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Uncountably many solutions of a system
of third order nonlinear differential equations

MiN Liu

Abstract. In this paper, we aim to study the global solvability of the following system
of third order nonlinear neutral delay differential equations

%{ri(t)% [,\i(lz)dift (mi(t) ~fi(tma(t — oi1), xa(t — 0in), T3t — m)))]}

+ % [ri(t)%gi(t; z1(pi1 (1)), z2(pi2(t)), xs(Pia(t)))]

+ %hi(tyxl(‘h‘l(t)); z2(qi2(t)), £3(qi3(t)))

=1i(t,x1(min (t)), a(miz (L)), z3(mis(t))), ¢ >to, i€ {1,2,3}

in the following bounded closed and convex set

Q(a,b) = {l‘(t) = (21(1), 22(1), w3(t)) € C(lto, +00),R?) : a(t) < zi(t) < b(t),

VtZtU,i€{1,2,3}},

where o;; > 0, ri,Aj,a,b € C([t0,+00),R+), firgishili € C([to,+00) X R?’,R),

Pij, Qij,Ni; € C([to,+00),R) for i,5 € {1,2,3}. By applying the Krasnoselskii fixed
point theorem, the Schauder fixed point theorem, the Sadovskii fixed point theorem and
the Banach contraction principle, four existence results of uncountably many bounded
positive solutions of the system are established.

Keywords: system of third order nonlinear neutral delay differential equations, contrac-
tion mapping, completely continuous mapping, condensing mapping, uncountably many
bounded positive solutions

Classification: 34K15, 34C10

1. Introduction

Recently, it is well known that the theory of neutral delay differential equa-
tions and systems undergoes a rapid development, especially for the existence of
nonoscillatory solutions of second-order and higher order neutral delay differen-
tial equations and systems, refer to [1], [3]-[5], [7]-[9], [11]-[14] and the references
therein.
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In 2007, Zhou [12] used the Krasnoselskii fixed point theorem to study the ex-
istence of nonoscillatory solutions of the following second-order nonlinear neutral
differential equation

m
(11) L[S @) + 0t )] + Y Qi il — o)) =0, 1210,
=1
where m > 1 is an integer, 7 > 0, o; > 0, 7,p,Q; € C([tg,+0),R) and f; €
C(R,R) forie {1,2,...,m}.

In 2002, Zhou and Zhang [14] applied the Banach contraction principle to study
the following higher order neutral functional differential equation with positive
and negative coefficients

n

(12) =

where n > 1 is a integer, ¢ € R, 7,0,0 € RT and P,Q € C([tg, +o0), RT).
In 2005, Lin [8] got some sufficient conditions for oscillation and nonoscillation
for the second-order nonlinear neutral differential equation

d2
|20 = pa(t = )] +a®f @t —0) =0, t20,

where 7,0 > 0, p,q € C([0,+),R), f € C(R,R) with ¢(t) > 0 and zf(z) > 0
for t € R, z € R/{0}.
In 2008, a system of higher order nonlinear neutral differential equations

nay g O - @O -] = pitn it - 02-0) + 10

t>to, i€ {1,2}

x(t)+cx(t—r)] + (=)™ P@)z(t—0) - Q)z(t—0)] =0, >t

(1.3)

was investigated by Hanustiakovd and Olach [4], where n > 1is an integer, 7, 0; >
0, a;,pi, fi € C([tg,+0),R) and g; € C(R,R) for i € {1,2}. Some sufficient
conditions for the existence of nonoscillatory bounded solutions of equations (1.4)
were obtained by using the Krasnoselskii fixed point theorem and the Schauder
fixed point theorem.

In this paper, we are concerned with the following system of third order non-
linear neutral delay differential equations:

C L N0 (at) — filt 10— o), 2ot~ 022). 31— 033)) |}

s O (), 220(0), 2 ()

n %hi(t,m(qil(t»,m(qﬂ(t)),wg(qig(t)))

=1i(t, 21 (i1 (1), 22 (nia (1)), 23(mi3(t))), t>to, i € {1,2,3},
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where o35 > 0, rj,\i € C([to,+00),RT), fi,gi,hi,li € C([to, +00) x R3,R),
Pij: €ij: Nij € C([to, +00), R) with
li (t) = i (t) = i i(t) =
tﬂlToopZ]( ) t;?@ ‘Jz]( ) t;?@ 772]( ) = 400
for i,j € {1,2,3}.
By using the Krasnoselskii fixed point theorem, the Schauder fixed point the-
orem, the Sadovskii fixed point theorem and the Banach contraction principle

respectively, we demonstrate four existence theorems of uncountably many boun-
ded positive solutions of equations (1.5).

2. Preliminaries

Throughout this paper, put I = [tg, +oc) and let C(I, R?) denote the Banach
space of all continuous and bounded vector functions z(t) = (x1(¢),z2(t), z3(t))
on I with norm ||z|| = max)<;<3sup;cs|z;(t)|. For any a,b € C(I,R"), set
@ = supyeg a(t), a = infyepa(t), b = supyey b(t), b = infe b(t) and

O(a,8) = {o(t) = (@1 (), 22(t), 23(1) € C(L,RY) s alt) < w4(t) < b(1),
Vielie {1,2,3}}.

