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Un
ountably many solutions of a systemof third order nonlinear di�erential equationsMin LiuAbstra
t. In this paper, we aim to study the global solvability of the following systemof third order nonlinear neutral delay di�erential equationsddtnri(t) ddt h�i(t) ddt �xi(t) � fi(t; x1(t � �i1); x2(t� �i2); x3(t � �i3))�io+ ddt hri(t) ddt gi(t; x1(pi1(t)); x2(pi2(t)); x3(pi3(t)))i+ ddt hi(t; x1(qi1(t)); x2(qi2(t)); x3(qi3(t)))= li(t; x1(�i1(t)); x2(�i2(t)); x3(�i3(t))); t � t0; i 2 f1; 2; 3gin the following bounded 
losed and 
onvex set
(a; b) = nx(t) = �x1(t); x2(t); x3(t)� 2 C([t0 ;+1);R3) : a(t) � xi(t) � b(t);8 t � t0; i 2 f1; 2; 3go;where �ij > 0, ri; �i; a; b 2 C([t0;+1);R+), fi; gi; hi; li 2 C([t0;+1)� R3;R),pij ; qij ; �ij 2 C([t0;+1);R) for i; j 2 f1; 2; 3g. By applying the Krasnoselskii �xedpoint theorem, the S
hauder �xed point theorem, the Sadovskii �xed point theorem andthe Bana
h 
ontra
tion prin
iple, four existen
e results of un
ountably many boundedpositive solutions of the system are established.Keywords: system of third order nonlinear neutral delay di�erential equations, 
ontra
-tion mapping, 
ompletely 
ontinuous mapping, 
ondensing mapping, un
ountably manybounded positive solutionsClassi�
ation: 34K15, 34C101. Introdu
tionRe
ently, it is well known that the theory of neutral delay di�erential equa-tions and systems undergoes a rapid development, espe
ially for the existen
e ofnonos
illatory solutions of se
ond-order and higher order neutral delay di�eren-tial equations and systems, refer to [1℄, [3℄{[5℄, [7℄{[9℄, [11℄{[14℄ and the referen
estherein.



370 M. LiuIn 2007, Zhou [12℄ used the Krasnoselskii �xed point theorem to study the ex-isten
e of nonos
illatory solutions of the following se
ond-order nonlinear neutraldi�erential equation(1.1) ddthr(t) ddt (x(t) + p(t)x(t� �))i + mXi=1Qi(t)fi(x(t � �i)) = 0; t � t0;where m � 1 is an integer, � > 0, �i � 0, r; p;Qi 2 C([t0;+1);R) and fi 2C(R;R) for i 2 f1; 2; : : : ;mg.In 2002, Zhou and Zhang [14℄ applied the Bana
h 
ontra
tion prin
iple to studythe following higher order neutral fun
tional di�erential equation with positiveand negative 
oeÆ
ients(1.2) dndtn hx(t)+ 
x(t� �)i+(�1)n+1�P (t)x(t��)�Q(t)x(t�Æ)� = 0; t � t0;where n � 1 is a integer, 
 2 R, �; �; Æ 2 R+ and P;Q 2 C([t0;+1);R+ ).In 2005, Lin [8℄ got some suÆ
ient 
onditions for os
illation and nonos
illationfor the se
ond-order nonlinear neutral di�erential equation(1.3) d2dt2 hx(t)� p(t)x(t � �)i+ q(t)f(x(t � �)) = 0; t � 0;where �; � > 0, p; q 2 C([0;+1);R), f 2 C(R;R) with q(t) � 0 and xf(x) > 0for t 2 R, x 2 R=f0g.In 2008, a system of higher order nonlinear neutral di�erential equations(1.4) dndtn hyi(t)� ai(t)yi(t� �i)i = pi(t)gi(y3�i(t� �3�i)) + fi(t);t � t0; i 2 f1; 2gwas investigated by Hanu�stiakov�a and Ola
h [4℄, where n � 1 is an integer, �i; �i >0, ai; pi; fi 2 C([t0;+1);R) and gi 2 C(R;R) for i 2 f1; 2g. Some suÆ
ient
onditions for the existen
e of nonos
illatory bounded solutions of equations (1.4)were obtained by using the Krasnoselskii �xed point theorem and the S
hauder�xed point theorem.In this paper, we are 
on
erned with the following system of third order non-linear neutral delay di�erential equations:(1.5) ddtnri(t) ddth�i(t) ddt�xi(t)� fi(t; x1(t� �i1); x2(t� �i2); x3(t� �i3))�io+ ddthri(t) ddtgi(t; x1(pi1(t)); x2(pi2(t)); x3(pi3(t)))i+ ddthi(t; x1(qi1(t)); x2(qi2(t)); x3(qi3(t)))= li(t; x1(�i1(t)); x2(�i2(t)); x3(�i3(t))); t � t0; i 2 f1; 2; 3g;



