topologi
al group is � -narrow.The Nagami number of a Ty
hono� spa
e X is Nag(X) (see [1, Se
tion 5.3℄).Every topologi
al group G with Nag(G) � � is � -steady and the 
lass of � -steadygroups is produ
tive a

ording to [1, Theorem 5.6.4℄. It is also 
lear that a
ontinuous homomorphi
 image of a � -steady group is � -steady.



Cellularity and the index of narrowness 3113. Cellularity and index of narrownessLet us 
onsider the behavior of the 
ellularity in topologi
al groups when pass-ing from a group H to (H)! or (H)� , for an in�nite 
ardinal � . It is known thatif H is �-
ompa
t or, more generally, a Lindel�of �-group, then every family 
 ofGÆ-sets in H 
ontains a 
ountable subfamily � su
h that S � is dense in S 
 (see[9, Theorem 2℄ or [7, Theorem 4.14℄). Further, the 
ellularity of an !-boundedgroup G 
annot be greater than 2! [7, Theorem 4.29℄, and this bound is attainedeven if G is Lindel�of [2, Example 8℄. An interesting 
omplement to the formerfa
t was found in [4℄: If H is a Lindel�of topologi
al group, then every family 
 ofGÆ-sets in H 
ontains a subfamily � with j�j � 2! su
h that S� is dense in S 
.It is an open problem whether this result remains valid for the 
lass of !-narrowgroups [4℄. We also re
all that if X is a 
ompa
t spa
e of 
ountable 
ellularity,then the 
ellularity of the spa
e (X)! does not ex
eed 2! [3℄. It turns out thatif H is a � -narrow topologi
al group, then the 
ellularity of (G)� does not ex
eedthe se
ond exponent of � :Theorem 3.1. The inequalities in((G)� ) � 2� �in(G) and 
((G)� ) � 22��in(G) holdfor every topologi
al group G and every 
ardinal � � !. In parti
ular, if G is� -narrow, then 
((G)� ) � 22� .Proof: First we show that in((G)� ) � 2�, where � = � � in(G). Let O be aneighbourhood of the identity e in (G)� . Then there exists a family 
 = fU� :� < �g of open neighbourhoods of e in G su
h that T 
 � O. By [7, Lemma 3.7℄,for every � < � , one 
an �nd a 
ontinuous homomorphism p� : G ! H� ontoa topologi
al group H� with w(H�) � � and an open neighbourhood V� of theidentity in H� su
h that p�1� (V�) � U�. Denote by p the diagonal produ
t ofthe homomorphisms p�, � < � . Then the homomorphism p : G ! Q�<� H� is
ontinuous and the group H = p(G) � Q�<� H� satis�es w(H) � �. Therefore,jH j � 2�. For every � < � , there exists a 
ontinuous homomorphism �� : H ! H�su
h that p� = �� Æ p. Then W� = ��1� (V�) is an open neighbourhood of theidentity in H and p�1(W�) = p�1��1� (V�) = p�1� (V�) � U� for ea
h � < � . Hen
ethe set W = T�<� W� 
ontains the identity of H and satis�es p�1(W ) � O. Inparti
ular, ker p � O. Sin
e jH j � 2�, we 
an �nd a subset A of G su
h thatp(A) = H and jAj � 2�. ThenG = A � ker p � A �O � G;that is, A � O = G. This proves the inequality in((G)� ) � 2�.By [7, Theorem 4.29℄, every topologi
al group K satis�es 
(K) � 2in(K). Weapply this inequality with (G)� in pla
e of K to 
on
lude that 
((G)� ) � 22� . �Corollary 3.2. Every topologi
al group G satis�es 
((G)� ) � 22��
(G) . In parti-
ular, 
((G)!) � 22
(G) .