Obviously, Q(a,b) is a bounded closed and convex subset of C(I,R3). For any
D C Q(a,b) and t € I, let

D(®) = sup { masx [i(6) — 5i(t)| + 2(t) = (21(8), w2(8), ()

y(t) = (n1(t),y2(t),y3(t)) € D}
diam D = sup{||lz — y|| : z,y € D}.

It is assumed in the sequel that there exist functions a, b, ¢;, d;, a;, Bi, Vi, Wiy Tis
¢ € C(I,RY) for i € {1,2,3} with a(t) < b(t) for t € I and ¢ : RT — RT
satisfying

() Syt max { G2l B o5, s s Y ds < oo, i€ {1,2,3)

( ) |fi(t,ur,uz,u3)| < ci(t), VteT, u; €[a,b], i€ {1,2,3};

(i) |fi(t, w1, uz,u3) — fi(t,v1,v2,v3)] < di(t) maxj<j<glu; —vj|, Vit € I,
wj,vj € (0,5, i, € {1,2,3);

(iV) |gi(t:u1:u2:u3)‘ < ai_(t): |hi(t:u1=u2:u3)| < Bi(t)a ‘li(t:uluu%u:’))‘ <
vi(t), Yte I, u; €la,b], i €{1,2,3}

(v) tjoomax{sgl((j)) B8 4(s), sty ey } 0 < oo, i€ {1,2,3};
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(vi)
| filt, 21 (t = 041), 22(t — 042), 23(t — 043))
— filt,y1(t — 0i1), y2(t — 0i2), y3(t — 043)) |
too 1
[ e i o). a(piae).aa(ria (o)
— 9i(8,y1(Pi1(s)). y2(pia(s)), y3(pis(s)))| ds
+00 +00
<[ %\huu,wl(qﬂ(u)),m(q@(u)),wg(qz-g(u)))
(u, yl(qz1( ) y2(gia (), y3(gi3(u)))| duds
+o00 p4o00 ptoo
/ / / |l (v, 21 (i1 (v)), T2 (Mi2(v)), 23 (i3 (v)))

li(v, y1(m1( )) y2(1i2(v)), y3(mi3(v)))| dv du ds
<(D(1), VYDCQab), zy€eD, tel, ie{1,23)

(vii) |gi(t, u1,uz,uz) — gi(t,v1,v2,v3)| < pi(t) max;<;<3|uj — vy,
|hi(t, u1, uz,u3) — hi(t,v1,v2,v3)| < 7(t) max;< ;<3 |uj — vy,
|03 (t, w1, ug, uz) — li(t, v1,v9,v3)| < ¢(t) max; <<z uj —vjl,
Vtel, ujvj € [ag] ije{l 23}

(vill) [, max{gzg) gl() = )\i%s)}ds<+oo, i€{1,2,3).

ri(s

Let 0 = max{o;; :i,j € {1, 2,3}}. By a solution of equations (1.5), we mean a
vector function z = (x1,z9, z3) such that for some ¢; > tg and i € {1,2,3}, z; €
C([t1—0,+0),R), z;(t)— fi(t,z1(t—041), z2(t—049), z3(t—0;3)) is 3 times contin-
uously differentiable on [t1, +00), g;(t, z1(pi1(t)), z2(pia(t)), z3(piz(t))) is 2 times
continuously differentiable on [t1, +00), h;(t, 1(g;1(t)), z2(gi2(t)), z3(gq;i3(t))) is
continuously differentiable on [t1,4+00) and equations (1.5) hold for ¢ > ¢;.

The following four lemmas play significant roles in this paper.

Lemma 2.1 (Krasnoselskii Fixed Point Theorem [2]). Let D be a nonempty
bounded closed convex subset of a Banach space X and S,Q) : D — X satisfy
Sx + Qy € D for each x,y € D. If Q) is a contraction mapping and S is a
completely continuous mapping, then the equation Sz + Qx = x has at least one
solution in D.

Lemma 2.2 (Schauder Fixed Point Theorem [2]). Let D be a nonempty closed
convex subset of a Banach space X. Let S : D — D be a continuous mapping
such that SD is a relatively compact subset of X. Then S has at least one fixed
point in D.
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Lemma 2.3 (Sadovskii Fixed Point Theorem [10]). Let D be a nonempty boun-
ded closed convex subset of a Banach space X and S : D — D be a continuous
condensing mapping. Then S has at least one fixed point in D.

Lemma 2.4 (Banach contraction principle). Let D be a closed subset of a com-
pletely metric space X and S : D — D be a contraction on D. Then S has at
least one fixed point in D.

3. Existence of uncountably many bounded positive solutions

In this section, we demonstrate the existence of uncountably many bounded
positive solutions of equations (1.5). Let

¢ = max supc;(t) and d = max supd;
1<i<3 te? ilt) 1<i<3 te? (®)-

Theorem 3 1. Let a,b € C(I,R") with@ < b and let (i)-(iv) hold. If d € (0,1)

and ¢ < = 2 , then equations (1.5) possess uncountably many bounded positive
solutions in Q(a, b).