System of third order nonlinear di�erential equations 371where �ij > 0, ri; �i 2 C([t0;+1);R+), fi; gi; hi; li 2 C([t0;+1) � R3 ;R),pij ; qij ; �ij 2 C([t0;+1);R) withlimt!+1 pij(t) = limt!+1 qij(t) = limt!+1 �ij(t) = +1for i; j 2 f1; 2; 3g.By using the Krasnoselskii �xed point theorem, the S
hauder �xed point the-orem, the Sadovskii �xed point theorem and the Bana
h 
ontra
tion prin
iplerespe
tively, we demonstrate four existen
e theorems of un
ountably many boun-ded positive solutions of equations (1.5).2. PreliminariesThroughout this paper, put I = [t0;+1) and let C(I;R3 ) denote the Bana
hspa
e of all 
ontinuous and bounded ve
tor fun
tions x(t) = (x1(t); x2(t); x3(t))on I with norm kxk = max1�i�3 supt2I jxi(t)j. For any a; b 2 C(I;R+ ), seta = supt2I a(t), a = inft2I a(t), b = supt2I b(t), b = inft2I b(t) and
(a; b) = nx(t) = (x1(t); x2(t); x3(t)) 2 C(I;R3 ) : a(t) � xi(t) � b(t);8 t 2 I; i 2 f1; 2; 3go:Obviously, 
(a; b) is a bounded 
losed and 
onvex subset of C(I;R3 ). For anyD � 
(a; b) and t 2 I , letD(t) = sup� max1�i�3 jxi(t)� yi(t)j : x(t) = (x1(t); x2(t); x3(t));y(t) = (y1(t); y2(t); y3(t)) 2 D	;diamD = supfkx� yk : x; y 2 Dg:It is assumed in the sequel that there exist fun
tions a; b; 
i; di; �i; �i; 
i; �i; �i;�i 2 C(I;R+ ) for i 2 f1; 2; 3g with a(t) < b(t) for t 2 I and ' : R+ ! R+satisfying(i) R +1t0 maxn�i(s)�i(s) ; �i(s)ri(s) ; 
i(s); 1ri(s) ; 1�i(s)o ds < +1, i 2 f1; 2; 3g;(ii) jfi(t; u1; u2; u3)j � 
i(t), 8 t 2 I , ui 2 [a; b℄, i 2 f1; 2; 3g;(iii) jfi(t; u1; u2; u3) � fi(t; v1; v2; v3)j � di(t)max1�j�3 juj � vj j, 8 t 2 I ,uj ; vj 2 [a; b℄, i; j 2 f1; 2; 3g;(iv) jgi(t; u1; u2; u3)j � �i(t), jhi(t; u1; u2; u3)j � �i(t), jli(t; u1; u2; u3)j �
i(t), 8 t 2 I , ui 2 [a; b℄, i 2 f1; 2; 3g;(v) R +1t0 maxn s�i(s)�i(s) ; �i(s)ri(s) ; 
i(s); 1ri(s) ; s�i(s)o ds < +1, i 2 f1; 2; 3g;



372 M. Liu(vi)��fi(t; x1(t� �i1); x2(t� �i2); x3(t� �i3))� fi(t; y1(t� �i1); y2(t� �i2); y3(t� �i3))��+ Z +1t 1�i(s) jgi(s; x1(pi1(s)); x2(pi2(s)); x3(pi3(s)))� gi(s; y1(pi1(s)); y2(pi2(s)); y3(pi3(s)))j ds+ Z +1t Z +1s 1�i(s)ri(u) jhi(u; x1(qi1(u)); x2(qi2(u)); x3(qi3(u)))� hi(u; y1(qi1(u)); y2(qi2(u)); y3(qi3(u)))j du ds+ Z +1t Z +1s Z +1u 1�i(s)ri(u) jli(v; x1(�i1(v)); x2(�i2(v)); x3(�i3(v)))� li(v; y1(�i1(v)); y2(�i2(v)); y3(�i3(v)))j dv du ds� '(D(t)); 8D � 
(a; b); x; y 2 D; t 2 I; i 2 f1; 2; 3g;(vii) jgi(t; u1; u2; u3)� gi(t; v1; v2; v3)j � �i(t)max1�j�3 juj � vj j,jhi(t; u1; u2; u3)� hi(t; v1; v2; v3)j � �i(t)max1�j�3 juj � vj j,jli(t; u1; u2; u3)� li(t; v1; v2; v3)j � �i(t)max1�j�3 juj � vj j,8 t 2 I , uj ; vj 2 [a; b℄, i; j 2 f1; 2; 3g;(viii) R +1t0 maxn�i(s)�i(s) ; �i(s)ri(s) ; �i(s); 1ri(s) ; 1�i(s)o ds < +1, i 2 f1; 2; 3g.Let � = maxf�ij : i; j 2 f1; 2; 3gg. By a solution of equations (1.5), we mean ave
tor fun
tion x = (x1; x2; x3) su
h that for some t1 � t0 and i 2 f1; 2; 3g, xi 2C([t1��;+1);R), xi(t)�fi(t; x1(t��i1); x2(t��i2); x3(t��i3)) is 3 times 
ontin-uously di�erentiable on [t1;+1), gi(t; x1(pi1(t)); x2(pi2(t)); x3(pi3(t))) is 2 times
ontinuously di�erentiable on [t1;+1), hi(t; x1(qi1(t)); x2(qi2(t)); x3(qi3(t))) is
ontinuously di�erentiable on [t1;+1) and equations (1.5) hold for t � t1.The following four lemmas play signi�
ant roles in this paper.Lemma 2.1 (Krasnoselskii Fixed Point Theorem [2℄). Let D be a nonemptybounded 
losed 
onvex subset of a Bana
h spa
e X and S;Q : D ! X satisfySx + Qy 2 D for ea
h x; y 2 D. If Q is a 
ontra
tion mapping and S is a
ompletely 
ontinuous mapping, then the equation Sx+Qx = x has at least onesolution in D.Lemma 2.2 (S
hauder Fixed Point Theorem [2℄). Let D be a nonempty 
losed
onvex subset of a Bana
h spa
e X . Let S : D ! D be a 
ontinuous mappingsu
h that SD is a relatively 
ompa
t subset of X . Then S has at least one �xedpoint in D.