312 M. Tka
henkoProof: Sin
e in(G) � 
(G) by [7, Proposition 3.3(b)℄, the 
on
lusion followsfrom Theorem 3.1. �Let us show that the upper bounds for the 
ellularity given in Theorem 3.1and Corollary 3.2 are exa
t. First, we need a lemma.Lemma 3.3. The free Abelian group A
 with 
 generators admits a se
ond 
ount-able Hausdor� pre
ompa
t group topology, where 
 = 2!.Proof: Denote by T the maximal pre
ompa
t group topology on A
 (i.e., theBohr topology of A
, see [1, Se
tion 9.9℄). Sin
e jA
j = 
, T 
ontains a weakermetrizable group topology T! by [1, Proposition 9.9.37℄. Sin
e every pre
ompa
tgroup has 
ountable 
ellularity, we 
on
lude that the group K = (A
;T!) isHausdor�, se
ond 
ountable, and pre
ompa
t. �Example 3.4. There exists a pre
ompa
t Abelian topologi
al group H su
h that
((H)!) = 2
.Proof: We apply Uspenskij's result in [8℄: For every in�nite 
ardinal � , thereexists a subgroup G� of (A�;d)2� su
h that 
(G� ) = 2� , where A�;d is the freeAbelian group A� with � generators endowed with the dis
rete topology (the
onstru
tion in [9℄ makes the use of the free group F� with � generators insteadof A� , but a similar argument works as well for A� , see [1, Example 5.4.13℄).By Lemma 3.3, the free Abelian group A = A
 admits a se
ond 
ountable,Hausdor�, pre
ompa
t group topology T!. Put K = (A;T!) and � = 2
. Itis 
lear that (K)! 
oin
ides with the dis
rete group A, say, Ad. Consider theidentity isomorphism ' : K� ! A�d and let H = '�1(G), where G is a subgroupof A�d satisfying 
(G) = �. Then H is pre
ompa
t being a subgroup of thepre
ompa
t group K� and, therefore, 
(H) � !. In addition, ' : (K�)! ! (A�d)!is a topologi
al isomorphism and the topology of (A�d)! is �ner than that of A�d .Therefore, the restri
tion of ' : (K�)! ! A�d to the subgroup (H)! of (K�)! isa 
ontinuous isomorphism of (H)! onto G and, hen
e, 2
 = 
(G) � 
((H)!). Onthe other hand, 
((H)!) � 2
 by Theorem 3.1, so 
((H)!) = 2
. �4. Complexity of 
ontinuous real-valued fun
tions on !-narrow groupsSin
e R-fa
torizable groups form a proper sub
lass of !-narrow groups, it isnatural to 
onsider the following problem (see also [6, Problem 3.3℄):Problem 4.1. Let G be an !-narrow topologi
al group and f be a 
ontinuousreal-valued fun
tion on G. Does there exist a 
ontinuous homomorphism � : G!K onto a topologi
al group K with w(K) � 2! su
h that � � f?It turns out that the 
omplexity of 
ontinuous real-valued fun
tions on !-narrow topologi
al groups does not ex
eed 2
, where 
 = 2!. We do not know,however, if this bound is exa
t.
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ontinuous real-valued fun
tion on an !-narrow topo-logi
al group G. Then there exists a 
ontinuous homomorphism � : G! H ontoa topologi
al group H satisfying w(H) � 2
 su
h that � � f .Proof: By [7, Theorem 4.29℄, the 
ellularity ofG is not greater than 
. Hen
e, a
-
ording to [1, Theorem 8.1.18℄, one 
an �nd a 
ontinuous homomorphism ' : G!K onto a topologi
al group K with  (K) � 
 su
h that ' � f . Take a 
ontin-uous real-valued fun
tion g on K satisfying f = g Æ '. Clearly, the group K is!-narrow as a 
ontinuous homomorphi
 image of the !-narrow group G. We 
annow apply [7, Theorem 4.6℄ a