PrROOF: Set L € (a + ¢,b — ¢). According to (i), we deduce that there exists
T > ty + o large enough satisfying

3 +oo . +oo  p+oo
Z / (s ds+/ / 61 duds
(s)

i=1

(3.1) /+oo /+oo /+oo . dv i ds

<min{b—c—L,L—c—E}.
Define two mappings Qr,, Sy, : Q(a,b) — C(I,R3) by

)
(Qrz)(t) = (Qr1z)(1), (Qr2x) (). (Qr3z)(1)),
(Sp2)(t) = ((Sp12)(B), (Sp2)(t), (Spa3z)(t))
for z = (z1,29,23) € Q(a,b) and ¢t € I, where

(3.2)
[ L+ filt,z1(t — o), z2(t — 0i2), x3(t —0i3)), t>T,
(Quiz)(t) = { (Qriz)(T), to <t <T,

( ft-l—oo 91’(5:551(1)1‘1(5)):$/\‘2i((lfgi)2(5)),933(131'3(5))) ds

00f+oo hi(u,21(gi (v)),x (z)( gi2(u)),x3(giz(u))) du ds

U

N

(Sle)(t) = f+oo f—l—oo f—I—OO l; (U xl(ﬂzl@))}\,f(igzzz(())) x3(n13(v))) dv du dS,

t>T,
 (Srix)(T), to<t<T
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for i € {1,2,3).
Firstly, we prove Qrz + Sry € Q(a,b) for all z,y € Q(a,b). Due to (ii), (iv),
(3.1) and (3.2), we get that for each z,y € Q(a,b), t > T, i € {1,2,3},

(Qriz + Sriy) (1)
§L+ci(t)+/+oo ‘Sd+/+oo/+oo 5’ 7 duds

T S
+oo ptoc p400
(3.3) / / / % dv du ds
7"1

<L+c+(b—c—

< b(t)
and

(Qrir + Sriy)(t)

> L —ci(t) — {/ ‘ /+oo/+oo 6’ 7 duds
(34) /+OO /+OO /+OO %i(v i dv duds}

>L—c—(L-—c—q)
> a(t).
It follows from (3.3) and (3.4) that Q1,Q(a,b) + S;,Q(a,b) C Q(a,b).

Secondly, we demonstrate that @, is a contraction mapping. According to
(3.2) and (iii), we derive that

(Qriz)(t) — (Qriy)(t)]
= |fi(t,x1(t — 041), 22(t — 042), 23(t — 03))
— filt,y1(t — 0i1),y2(t — 042), y3(t — 043))]
< d;(t) max, lzj(t — 0i5) — y;(t — 0ij)]
which implies that

1Qrz — Qryll <dllz —yll, Vaz,y € Qa,b).

That is, Qp, is a contraction mapping by d € (0, 1).
Thirdly, we show that Sy, is completely continuous. Now we demonstrate
Sy, is continuous in Q(a,b). Let zg = (201,202, 703) € Q(a,b) and {z}r>0 =
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({zk1 k05 {Zr2} k>0, {7k3}e>0) C Q(a,b) with zp — zg as k — +oc. (3.2) yields
that
(3.5)
ISpzr — Sp@oll = max sup |(Sriz)(t) — (Spizo)(t)]
1<i<3 ye 1

+oo
< A%, ?;lg {/t 18) 19i(5, 21 (i1 (8)), Th2 (Pi2(5)), 2r3 (i3 (s)))
)) z02(pi2(s)), vo3(pi3(s)))| ds

+oo oo
/ / (u, 21 (a1 (), T2 (32.(w)), 23 (53 (1))

(u, 201 qzl( )) 9602(%2( ), 03(qiz(u)))| du ds
+oo pt+o0 p400
/ / / ST 0 0 0): k2 (2 (0). i i 0)

— 1 (v, 201 (i1 (v)), w02 (M2 (v)), 203 (i3 (v)))| dv du ds}

/\y

— gi(s, zo1(pi1

too 1
< max [ 7 S o o (9), a0 i), s i 4))

- 9i(s, xol(pzl( ), To2(pi2(8)), w03 (pi3(s)))| ds

“+o0 +00
/ / (w, 2p1 (g1 (w)), 2o (a2 (1)), 23 (53 ()
(u, 201 (g1 (u )) (%2( ))s z03(g;3(w)))| du ds
+oo pt+o0 400
/ / / ST 0 0 0) k2 (2 (0). i i 0)

—1i(v, 201 (i1 (v)), To2 (Ni2(v)), 203 (i3 (v)))| dv du ds | .