System of third order nonlinear di�erential equations 373Lemma 2.3 (Sadovskii Fixed Point Theorem [10℄). Let D be a nonempty boun-ded 
losed 
onvex subset of a Bana
h spa
e X and S : D ! D be a 
ontinuous
ondensing mapping. Then S has at least one �xed point in D.Lemma 2.4 (Bana
h 
ontra
tion prin
iple). Let D be a 
losed subset of a 
om-pletely metri
 spa
e X and S : D ! D be a 
ontra
tion on D. Then S has atleast one �xed point in D.3. Existen
e of un
ountably many bounded positive solutionsIn this se
tion, we demonstrate the existen
e of un
ountably many boundedpositive solutions of equations (1.5). Let
 = max1�i�3 supt2I 
i(t) and d = max1�i�3 supt2I di(t):Theorem 3.1. Let a; b 2 C(I;R+ ) with a < b and let (i)-(iv) hold. If d 2 (0; 1)and 
 < b�a2 , then equations (1:5) possess un
ountably many bounded positivesolutions in 
(a; b).Proof: Set L 2 (a + 
; b � 
). A

ording to (i), we dedu
e that there existsT � t0 + � large enough satisfying(3.1) 3Xi=1 "Z +1T �i(s)�i(s) ds+ Z +1T Z +1s �i(u)�i(s)ri(u) du ds+ Z +1T Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds#< min�b� 
� L;L� 
� a	:De�ne two mappings QL; SL : 
(a; b)! C(I;R3 ) by(QLx)(t) = ((QL1x)(t); (QL2x)(t); (QL3x)(t));(SLx)(t) = ((SL1x)(t); (SL2x)(t); (SL3x)(t))for x = (x1; x2; x3) 2 
(a; b) and t 2 I , where(3.2)(QLix)(t) = � L+ fi(t; x1(t� �i1); x2(t� �i2); x3(t� �i3)); t � T;(QLix)(T ); t0 � t < T;(SLix)(t) = 8>>>>>>>><>>>>>>>>:
R +1t gi(s;x1(pi1(s));x2(pi2(s));x3(pi3(s)))�i(s) ds� R+1t R +1s hi(u;x1(qi1(u));x2(qi2(u));x3(qi3(u)))�i(s)ri(u) du ds� R+1t R +1s R+1u li(v;x1(�i1(v));x2(�i2(v));x3(�i3(v)))�i(s)ri(u) dv du ds;t � T;(SLix)(T ); t0 � t < T



374 M. Liufor i 2 f1; 2; 3g.Firstly, we prove QLx + SLy 2 
(a; b) for all x; y 2 
(a; b). Due to (ii), (iv),(3.1) and (3.2), we get that for ea
h x; y 2 
(a; b), t � T , i 2 f1; 2; 3g,
(3.3) (QLix+ SLiy)(t)� L+ 
i(t) + Z +1T �i(s)�i(s) ds+ Z +1T Z +1s �i(u)�i(s)ri(u) du ds+ Z +1T Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds� L+ 
+ (b� 
� L)� b(t)and
(3.4) (QLix+ SLiy)(t)� L� 
i(t)� �Z +1T �i(s)�i(s) ds+ Z +1T Z +1s �i(u)�i(s)ri(u) du ds+ Z +1T Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds�� L� 
� (L� 
� a)� a(t):It follows from (3.3) and (3.4) that QL
(a; b) + SL
(a; b) � 
(a; b).Se
ondly, we demonstrate that QL is a 
ontra
tion mapping. A

ording to(3.2) and (iii), we derive thatj(QLix)(t) � (QLiy)(t)j= jfi(t; x1(t� �i1); x2(t� �i2); x3(t� �i3))� fi(t; y1(t� �i1); y2(t� �i2); y3(t� �i3))j� di(t) max1�j�3 jxj(t� �ij)� yj(t� �ij)j� dkx� yk; 8x; y 2 
(a; b); t � T; i 2 f1; 2; 3g;whi
h implies thatkQLx�QLyk � dkx� yk; 8x; y 2 
(a; b):That is, QL is a 
ontra
tion mapping by d 2 (0; 1).Thirdly, we show that SL is 
ompletely 
ontinuous. Now we demonstrateSL is 
ontinuous in 
(a; b). Let x0 = (x01; x02; x03) 2 
(a; b) and fxkgk�0 =



System of third order nonlinear di�erential equations 375(fxk1gk�0; fxk2gk�0; fxk3gk�0) � 
(a; b) with xk ! x0 as k ! +1. (3.2) yieldsthat(3.5)kSLxk � SLx0k = max1�i�3 supt2I j(SLixk)(t)� (SLix0)(t)j� max1�i�3 supt�T �Z +1t 1�i(s) jgi(s; xk1(pi1(s)); xk2(pi2(s)); xk3(pi3(s)))� gi(s; x01(pi1(s)); x02(pi2(s)); x03(pi3(s)))j ds+ Z +1t Z +1s 1�i(s)ri(u) jhi(u; xk1(qi1(u)); xk2(qi2(u)); xk3(qi3(u)))� hi(u; x01(qi1(u)); x02(qi2(u)); x03(qi3(u)))j du ds+ Z +1t Z +1s Z +1u 1�i(s)ri(u) jli(v; xk1(�i1(v)); xk2(�i2(v)); xk3(�i3(v)))� li(v; x01(�i1(v)); x02(�i2(v)); x03(�i3(v)))j dv du ds�� max1�i�3"Z +1T 1�i(s) jgi(s; xk1(pi1(s)); xk2(pi2(s)); xk3(pi3(s)))� gi(s; x01(pi1(s)); x02(pi2(s)); x03(pi3(s)))j ds+ Z +1T Z +1s 1�i(s)ri(u) jhi(u; xk1(qi1(u)); xk2(qi2(u)); xk3(qi3(u)))� hi(u; x01(qi1(u)); x02(qi2(u)); x03(qi3(u)))j du ds+ Z +1T Z +1s Z +1u 1�i(s)ri(u) jli(v; xk1(�i1(v)); xk2(�i2(v)); xk3(�i3(v)))� li(v; x01(�i1(v)); x02(�i2(v)); x03(�i3(v)))j dv du ds#:Note that
(3.6) jgi(s; xk1(pi1(s)); xk2(pi2(s)); xk3(pi3(s)))� gi(s; x01(pi1(s)); x02(pi2(s)); x03(pi3(s)))j � 2�i(s);jhi(u; xk1(qi1(u)); xk2(qi2(u)); xk3(qi3(u)))� hi(u; x01(qi1(u)); x02(qi2(u)); x03(qi3(u)))j � 2�i(u);jli(v; xk1(�i1(v)); xk2(�i2(v)); xk3(�i3(v)))� li(v; x01(�i1(v)); x02(�i2(v)); x03(�i3(v)))j � 2
i(v);