ording to whi
h jKj � 2in(K)� (K) � 2
. In parti-
ular, nw(K) � jKj � 2
. Now we use the following weak form of Shakhmatov'stheorem in [5℄ (with � = 2
): If K is a topologi
al group with nw(K) � � andg : K ! R is a 
ontinuous fun
tion, then there exist a 
ontinuous isomorphismi : K ! H onto a topologi
al group H with w(H) � � and a 
ontinuous fun
tionh : H ! R su
h that g = h Æ i. G f //' �� �   AAAAAAAA RK i // HhOOThen the 
ontinuous homomorphism � = i Æ ' of G onto H and the fun
tion hsatisfy the equality f = h Æ �, i.e., � � f . Sin
e w(H) � 2
, this �nishes theproof. �The following result provides a partial solution to Problem 4.1 in the spe
ial
ase when H is weakly Lindel�of. As usual we denote by 
 the power of the
ontinuum.Proposition 4.3. Let f : G! X be a 
ontinuous mapping, where G is a weaklyLindel�of topologi
al group and X is a Ty
hono� spa
e with w(X) � 
. Thenthere exists a 
ontinuous homomorphism � : G ! L onto a topologi
al group Lwith w(L) � 
 su
h that � � f .Proof: Clearly X is homeomorphi
 to a subspa
e of R
 . Taking 
ompositionsof f with proje
tions of R
 to the fa
tors, we 
an assume that X = R. Then by[1, Theorem 8.1.18℄, one 
an �nd a 
ontinuous homomorphism ' : G! K onto atopologi
al group K of 
ountable pseudo
hara
ter and a 
ontinuous real-valuedfun
tion g : K ! R su
h that f = gÆ'. The group G is !-narrow sin
e it is weaklyLindel�of [7, Proposition 4.4℄, so K is also !-narrow as a 
ontinuous homomorphi
image of G. Therefore, jKj � 2in(K)� (K) = 
 by [7, Theorem 4.6℄. In parti
ular,nw(K) � 
. By a theorem in [5℄, there exist a 
ontinuous isomorphism i : K ! Lonto a topologi
al group L with w(L) � 
 and a 
ontinuous fun
tion h : L ! Rsu
h that g = hÆi. Hen
e the homomorphism � = iÆ' : G! L is as required. �



314 M. Tka
henkoWe are now in the position to present another sub
lass of !-narrow groupswhere Problem 4.1 is solved in the aÆrmative.Proposition 4.4. Let G be an !-narrow topologi
al group. If G is 
-steady,then for every 
ontinuous real-valued fun
tion f on G there exists a 
ontinuoushomomorphism � : G ! H onto a topologi
al group H with w(H) � 
 su
h that� � f .Proof: Given a 
ontinuous real-valued fun
tion f on G, we 
an �nd, as in theproof of Theorem 4.2, a 
ontinuous homomorphism ' : G ! K onto a topologi-
al group K with  (K) � 
 and a 
ontinuous real-valued fun
tion g on K su
hthat f = g Æ '. Sin
e G is 
-steady, the group K satis�es nw(K) � 
. Apply-ing Shakhmatov's theorem in [5℄ on
e again, we �nd a 
ontinuous isomorphismi : K ! H of K onto a topologi
al group H with w(H) � 
 and a 
ontinuousreal-valued fun
tion h on H su
h that g = h Æ i. Therefore, the 
ontinuous homo-morphism � = i Æ ' of G onto H satis�es � � f . �5. Open problemsThere exist !-narrow groups H satisfying 
(H) = 
 [9℄. In fa
t, there are evenLindel�of groups with the same property [2, Example 8℄. We do not know, however,whether large pairwise disjoint families of open sets in !-narrow groups 
an bedis
rete:Problem 5.1. Does there exist an !-narrow topologi
al group whi
h 
ontains adis
rete family 
 of open sets with j
j = 
?Another related problem 
on
erns regular 
losed subsets of Lindel�of groups:Problem 5.2. Is every regular 
losed subset of a Lindel�of topologi
al group theinterse
tion of at most 2! open sets?Example 3.4 leaves the following open problem.Problem 5.3. Let 
 be a family of GÆ-sets in a pre
ompa
t topologi
al groupK.Does there exist a subfamily 
0 of 
 su
h that j
0j � 
 and S 
0 is dense in S 
?What if the group K is !-narrow?Referen
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