Note that
19i(s, 21 (Pi1(8)); T2 (Piz(8)), Tx3 (Pi3(s)))
— 9i(s, z01(pi1(8)), zo2(piz(s)), w03 (piz(s)))] < 2a;i(s),
(3.6) |hi(u, g1 (gi1 (), ro(gi2(w)), 2x3(gi3 ()
' 2(u)), wo3(qi3(u)))| < 28 (u),

— hi(u, 201 (gi1 (u)), To2(g;
|1 (v, k1 (031 (0), g2 (Mi2 (), T3 (N33 (v)))
= 1i(v, 201 (i1 (v)), To2 (Mi2(v)), 2oz (Mi3 (v)))] < 279;(v),
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19i(8, k1 (i1 (8)), T2 (Pi2(8)), T3 (Piz(s)))

— gi(s,201(pi1(8)), T2 (pia(s)), 203 (Piz(s)))| — 0,
[ hi(u, 21 (gi1 (w)), Tr2(gia(w), Tx3(gi3(w)))

— hi(u, 201(gi1(w)), 202(gi2(v)), T03(gi3(w)))| — 0,
i (v, g1 (i1 (v)), T2 (Mi2 (V) TE3 (Mi3 (v)))

—1i(v, 201 (Mi1 (v)), To2(Ni2(v)), To3(ni3(v)))| — O

(3.7)

as k — oo for s,u,v € [T,+o00) and i € {1,2,3}. It follows from (3.5), (3.6),
(3.7) and Lebesgue dominated convergence theorem that ||Spz, — Spzo|| — 0 as
k — +4o0c. Hence Sy, is continuous in Q(a,b). Now we prove that S;Q(a,b) is
relatively compact. In view of (i), (iv) and (3.2), we deduce that

|Srz| = o ilg [(Sriz)(t)|
5T [+ ay(s) oo oo gi(y)
SEM w et L semm

+/T+°°/:°°/u+°°%dvduds], V€ Qa,b).

That is, Sp,Q(a, b) is uniformly bounded. For the equicontinuity of S;Q(a,b) on I,
according to Levitans result [6], it suffices to prove that for any given € > 0, I can
be decomposed into finite subintervals in such a way that on each subinterval all
functions of the family have change of amplitude less than €. Let ¢ > 0. By (i),
there exists Ty > T such that

3 +00 o +oo oo
Z [/ ds +/ / BZ (w) du ds
; )i

(3.8) - +oo  pto0 pto0
/* / / . dv du ds]

It follows from (iv), (3.2) and (3.8) that for all z € Q(a,b), to > t; > Ty and
i€{1,2,3},

l\:)lm

[(SLiw)(t1) = (Spez)

+o0
g/ & S; ds+/ / Bl j duds
t1
“+o0 +00 +00 ’Y
/ / / 4 dv du ds
t1 rl
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. —+oc
+/ / / Bl duds
to t
-I—oo +00 .
-I-/ / / L dv du ds
to ] ri
+oo ) +oo +oo 5
/ d +/ / ! duds
* l * u
+oc +oo +00 ,Y
/ / / L e dv du ds}
* l

For each z € Q(a,b),T <t <te < Ty and i € {1,2,3}, by (iv) and (3.2), we
infer that

<2

|(SLiw )(tl) (Sriz)
a;(s) +oo 51
< ’ N (5) ds+/t / duds

+o0o  p+4o00 .
+ / / / dv du ds
t1

< Mty — ta,

where

ai(s) [T Bi(u) oo e 4i(v)
M; = max ! +/ 7du+/ / ————dvdu ;.
CT<s<T {Az‘(S) s Ai()ri(u) s Ju Ai(9)ri(w)
(3.9) implies that there exists § = 757 > 0 such that [(Sp;2)(t1) — (Spiz)(t2)] <

e for any t1,tg € [T, Ty with |t; — ta] < § and x € Q(a, b).
For z € Q(a,b),tg <1 <ty <T andi € {1,2,3}, due to (3.2), we infer that

[(SLiw)(t1) — (Spex)(t2)| = 0.

Hence Lemma 2.1 ensures that there exists € Q(a,b) with Qrz + Spz = 2. Tt
is easy to verify that z is a bounded positive solution of equations (1.5).

Finally, we investigate that equations (1.5) possess uncountably many bounded
positive solutions. Let L1, Ly € (@+ ¢,b — ¢) with Ly # Lg. For each j € {1,2},
we choose a constant T} > #g + o and two mappings QLJ, and SLj satisfying (3.1)
and (3.2), where L and T are replaced by L; and T}, respectively, and

& > ai(s T Bi(u
SRR /f W

(3.10) =1

“+o0 +oo 7
+ / / / 4 e dv duds
l

\ L2\
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for some T3 > max{Ty,T>}. Obviously, the mappings Qr, + Sr, and Qp, +
Sp, have the fixed points z,y € Q(a,b), respectively. That is, z and y are
bounded positive solutions of equations (1.5) in Q(a,b). In order to show that
equations (1.5) possess uncountably many bounded positive solutions in Q(a, b),
we need only to prove that z # y. Indeed, by (3.2) we gain that for ¢t > T,
i€{1,2,3},

zi(t) = L1 + fi(t, 21(t — 041), 22(t — 042), 23(t — 043))
+ gi(s, 21 (pi1 (), 22(pia(s)), 23 (pi3(s)))
-|—/ g ds
Ai(s)
Hoo 10 hy(u, w1 (gi1 (u), 22 (g2 (w)), £3(gi3(u)))
- Aio)raw) duds
T [T L, (i (v), wa (2 (v)) w3 (mia (v)
[l Ai()ri(w) dvdud