376 M. Liu
(3.7) jgi(s; xk1(pi1(s)); xk2(pi2(s)); xk3(pi3(s)))� gi(s; x01(pi1(s)); x02(pi2(s)); x03(pi3(s)))j ! 0;jhi(u; xk1(qi1(u)); xk2(qi2(u)); xk3(qi3(u)))� hi(u; x01(qi1(u)); x02(qi2(u)); x03(qi3(u)))j ! 0;jli(v; xk1(�i1(v)); xk2(�i2(v)); xk3(�i3(v)))� li(v; x01(�i1(v)); x02(�i2(v)); x03(�i3(v)))j ! 0as k ! +1 for s; u; v 2 [T;+1) and i 2 f1; 2; 3g. It follows from (3.5), (3.6),(3.7) and Lebesgue dominated 
onvergen
e theorem that kSLxk � SLx0k ! 0 ask ! +1. Hen
e SL is 
ontinuous in 
(a; b). Now we prove that SL
(a; b) isrelatively 
ompa
t. In view of (i), (iv) and (3.2), we dedu
e thatkSLxk = max1�i�3 supt2I j(SLix)(t)j� 3Xi=1 "Z +1T �i(s)�i(s) ds+ Z +1T Z +1s �i(u)�i(s)ri(u) du ds+ Z +1T Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds#; 8x 2 
(a; b):That is, SL
(a; b) is uniformly bounded. For the equi
ontinuity of SL
(a; b) on I ,a

ording to Levitans result [6℄, it suÆ
es to prove that for any given � > 0; I 
anbe de
omposed into �nite subintervals in su
h a way that on ea
h subinterval allfun
tions of the family have 
hange of amplitude less than �. Let � > 0. By (i),there exists T� > T su
h that(3.8) 3Xi=1 " Z +1T� �i(s)�i(s) ds+ Z +1T� Z +1s �i(u)�i(s)ri(u) du ds+ Z +1T� Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds# < �2 :It follows from (iv), (3.2) and (3.8) that for all x 2 
(a; b), t2 � t1 � T� andi 2 f1; 2; 3g, j(SLix)(t1)� (SLix)(t2)j� Z +1t1 �i(s)�i(s) ds+ Z +1t1 Z +1s �i(u)�i(s)ri(u) du ds+ Z +1t1 Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds



System of third order nonlinear di�erential equations 377+ Z +1t2 �i(s)�i(s) ds+ Z +1t2 Z +1s �i(u)�i(s)ri(u) du ds+ Z +1t2 Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds� 2�Z +1T� �i(s)�i(s) ds+ Z +1T� Z +1s �i(u)�i(s)ri(u) du ds+ Z +1T� Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds�< �:For ea
h x 2 
(a; b); T � t1 � t2 � T� and i 2 f1; 2; 3g, by (iv) and (3.2), weinfer that(3.9) j(SLix)(t1)� (SLix)(t2)j� Z t2t1 �i(s)�i(s) ds+ Z t2t1 Z +1s �i(u)�i(s)ri(u) du ds+ Z t2t1 Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds�Mijt1 � t2j;whereMi = maxT�s�T���i(s)�i(s) + Z +1s �i(u)�i(s)ri(u) du+ Z +1s Z +1u 
i(v)�i(s)ri(u) dv du�:(3.9) implies that there exists Æ = �1+Mi > 0 su
h that j(SLix)(t1)�(SLix)(t2)j <� for any t1; t2 2 [T; T�℄ with jt1 � t2j < Æ and x 2 
(a; b).For x 2 
(a; b); t0 � t1 � t2 � T and i 2 f1; 2; 3g, due to (3.2), we infer thatj(SLix)(t1)� (SLix)(t2)j = 0:Hen
e Lemma 2.1 ensures that there exists x 2 
(a; b) with QLx + SLx = x. Itis easy to verify that x is a bounded positive solution of equations (1.5).Finally, we investigate that equations (1.5) possess un
ountably many boundedpositive solutions. Let L1; L2 2 (a + 
; b� 
) with L1 6= L2. For ea
h j 2 f1; 2g,we 
hoose a 
onstant Tj > t0+� and two mappings QLj and SLj satisfying (3.1)and (3.2), where L and T are repla
ed by Lj and Tj , respe
tively, and(3.10) 3Xi=1 "Z +1T3 �i(s)�i(s) ds+ Z +1T3 Z +1s �i(u)�i(s)ri(u) du ds+ Z +1T3 Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds# < jL1 � L2j2