and

yi(t) = Lo + fi(t,y1(t — 041),y2(t — 042), y3(t — 03))
20 gi(s,y1(pi1(s)), y2(pia(s)). y3(piz(s)))
+/ Ai(s) ds
/+°° /+°° hi(u, y1 qz1(U)) y2(gi2(v)), y3(gi3(v))) duds
Ai(s)

ri\u

T T L (0 (0)s y2 (min (v)) g3 (i3 (0)))
/t / /u Ai(s)ri(u) s

which together with (iv) and (3.10) yield that

|zi(t) — yi(t) — (filt, 21 (t — 031), m2(t — 032), w3 (t — 043))
— filt,y1(t = 041), y2(t — 042), y3(t — 043)))|

“+o0
2|L1—L2—2{/ ails d+/ / o s
T3 i
—+oc —+oc “+00 'Yz
+ 7dv duds}
/T3 /s /u Ai(8)ri(u)

>0, Vt>Tsic{l1,23),

that is, x # y. This completes the proof. O

Theorem 3.2. Let a,b € C(I,R") with @ < b and let (iv) and (v) hold. Then
equations (1.5) with f;(t,u1,u9,u3) = u; for i € {1,2,3} possess uncountably
many bounded positive solutions in Q(a,b).
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PrROOF: Let L € (a,b). According to (v), we deduce that there exists sufficiently
large T' > to + o satisfying

. “+o0
/ (s ds+/ / 61 duds
i—1j—1 T+]O’ ] T+jo Js

“+oc +oo ’Y
/ / / ! dv du ds}
T+joJs s)ri(u

< min{b— L,L —a}.

3 +x

(3.11)

Define a mapping Qy, : Q(a,b) = C(I,R?) by

(3.12) (Qrz)(t) = (Qr1z)(t), (Qr2z)(t), (Qr37)(t)),
where
(3.13)
( ft«:ic;- 9i (5,21 (pi1(s)), I;i((psz‘;(s))@s(ms(s))) ds
o t+Ja f+00 hi(u,m1(gi1(u)), ff;)(qz(zzg))) 23(4i3(W)) 1. ds
iz)(t) =
L t+]g f+oo f+oo Li(v,21 (i (v ))}:Q’Eigzzz(ig)),m(mg,(v))) dv du ds|,
t>T,
\ (Qriz)(T), to<t<T

for i € {1,2,3}.
First of all, we prove Qpz € Q(a,b) for all x € Q(a,b). Due to (iv) and (3.13),
we derive that for each z € Q(a,b) and i € {1,2,3},
<L+

(Qriz)(t)
+oo +oo
/ (s) s+ / / 5’ 7 duds
j=1 T+jo Ai(s) T+joJs

+00
+00 +00 ’Y
/ / / ! dv duds
T+j0 Js Tz

<L+(b-L
< b(d), tZT,
(Qrix )()

) +oc
Z / (5) S ds +/ / ﬂl J duds
= T+]c7 ] 5 T+jo Js
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+00 +00 'Y
/ / / ! dv duds
T—|—]a s ""z

Z a(t)v t Z T.
Therefore, Q1,Q(a,b) C Q(a,b).

Next, we demonstrate that ()7, is completely continuous

. It is claimed that
@1, is continuous.

Indeed, let =g = (201,%02,703) € Q(a,b) and {zy}r>0 =
{zk1 k05 {zr2tr>0, {7k3te>0) C Qa,b) with 7, — 29 as & — +oc. (3.13)
yields that

(3.14)
lQrxr — Qrxol|

= 112?)(3 sup [(Qrizg)(t) — (QLizo)(t)]

+oo +oo g
< 112?2(3?161?{ Z /ﬂg e )|gz(8 s 21 (i1 (5)), T2 (Pia(s)), zr3 (piz(s)))

— 9i(s w01(pz1( ))s zo2(piz(s)), o3 (pi3(s)))| ds

+oo
/ﬂa / ST i v (a1 0, (a2 i)
(u, o1 qzl( )) 9502(%2( ), z03(qi3(u)))| du ds
+oo  ptoo
/ / / Sk (1 (0) ko 0). e i)
t+jo
(v, @00 (91 (0)), 0 (2 (0)), 203 (133 (0)) | o ds] }
+00o

+oo
< 1@?5(3; /THJ%(S)k}i(&xm(pn(e‘i)),$k2(pz'2(5)),$k3(pz'3(8)))
— 9i(s,701(pi1(8)), 202 (Pi2(8)), zo3 (Pi3(s)))| ds

+oo
/ / ! STy i (g (1) o2 (0). 2 (3)
T-|—]0' s z 7'2

(u, zo1(gi1 (u)), 5602(1122( ), w03(gqi3(u)))| du ds

“+o0 +00
/ / | St o (1 00 s 0)) ks i (0)
T+j0 Js

—1i(v, 201 (i1 (v)), To2(ni2(v)), 203 (Mi3(v)))| dv du ds | .