378 M. Liufor some T3 > maxfT1; T2g. Obviously, the mappings QL1 + SL1 and QL2 +SL2 have the �xed points x; y 2 
(a; b), respe
tively. That is, x and y arebounded positive solutions of equations (1.5) in 
(a; b). In order to show thatequations (1.5) possess un
ountably many bounded positive solutions in 
(a; b),we need only to prove that x 6= y. Indeed, by (3.2) we gain that for t � T3,i 2 f1; 2; 3g,xi(t) = L1 + fi(t; x1(t� �i1); x2(t� �i2); x3(t� �i3))+ Z +1t gi(s; x1(pi1(s)); x2(pi2(s)); x3(pi3(s)))�i(s) ds� Z +1t Z +1s hi(u; x1(qi1(u)); x2(qi2(u)); x3(qi3(u)))�i(s)ri(u) du ds� Z +1t Z +1s Z +1u li(v; x1(�i1(v)); x2(�i2(v)); x3(�i3(v)))�i(s)ri(u) dv du dsandyi(t) = L2 + fi(t; y1(t� �i1); y2(t� �i2); y3(t� �i3))+ Z +1t gi(s; y1(pi1(s)); y2(pi2(s)); y3(pi3(s)))�i(s) ds� Z +1t Z +1s hi(u; y1(qi1(u)); y2(qi2(u)); y3(qi3(u)))�i(s)ri(u) du ds� Z +1t Z +1s Z +1u li(v; y1(�i1(v)); y2(�i2(v)); y3(�i3(v)))�i(s)ri(u) dv du ds;whi
h together with (iv) and (3.10) yield that��xi(t)� yi(t)� (fi(t; x1(t� �i1); x2(t� �i2); x3(t� �i3))� fi(t; y1(t� �i1); y2(t� �i2); y3(t� �i3)))��� jL1 � L2j � 2�Z +1T3 �i(s)�i(s) ds+ Z +1T3 Z +1s �i(u)�i(s)ri(u) du ds+ Z +1T3 Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds�> 0; 8 t � T3; i 2 f1; 2; 3g;that is, x 6= y. This 
ompletes the proof. �Theorem 3.2. Let a; b 2 C(I;R+ ) with a < b and let (iv) and (v) hold. Thenequations (1:5) with fi(t; u1; u2; u3) = ui for i 2 f1; 2; 3g possess un
ountablymany bounded positive solutions in 
(a; b).



System of third order nonlinear di�erential equations 379Proof: Let L 2 (a; b). A

ording to (v), we dedu
e that there exists suÆ
ientlylarge T � t0 + � satisfying(3.11) 3Xi=1 +1Xj=1 � Z +1T+j� �i(s)�i(s) ds+ Z +1T+j� Z +1s �i(u)�i(s)ri(u) du ds+ Z +1T+j� Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds�< minfb� L;L� ag:De�ne a mapping QL : 
(a; b)! C(I;R3 ) by(3.12) (QLx)(t) = ((QL1x)(t); (QL2x)(t); (QL3x)(t));where(3.13)(QLix)(t) =8>>>>>>>>>><>>>>>>>>>>:
L�P+1j=1 � R +1t+j� gi(s;x1(pi1(s));x2(pi2(s));x3(pi3(s)))�i(s) ds� R+1t+j� R +1s hi(u;x1(qi1(u));x2(qi2(u));x3(qi3(u)))�i(s)ri(u) du ds� R+1t+j� R +1s R +1u li(v;x1(�i1(v));x2(�i2(v));x3(�i3(v)))�i(s)ri(u) dv du ds�;t � T;(QLix)(T ); t0 � t < Tfor i 2 f1; 2; 3g.First of all, we prove QLx 2 
(a; b) for all x 2 
(a; b). Due to (iv) and (3.13),we derive that for ea
h x 2 
(a; b) and i 2 f1; 2; 3g,(QLix)(t)� L+ +1Xj=1 "Z +1T+j� �i(s)�i(s) ds+ Z +1T+j� Z +1s �i(u)�i(s)ri(u) du ds+ Z +1T+j� Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds#� L+ (b� L)� b(t); t � T;(QLix)(t)� L� +1Xj=1 "Z +1T+j� �i(s)�i(s) ds+ Z +1T+j� Z +1s �i(u)�i(s)ri(u) du ds



380 M. Liu+ Z +1T+j� Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds#� L� (L� a)� a(t); t � T:Therefore, QL
(a; b) � 
(a; b).Next, we demonstrate that QL is 
ompletely 
ontinuous. It is 
laimed thatQL is 
ontinuous. Indeed, let x0 = (x01; x02; x03) 2 
(a; b) and fxkgk�0 =(fxk1gk�0; fxk2gk�0; fxk3gk�0) � 
(a; b) with xk ! x0 as k ! +1. (3.13)yields that(3.14)kQLxk �QLx0k= max1�i�3 supt2I j(QLixk)(t)� (QLix0)(t)j� max1�i�3 supt2I �+1Xj=1 �Z +1t+j� 1�i(s) jgi(s; xk1(pi1(s)); xk2(pi2(s)); xk3(pi3(s)))� gi(s; x01(pi1(s)); x02(pi2(s)); x03(pi3(s)))j ds+ Z +1t+j� Z +1s 1�i(s)ri(u) jhi(u; xk1(qi1(u)); xk2(qi2(u)); xk3(qi3(u)))� hi(u; x01(qi1(u)); x02(qi2(u)); x03(qi3(u)))j du ds+ Z +1t+j� Z +1s Z +1u 1�i(s)ri(u) jli(v; xk1(�i1(v)); xk2(�i2(v)); xk3(�i3(v)))� li(v; x01(�i1(v)); x02(�i2(v)); x03(�i3(v)))j dv du ds��� max1�i�3 +1Xj=1 � Z +1T+j� 1�i(s) jgi(s; xk1(pi1(s)); xk2(pi2(s)); xk3(pi3(s)))� gi(s; x01(pi1(s)); x02(pi2(s)); x03(pi3(s)))j ds+ Z +1T+j� Z +1s 1�i(s)ri(u) jhi(u; xk1(qi1(u)); xk2(qi2(u)); xk3(qi3(u)))� hi(u; x01(qi1(u)); x02(qi2(u)); x03(qi3(u)))j du ds+ Z +1T+j� Z +1s Z +1u 1�i(s)ri(u) jli(v; xk1(�i1(v)); xk2(�i2(v)); xk3(�i3(v)))� li(v; x01(�i1(v)); x02(�i2(v)); x03(�i3(v)))j dv du ds�:In light of (3.6), (3.7), (3.14) and Lebesgue dominated 
onvergen
e theorem, weinfer that kQLxk �QLx0k ! 0 as k ! +1, whi
h means that QL is 
ontinuous.