In light of (3.6), (3.7), (3.14) and Lebesgue dominated convergence theorem, we
infer that ||Qrzr — Qrzo|| = 0 as k — 400, which means that @, is continuous
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Now we show that Q7Q(a,b) is relatively compact. On account of Q7,Q(a,b) C
Q(a,b), Qr, is uniformly bounded. Because of (v), for any € > 0, choose Ty > T

large enough such that
; +o0 .
/ ds+ / / B
(3.15) == Unto A tjods  Ails)ri(u)

+oo  p+400 .
/ / / ﬂ dv du ds} < E.
W +jo /s Ai(s)ri(u) 2

By (iv), (3.13) and (3.15), for = € Q(a,b),to > t; > Ty and i € {1,2, 3}, we have
[(Qriz)(t1) — (Qriz)(t2)|

+ +oo +o0
g / ails ) ds -I—/ / ﬂz du ds
ti1+jo Ai(s ti+jo Js
+oo “+oc ’Y
/ / / ! dv du ds}
t1+]0 s s)ri(u
/+OO J / /+OO BZ du ds
t2+]0’ ] to+jo Js
+oo “+oc 7
/ / / ! dv du ds}
tot+jo Js s)ri(u

For T < t1 <ty < Ty, choose a sufficiently large integer w > 1 satisfying T+ jo >
T, with j > w. For z € Q(a,b) and 7 € {1,2,3}, we get that

(Qriw)(t1) — (Qriz)(t2)|

3 +x

+

T ta+jo . S tot+jo ptoo 6
S {/ ! duds
ti+jo Ai(s) ti+jo Js
to+jo p+oo p+oo (v
/ / L dv du ds}
ti+jo i (8)ri(u)
w tatjo o to+jo p+oo 5z
Z / ds +/ du ds
j=1 t1+jo i ti+jo Js

ta+jo p+oo oo .
/ / / ﬂ dv du ds}
t1+]0’ s u Al(s)rl (u)

ta+jo . to+jo  p+4oo .
+ / @i(s) 4o / B s
ti+jo Al(s) ti+jo Js AZ(S)TZ(U)

j=w+1
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ti+jo i(s

+Z
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T«+jo i
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ﬂ)) dv du ds}

ta+jo +00 +00
o [,
ti+jo A

(s)ri(u

/t2+j0'
ti+jo s

oo B

ﬂ dv du ds}

ta+jo /-I—oo /-I-oo

t1+jrr Ai(
+oo

ds+/ / Bl
S

(s)ri(u)

/*+JJL+WL+WA S( )

€
< Wilty —ta| + 3
where

Wi =

+oo “+oc
]
S u >‘i

which implies that there exists § =

[(Qriz)(t1)
z € Qa,b).

For z € Q(a,b), tg <t1 <te < T and i € {1,

(Qriw)(t1) —

>[5

=1

%dvdu}},

max
T+o<s<Ti+wo

.

IV dv du ds}
i (s)ri(u)

(s

(1+W)

(Qriw)(t2)| = 0.

Bi(u)
(s)ri(u)

)
+
/s Ai

> 0 such that
— (Qrix)(t2)| < € for any ty,to € [T,Ty] with |t; — t2] < § and

u) ] duds

du ds

du

2,3}, it follows from (3.13) that

Thus Lemma 2.2 ensures that there exists z € Q(a,b) with Q2 = z. That is,

for i € {1,2,3},

t+jo

( f+oo 9i (5,21 (pi1(8)),x2(pi2(s)),x3(piz(s))) d

Ai(s)

t+]0’

t-I—]O'

f+oo f+oo Li(v,z1(ni1 (v)

i (j)r,(u)
(v

S

f+00 hi(u,w1(qi1(w)),z2(gi2(u)),x3(gi3(u))) du ds

Ai(s)ri(u

)s x2(m2(1;))=$3(77i3(“))) dv du ds|,

t>T,
to <t<T.
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It follows that for ¢t > T and i € {1,2, 3},

/+°° 9i(s, 1(pin(5)), 22(pia(5)), 23(Pia(5)))

zi(t) —zi(t — o) = X (5) y
oo 00 b(u, 21 (i (), w2 (gi2 (u)), 23 (i3 (w)))
-/ M) duds
/+00 /+°° /+°°l v, @1 (i (v )) 22132 (v)), 23 (i3 (V) o o
Ai(8)ri(u) '

It is easy to verify that z is a bounded positive solution of equations (1.5).