System of third order nonlinear di�erential equations 381Now we show that QL
(a; b) is relatively 
ompa
t. On a

ount of QL
(a; b) �
(a; b), QL is uniformly bounded. Be
ause of (v), for any � > 0, 
hoose T� > Tlarge enough su
h that(3.15) 3Xi=1 +1Xj=1 �Z +1T�+j� �i(s)�i(s) ds+ Z +1T�+j� Z +1s �i(u)�i(s)ri(u) du ds+ Z +1T�+j� Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds� < �2 :By (iv), (3.13) and (3.15), for x 2 
(a; b); t2 � t1 � T� and i 2 f1; 2; 3g, we havej(QLix)(t1)� (QLix)(t2)j� +1Xj=1 � Z +1t1+j� �i(s)�i(s) ds+ Z +1t1+j� Z +1s �i(u)�i(s)ri(u) du ds+ Z +1t1+j� Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds�+ +1Xj=1 � Z +1t2+j� �i(s)�i(s) ds+ Z +1t2+j� Z +1s �i(u)�i(s)ri(u) du ds+ Z +1t2+j� Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds�< �:For T � t1 � t2 � T�, 
hoose a suÆ
iently large integer w � 1 satisfying T +j� �T� with j � w. For x 2 
(a; b) and i 2 f1; 2; 3g, we get thatj(QLix)(t1)� (QLix)(t2)j� +1Xj=1 � Z t2+j�t1+j� �i(s)�i(s) ds+ Z t2+j�t1+j� Z +1s �i(u)�i(s)ri(u) du ds+ Z t2+j�t1+j� Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds�= wXj=1� Z t2+j�t1+j� �i(s)�i(s) ds+ Z t2+j�t1+j� Z +1s �i(u)�i(s)ri(u) du ds+ Z t2+j�t1+j� Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds�+ +1Xj=w+1�Z t2+j�t1+j� �i(s)�i(s) ds+ Z t2+j�t1+j� Z +1s �i(u)�i(s)ri(u) du ds



382 M. Liu+ Z t2+j�t1+j� Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds�� wXj=1� Z t2+j�t1+j� �i(s)�i(s) ds+ Z t2+j�t1+j� Z +1s �i(u)�i(s)ri(u) du ds+ Z t2+j�t1+j� Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds�+ +1Xj=1 � Z +1T�+j� �i(s)�i(s) ds+ Z +1T�+j� Z +1s �i(u)�i(s)ri(u) du ds+ Z +1T�+j� Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds�< Wijt1 � t2j+ �2 ;where Wi = maxT+��s�T�+w�( wXj=1��i(s)�i(s) + Z +1s �i(u)�i(s)ri(u) du+ Z +1s Z +1u 
i(v)�i(s)ri(u) dv du�);whi
h implies that there exists Æ = �2(1+Wi) > 0 su
h thatj(QLix)(t1) � (QLix)(t2)j < � for any t1; t2 2 [T; T�℄ with jt1 � t2j < Æ andx 2 
(a; b).For x 2 
(a; b), t0 � t1 � t2 � T and i 2 f1; 2; 3g, it follows from (3.13) thatj(QLix)(t1)� (QLix)(t2)j = 0:Thus Lemma 2.2 ensures that there exists x 2 
(a; b) with QLx = x. That is,for i 2 f1; 2; 3g,
xi(t) =8>>>>>>>>>><>>>>>>>>>>:

L�P+1j=1 � R +1t+j� gi(s;x1(pi1(s));x2(pi2(s));x3(pi3(s)))�i(s) ds� R+1t+j� R +1s hi(u;x1(qi1(u));x2(qi2(u));x3(qi3(u)))�i(s)ri(u) du ds� R+1t+j� R +1s R+1u li(v;x1(�i1(v));x2(�i2(v));x3(�i3(v)))�i(s)ri(u) dv du ds�;t � T;xi(T ); t0 � t < T:



System of third order nonlinear di�erential equations 383It follows that for t � T and i 2 f1; 2; 3g,xi(t)� xi(t� �) = Z +1t gi(s; x1(pi1(s)); x2(pi2(s)); x3(pi3(s)))�i(s) ds� Z +1t Z +1s hi(u; x1(qi1(u)); x2(qi2(u)); x3(qi3(u)))�i(s)ri(u) du ds� Z +1t Z +1s Z +1u li(v; x1(�i1(v)); x2(�i2(v)); x3(�i3(v)))�i(s)ri(u) dv du ds:It is easy to verify that x is a bounded positive solution of equations (1.5).Finally, we investigate that equations (1.5) possess un
ountably many boundedpositive solutions. Let L1; L2 2 (a + 
; b� 
) with L1 6= L2. For ea
h j 2 f1; 2g,
hoose a 
onstant Tj > t0 + � and a mapping QLj to satisfy (3.11), (3.12) and(3.13), where L and T are repla
ed by Lj and Tj , respe
tively, and(3.16) 3Xi=1 +1Xj=1 � Z +1T3+j� �i(s)�i(s) ds+ Z +1T3+j� Z +1s �i(u)�i(s)ri(u) du ds+ Z +1T3+j� Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds� < jL1 � L2j2for some T3 > maxfT1; T2g. Obviously, the mappings QL1 and QL2 have the�xed points x; y 2 
(a; b), respe
tively. That is, x and y are bounded positivesolutions of equations (1.5). Next we need only to prove that x 6= y. As a matterof fa
t, by (3.13) we get that for t � T3 and i 2 f1; 2; 3g,xi(t) = L1 � +1Xj=1 � Z +1t+j� gi(s; x1(pi1(s)); x2(pi2(s)); x3(pi3(s)))�i(s) ds� Z +1t+j� Z +1s hi(u; x1(qi1(u)); x2(qi2(u)); x3(qi3(u)))�i(s)ri(u) du ds� Z +1t+j� Z +1s Z +1u li(v; x1(�i1(v)); x2(�i2(v)); x3(�i3(v)))�i(s)ri(u) dv du ds�;yi(t) = L2 � +1Xj=1 � Z +1t+j� gi(s; y1(pi1(s)); y2(pi2(s)); y3(pi3(s)))�i(s) ds� Z +1t+j� Z +1s hi(u; y1(qi1(u)); y2(qi2(u)); y3(qi3(u)))�i(s)ri(u) du ds� Z +1t+j� Z +1s Z +1u li(v; y1(�i1(v)); y2(�i2(v)); y3(�i3(v)))�i(s)ri(u) dv du ds�;