Finally, we investigate that equations (1.5) possess uncountably many bounded
positive solutions. Let L1, Lo € (@+ ¢,b — ¢) with Ly # Lg. For each j € {1,2},
choose a constant T > to + 0 and a mapping QLj to satisfy (3.11), (3.12) and
(3.13), where L and T are replaced by L; and T}, respectively, and

3 . +00 6
> / d + / / T du ds
Ts+jo Ai(s Ts+jo Js

(3.16) i=1j
+00 “+o0
T3+jo Js Tz

for some T3 > max{T1,T»}. Obviously, the mappings @1, and Qp, have the
fixed points z,y € Q(a,b), respectively. That is, z and y are bounded positive
solutions of equations (1.5). Next we need only to prove that z # y. As a matter
of fact, by (3.13) we get that for t > T3 and i € {1,2,3},

+

8

1

+oo +oo . . . .
_ 9i(s; 21(pi1(s)), T2 (pia(s)), z3(pi3(s)))
T; (t) =L — /t+je7 )\Z(S) s
/ /+°° hi(u, 1 (gi (u )) 22(qi2(w)), 3(g;3(u))) duds
t+jo Js ( ) u)
oo 4 1w, w1 (i1 (v), T2 (Mi2 (), 23 (133 (v)))
/H_N/ / M (5)ria) dvduds|,
+oc . s (s s o (s
yi(t) = Ly — Z [/Hja gi(s,y1(pi1(s)), y2 /\i((s) 2(5)), y3(pis(s))) ds
/ /+°° hi(u, y1(gin (u )) Y2(ai2(u), y3(ais ()
t+jo Js ( ) u)
2

oo 0 (0, 91 (031 (v)), w2 (M2 (v)), y3 (Mi3 (v)))
/t+ga/s / i (3)r; (w) dvduds|,
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which together with (iv) and (3.16) yield that

+0 (s
i (t) = ws(6)| > | L1 - L2|—22/ i) 44

T3—|—]0’ A(S)

/Tg+ga /:OO ‘6i (;:)(u) duds

+oo  p4oo )
/ / / dv duds
T3+jo /s

>0, Vt>Ts,i€{l,2, },

that is,  # y. This completes the proof. O

Theorem 3. 3 Let a,b € C(I,R") with @ < b and let (i), (ii), (iv) and (vi)

hold. If ¢ < %% and ¢ is nondecreasing with p(t+) < t for each t > 0, then
equations (1.5) possess uncountably many bounded positive solutions in Q(a, b).

ProoF: Put L € (@ + ¢,b — ¢). In view of (i), there exists sufficiently large
T > tg + o satisfying (3.1). Define a mapping Qy, : Q(a,b) = C(I,R?) by (3.12),
where

(3.17)
(L + fi(t,21(t — 041), 22(t — 042), 23(t — 03))
+00 gi(s,x i1(8)),T i2(8)),x i3(s
+ft 9i(s,21(pi1(s)) /\21'((];)2( )),z3(pis(s))) ds
oo ptoo hi(u,z1(gi1(w)),@2(gi2(u)),23(giz(u)))
(Qrin)(t) = Js RO duds
_ft+0° f;roo fu+00 li(v,fﬂl(ﬂil(v)kiigziii ):23(1i3(Y) 400 du ds
t>T,
L (Qriz)(T), to<t<T

for i € {1,2,3}.
Firstly, we assure that Qrz € Q(a,b) for all z € Q(a,b). In terms of (ii), (iv),
(3.1) and (3.17), we infer that for each z € Q(a,b) and i € {1,2,3},

(Qriz)(t)

. S +00 +o00 B
< L+c(t)+ / d +/ / — duds
T S
(3.18) oo ptoo oo
/ / / % dv du ds
7"1

L+c+(b—c—L
bE), t>T,

<
<
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(Qriz)(t)

(3.19) /+oo /+oo /+oo ~i(v dvduds)

>L—-c—(L—-c—qa)
>a(t), t>T.

Thus Qr.0(a,b) C Q(a,b).
Secondly, we claim that

(3.20) lim ¢(t) = 0 = ¢(0).

t—0+
Because ¢ : Rt — RT is nondecreasing and nonnegative, we deduce that
0<p(0) <p(t) <p(s), Ys>t>0,
which together with ¢(t+) < ¢ for each ¢t > 0 ensures that

0<p(0) < p(t) < lim (s) = p(t4) <t, V>0,

s—tt

Letting ¢ — 07 in the above inequalities, we get that (3.20) holds.

Thirdly, we prove that @y, is continuous. Let g = (zo1, Zo2, z03) € Q(a, b) and
{zr k>0 = ({zr1 te>0, {zk2}r>00 {2k3 te>0) € Qa,b) with 7 — 2o as k — +oo.

Let Dy = {z,zq} for k > 1. It follows from (vi), (3.17) and (3.20) that

QL — Qrzoll = e, ilell? |(Qrizk)(t) — (Qrizo)(t)]

< max sup |[fi(t, z1(t — 041), 2pa(t — 0i2), T3 (t — 043))

1<i<3¢>T

— filt, o1 (t — 041), 02 (t — 042), o3 (t — 043))]
+oc
+ /t f()m(s,m(pﬂ(s»,xm(piQ(s)),xkg(pig(s)))
—gi(s $01(pz1( ), zo2(pi2(s)), zo3 (piz(s)))| ds
+oc  p+o0
/ / S i (1 0), s 0). i ()

(u, 201 qzl( )) 9502((112( ))s 203 (qi3(u)))| duds

+o0 ptoo ptoo
/ / / S o (1 (0) ka2 0). e i)

385
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= Li(v, 201 (mi1 (v), 202(Mi2(v)), To3 (Mi3(v))) | dv du ds

< sup p(Dg(t)) = sup p( max_|xy;(t) — zo;(t)
t>T t>T (1§J§3| I J ‘)

< o(||lzg —z0l]) = 0 as k — +oo.

Thereupon, @, is continuous in Q(a, b).
Lastly, we demonstrate that Q7 is a condensing mapping. Let € > 0. For any
nonempty subset D of Q(a,b) with a(D) > 0, where a denotes the Kuratowski

measure of noncompactness, there exist finitely many subsets D1, Do, ..., D, of
Q(a,b) such that

n
(3.21) DC |J Dm, diam Dy, < (D) +¢, Vme{1,2,...,n}.
m=1

It follows from (vi) and (3.17) that for any z,y € Dy, m € {1,2,... ,n},
1Qre — Qryll = max sup|(Qriz)(t) — (QLiy)(?)]
<i<3ger

< max sup ||fi(t, z1(t — 041), 22(t — 042),23(t — 043))

1<i<3¢>T
— filt,y1(t — 0i1),y2(t — 042), y3(t — 043))]

+o0
+/t %()mi(s,xl(pﬂ(s)),.TQ(pZ‘Q(S)):x3 (piz(s)))

—9i(s,y1(pir (s )) y2(pi2(s)),y3(piz(s)))| ds

+00 “+o0
/ / S it 1 (), ). )
(u, y1(gin (v yz(ng( )); y3(qi3(u)))| duds
+o00 ptoo ptoo
/ / / S i 02 i (0) s i (1)

— (v, y1(mi1(v), y2(Mi2(v)), y3 (133 (v)))| dv du ds
< sup ‘P(Dm(t))
t>T
which means that

(3.22) diam(QrDm) < ¢(diam Dy,), Vme {1,2,...,n}.
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According to (3.21) and (3.22), we derive that

a(@QrD) < a( | QrDm) = lénn?én{a(QLDm)} < ax diam(Qr,Drm)

m=1

< max ¢(diam Dy,) < o(a(D) + €).
1<m<n

Setting € — 0 in the above inequality, we gain that

a(@rD) < p(a(D) +0) < a(D),

which implies that ()7, is condensing. Lemma 2.3 ensures that there exists = €
Q(a, b) with Qx = z, which is a solution of equations (1.5). The rest of the proof
is similar to that of Theorem 3.1. This completes the proof. g

Theorem 3. 4 Let a,b € C(I,R") with @ < b and let (i)—(iv), (vii) and (viii)
hold. If ¢ < &2 =5* and d € (0,1), then equations (1.5) possess uncountably many
bounded pos1t1ve solutions in Q(a,b).

PRrROOF: Put L € (a+¢,b—c¢). Due to (i) and (viii), we derive that there exists
T > tg + o large enough satisfying (3.1) and

i[/ Oy [ /+°° W) s
(3.23) i=1 :
L[ /*w [, duds] =

Define a mapping Q, : Q(a,b) — C(I,R3) by (3.12) and (3.17). Just as (3.18)
and (3.19), we can demonstrate that ), is a self-mapping on Q(a,b) by (ii), (iv)
and (3.1).

We now investigate that ()7, is a contraction mapping. According to (iii), (vii)
and (3.23), we get that

(Qrim)(t) — (QLiy)(P)]
<|filt,z1(t — o41), 22(t — 042), 23(t — 043))
— filt,y1(t — 0i1),y2(t — 042), y3(t — 0i3))|

+00 1
+ /t mm(s,m(pﬂ(s)),m(piz(s)),x3<pi3<s>>>
— 9i(5,y1(pi1 (s )) y2(pia(s)), y3(piz(s)))| ds

+o00  ptoo
[ e e i ). a2 i )
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(u, y1(gi1 (u y?(QZZ( ), y3(gi3(w)))| duds
400 400 ptoc
/ / / ST 01 (1 (0). i) i 0)

—1i(v, y1(Mi1 (), y2(Mi2(v)), y3 (ni3(v)))] dv du ds

< d;(t) max, |z (t — 035) — yj(t — 045)]

+0 1 (s) maxy<j<3 |$j(pz'j( 8)) —y;(pij(s))]
+/ Xi(s)

/+°° /+°° 7i(u maX1<]<3 lzj(qij(u)) — y;(gi;(u))]

Ai(8)ri(u)

j

/+oo /+oo /+OO Cz max1<3<3 |$ (77”(11)) '(7729( ))‘
u Ai(s)ri(u)

<d+/ )d /W/W&Q;’Z K
/+00/+°°/+°° Gi(v el dvduds Iz -yl

1+d
2

ds

duds

dv du ds

Iz =yl t>T,ic{1,23),

which implies that ||Qrz — Qry|l < #Hm —y|| for any z,y € Q(a,b). Clearly,
@y, is a contraction mapping by d € (0,1). Consequently, Q7 has a unique fixed
point z € Q(a,b), which is a bounded positive solution of equations (1.5). The
rest of the proof is similar to that of Theorem 3.1 and is omitted. This completes
the proof. O
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