384 M. Liuwhi
h together with (iv) and (3.16) yield that��xi(t)� yi(t)�� � jL1 � L2j � 2+1Xj=1 � Z +1T3+j� �i(s)�i(s) ds+ Z +1T3+j� Z +1s �i(u)�i(s)ri(u) du ds+ Z +1T3+j� Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds�> 0; 8 t � T3; i 2 f1; 2; 3g;that is, x 6= y. This 
ompletes the proof. �Theorem 3.3. Let a; b 2 C(I;R+ ) with a < b and let (i), (ii), (iv) and (vi)hold. If 
 < b�a2 and ' is nonde
reasing with '(t+) < t for ea
h t > 0, thenequations (1:5) possess un
ountably many bounded positive solutions in 
(a; b).Proof: Put L 2 (a + 
; b � 
). In view of (i), there exists suÆ
iently largeT � t0 + � satisfying (3.1). De�ne a mapping QL : 
(a; b)! C(I;R3 ) by (3.12),where(3.17)(QLix)(t) = 8>>>>>>>>>>><>>>>>>>>>>>:
L+ fi(t; x1(t� �i1); x2(t� �i2); x3(t� �i3))+ R+1t gi(s;x1(pi1(s));x2(pi2(s));x3(pi3(s)))�i(s) ds� R+1t R +1s hi(u;x1(qi1(u));x2(qi2(u));x3(qi3(u)))�i(s)ri(u) du ds� R+1t R +1s R+1u li(v;x1(�i1(v));x2(�i2(v));x3(�i3(v)))�i(s)ri(u) dv du ds;t � T;(QLix)(T ); t0 � t < Tfor i 2 f1; 2; 3g.Firstly, we assure that QLx 2 
(a; b) for all x 2 
(a; b). In terms of (ii), (iv),(3.1) and (3.17), we infer that for ea
h x 2 
(a; b) and i 2 f1; 2; 3g,

(3.18) (QLix)(t)� L+ 
i(t) + Z +1T �i(s)�i(s) ds+ Z +1T Z +1s �i(u)�i(s)ri(u) du ds+ Z +1T Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds!� L+ 
+ (b� 
� L)� b(t); t � T;
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(3.19) (QLix)(t)� L� 
i(t)� Z +1T �i(s)�i(s) ds+ Z +1T Z +1s �i(u)�i(s)ri(u) du ds+ Z +1T Z +1s Z +1u 
i(v)�i(s)ri(u) dv du ds!� L� 
� (L� 
� a)� a(t); t � T:Thus QL
(a; b) � 
(a; b).Se
ondly, we 
laim that(3.20) limt!0+ '(t) = 0 = '(0):Be
ause ' : R+ ! R+ is nonde
reasing and nonnegative, we dedu
e that0 � '(0) � '(t) � '(s); 8 s > t > 0;whi
h together with '(t+) < t for ea
h t > 0 ensures that0 � '(0) � '(t) � lims!t+ '(s) = '(t+) < t; 8 t > 0:Letting t! 0+ in the above inequalities, we get that (3.20) holds.Thirdly, we prove that QL is 
ontinuous. Let x0 = (x01; x02; x03) 2 
(a; b) andfxkgk�0 = (fxk1gk�0, fxk2gk�0; fxk3gk�0) � 
(a; b) with xk ! x0 as k ! +1.Let Dk = fxk; x0g for k � 1. It follows from (vi), (3.17) and (3.20) thatkQLxk �QLx0k = max1�i�3 supt2I j(QLixk)(t)� (QLix0)(t)j� max1�i�3 supt�T �jfi(t; xk1(t� �i1); xk2(t� �i2); xk3(t� �i3))� fi(t; x01(t� �i1); x02(t� �i2); x03(t� �i3))j+ Z +1t 1�i(s) jgi(s; xk1(pi1(s)); xk2(pi2(s)); xk3(pi3(s)))� gi(s; x01(pi1(s)); x02(pi2(s)); x03(pi3(s)))j ds+ Z +1t Z +1s 1�i(s)ri(u) jhi(u; xk1(qi1(u)); xk2(qi2(u)); xk3(qi3(u)))� hi(u; x01(qi1(u)); x02(qi2(u)); x03(qi3(u)))j du ds+ Z +1t Z +1s Z +1u 1�i(s)ri(u) jli(v; xk1(�i1(v)); xk2(�i2(v)); xk3(�i3(v)))



386 M. Liu� li(v; x01(�i1(v)); x02(�i2(v)); x03(�i3(v)))j dv du ds�� supt�T '(Dk(t)) = supt�T '� max1�j�3 jxkj(t)� x0j(t)j�� '(kxk � x0k)! 0 as k ! +1:Thereupon, QL is 
ontinuous in 
(a; b).Lastly, we demonstrate that QL is a 
ondensing mapping. Let � > 0. For anynonempty subset D of 
(a; b) with �(D) > 0, where � denotes the Kuratowskimeasure of non
ompa
tness, there exist �nitely many subsets D1; D2; : : : ; Dn of
(a; b) su
h that(3.21) D � n[m=1Dm; diamDm � �(D) + �; 8m 2 f1; 2; : : : ; ng:It follows from (vi) and (3.17) that for any x; y 2 Dm, m 2 f1; 2; : : : ; ng,kQLx�QLyk = max1�i�3 supt2I j(QLix)(t) � (QLiy)(t)j� max1�i�3 supt�T �jfi(t; x1(t� �i1); x2(t� �i2); x3(t� �i3))� fi(t; y1(t� �i1); y2(t� �i2); y3(t� �i3))j+ Z +1t 1�i(s) jgi(s; x1(pi1(s)); x2(pi2(s)); x3(pi3(s)))� gi(s; y1(pi1(s)); y2(pi2(s)); y3(pi3(s)))j ds+ Z +1t Z +1s 1�i(s)ri(u) jhi(u; x1(qi1(u)); x2(qi2(u)); x3(qi3(u)))� hi(u; y1(qi1(u)); y2(qi2(u)); y3(qi3(u)))j du ds+ Z +1t Z +1s Z +1u 1�i(s)ri(u) jli(v; x1(�i1(v)); x2(�i2(v)); x3(�i3(v)))� li(v; y1(�i1(v)); y2(�i2(v)); y3(�i3(v)))j dv du ds�� supt�T '(Dm(t))� '(diamDm);whi
h means that(3.22) diam(QLDm) � '(diamDm); 8m 2 f1; 2; : : : ; ng:
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ording to (3:21) and (3:22), we derive that�(QLD) � �( n[m=1QLDm) = max1�m�nf�(QLDm)g � max1�m�n diam(QLDm)� max1�m�n'(diamDm) � '(�(D) + �):Setting �! 0 in the above inequality, we gain that�(QLD) � '(�(D) + 0) < �(D);whi
h implies that QL is 
ondensing. Lemma 2.3 ensures that there exists x 2
(a; b) with QLx = x, whi
h is a solution of equations (1.5). The rest of the proofis similar to that of Theorem 3.1. This 
ompletes the proof. �Theorem 3.4. Let a; b 2 C(I;R+ ) with a < b and let (i){(iv), (vii) and (viii)hold. If 
 < b�a2 and d 2 (0; 1), then equations (1:5) possess un
ountably manybounded positive solutions in 
(a; b).Proof: Put L 2 (a + 
; b� 
). Due to (i) and (viii), we derive that there existsT � t0 + � large enough satisfying (3.1) and(3.23) 3Xi=1 "Z +1T �i(s)�i(s) ds+ Z +1T Z +1s �i(u)�i(s)ri(u) du ds+ Z +1T Z +1s Z +1u �i(v)�i(s)ri(u) dv du ds# < 1� d2 :De�ne a mapping QL : 
(a; b) ! C(I;R3 ) by (3.12) and (3.17). Just as (3.18)and (3.19), we 
an demonstrate that QL is a self-mapping on 
(a; b) by (ii), (iv)and (3.1).We now investigate that QL is a 
ontra
tion mapping. A

ording to (iii), (vii)and (3.23), we get thatj(QLix)(t) � (QLiy)(t)j� jfi(t; x1(t� �i1); x2(t� �i2); x3(t� �i3))� fi(t; y1(t� �i1); y2(t� �i2); y3(t� �i3))j+ Z +1t 1�i(s) jgi(s; x1(pi1(s)); x2(pi2(s)); x3(pi3(s)))� gi(s; y1(pi1(s)); y2(pi2(s)); y3(pi3(s)))j ds+ Z +1t Z +1s 1�i(s)ri(u) jhi(u; x1(qi1(u)); x2(qi2(u)); x3(qi3(u)))



388 M. Liu� hi(u; y1(qi1(u)); y2(qi2(u)); y3(qi3(u)))j du ds+ Z +1t Z +1s Z +1u 1�i(s)ri(u) jli(v; x1(�i1(v)); x2(�i2(v)); x3(�i3(v)))� li(v; y1(�i1(v)); y2(�i2(v)); y3(�i3(v)))j dv du ds�� di(t) max1�j�3 jxj(t� �ij)� yj(t� �ij)j+ Z +1t �i(s)max1�j�3 jxj(pij(s))� yj(pij(s))j�i(s) ds+ Z +1t Z +1s �i(u)max1�j�3 jxj(qij(u))� yj(qij(u))j�i(s)ri(u) du ds+ Z +1t Z +1s Z +1u �i(v)max1�j�3 jxj(�ij(v)) � yj(�ij(v))j�i(s)ri(u) dv du ds� �d+ Z +1T �i(s)�i(s) ds+ Z +1T Z +1s �i(u)�i(s)ri(u) du ds+ Z +1T Z +1s Z +1u �i(v)�i(s)ri(u) dv du ds�kx� yk< 1 + d2 kx� yk; t � T; i 2 f1; 2; 3g;whi
h implies that kQLx � QLyk < 1+d2 kx � yk for any x; y 2 
(a; b). Clearly,QL is a 
ontra
tion mapping by d 2 (0; 1). Consequently, QL has a unique �xedpoint x 2 
(a; b), whi
h is a bounded positive solution of equations (1.5). Therest of the proof is similar to that of Theorem 3.1 and is omitted. This 
ompletesthe proof. �A
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