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Hom-Akivis algebrasA. Nourou IssaAbstrat. Hom-Akivis algebras are introdued. The ommutator-Hom-assoiatoralgebra of a non-Hom-assoiative algebra (i.e. a Hom-nonassoiative algebra) isa Hom-Akivis algebra. It is shown that Hom-Akivis algebras an be obtainedfrom Akivis algebras by twisting along algebra endomorphisms and that the lassof Hom-Akivis algebras is losed under self-morphisms. It is pointed out thata Hom-Akivis algebra assoiated to a Hom-alternative algebra is a Hom-Malevalgebra.Keywords: Akivis algebra, Hom-assoiative algebra, Hom-Lie algebra, Hom-Aki-vis algebra, Hom-Malev algebraClassi�ation: 17A30, 17D10, 17D991. IntrodutionThe theory of Hom-algebras originated from Hom-Lie algebras introduedby J.T. Hartwig, D. Larsson, and S.D. Silvestrov in [9℄ in the study of quasi-deformations of Lie algebras of vetor �elds, inluding q-deformations of Witt al-gebras and Virasoro algebras. The onnetion between the theory of Hom-algebrasand deformation theory and other trends in mathematis attrated attention ofresearhers (see, e.g., [5℄, [6℄, [7℄, [8℄, [12℄, [13℄, [15℄, [20℄). Generalizing the relationbetween Lie algebras and assoiative algebras, the notion of a Hom-assoiative al-gebra is introdued by A. Makhlouf and S.D. Silvestrov in [14℄, where it is shownthat the ommutator algebra (with the twisting map) of a Hom-assoiative alge-bra is a Hom-Lie algebra. By twisting de�ning identities, other Hom-type algebrassuh as Hom-alternative algebras, Hom-Jordan algebras [12℄, Hom-Novikov alge-bras [21℄, or Hom-Malev algebras [22℄ are introdued and disussed.As for Hom-alternative algebras or Hom-Novikov algebras, we onsider inthis paper a twisted version of the Akivis identity whih de�nes the so-alledAkivis algebras. We all \Hom-Akivis algebra" this twisted Akivis algebra. Itis known [3℄ that the ommutator-assoiator algebra of a nonassoiative algebrais an Akivis algebra. This led us to onsider \non-Hom-assoiative algebras"i.e. Hom-nonassoiative algebras or nonassoiative Hom-algebras ([13℄, [14℄, [19℄)and we point out that the ommutator-Hom-assoiator algebra of a non-Hom-assoiative algebra has a Hom-Akivis struture. In this setting, Akivis algebrasare speial ases of Hom-Akivis algebras in whih the twisting map is the identitymap. Also the lass of Hom-Akivis algebras ontains the one of Hom-Lie algebrasin the same way as the lass of Akivis algebras ontains the one of Lie algebras.



486 A.N. IssaAkivis algebras were introdued by M.A. Akivis ([1℄, [2℄, [3℄) as a tool in thestudy of some aspets of web geometry and its onnetion with loop theory.These algebras were originally alled \W -algebras" [3℄. Later, K.H. Hofmannand K. Strambah [10℄ introdued the term \Akivis algebras" for suh algebraiobjets.The rest of the present paper is organized as follows. In Setion 2 we reallbasi de�nitions and useful results about Akivis algebras, Hom-Lie algebras andHom-assoiative algebras. In Setion 3 we onsider non-Hom-assoiative alge-bras (one observes the ounterpart of the generalization of assoiative algebras bynonassoiative ones). We onstrut examples of non-Hom-assoiative algebras. InSetion 4 Hom-Akivis algebras are onsidered. Two methods of produing Hom-Akivis algebras are provided, starting with either non-Hom-assoiative algebras(Theorem 4.2) or usual Akivis algebras along with twisting maps (Corollary 4.5).Examples illustrating Corollary 4.5 are provided. Theorem 4.8 gives a onstru-tion method of a sequene of Hom-Akivis algebras from a given Akivis algebra.Hom-Akivis algebras are shown to be losed under twisting by self-morphisms(Theorem 4.4). In Setion 5, Hom-Akivis algebras assoiated to Hom-alternativealgebras are shown to be Hom-Malev algebras (these later algebrai objets arereently introdued by D. Yau [22℄). This ould be seen as a generalization of theMalev onstrution of Moufang-Lie algebras (i.e. Malev algebras) from alterna-tive algebras [16℄.Throughout this paper, all vetor spaes and algebras are meant over a ground�eld K of harateristi 0.2. PreliminariesWe reall useful de�nitions and results that are for further use. We begin withAkivis algebras.An Akivis algebra (A; [�;�℄; h�;�;�i) is a vetor spae A together with abilinear skew-symmetri binary operation (x; y) 7! [x; y℄ and a trilinear ternaryoperation (x; y; z) 7! hx; y; zi that are linked by the identity(2.1) 	(x;y;z)[[x; y℄; z℄ = 	(x;y;z)hx; y; zi �	(x;y;z)hy; x; zi;where here, and in the sequel, 	(x;y;z) denotes the sum over yli permutationof x; y; z.The relation (2.1) is alled the Akivis identity .In loop theory, roughly, Akivis algebras are for loal smooth loops what areLie algebras for loal Lie groups. However Akivis algebras originated from webgeometry ([1℄, [2℄; see also [4℄ for a survey of the subjet). The onnetion betweenweb geometry and loop theory is briey skethed as follows.First we reall that a quasigroup is a groupoid (Q; �) in whih the equationx � y = z is uniquely solvable with respet to x and y for any x; y; z 2 Q, and thata loop is a quasigroup with an identity element.



Hom-Akivis algebras 487Let X and Y be r-dimensional di�erentiable manifolds and M = X � Y the2r-dimensional manifold whose points are pairs (x; y) with x 2 X and y 2 Y .Consider in M three families of r-dimensional surfaes given by equations x = a,y = b and z = q(x; y), where q(x; y) = z de�nes a quasigroup. These families ofsurfaes onstitute on M a three-web W if they satisfy the following properties.(a) Two surfaes of the same family are disjoint.(b) Two surfaes of di�erent families are inident to one point of M .() Any point (x; y) 2M is inident to just one surfae of eah family.The quasigroup de�ned by q(x; y) = z is then alled the oordinate (loaldi�erentiable) quasigroup of the web W (see, e.g., [2℄, [4℄).Conversely, if on a 2r-dimensional manifold M three families of r-dimensionalsurfaes satisfying (a), (b) and () above are given, i.e. a three-web of r-dimen-sional surfaes is de�ned on M , then this web generates six loal di�erentiablequasigroups that are parastrophi eah to other ([2℄). In fat, any two of thethree families of surfaes an be hosen as oordinates and their equations arewritten as x = a and y = b; therefore the equation of the third family is writtenas q(x; y) = . Thus, by properties (a), (b), (), the mapping z = q(x; y) satis�esall the onditions in the de�nition of a quasigroup. Sine there are six di�erentways of hoosing an ordered pair from three families of surfaes of a three-web,one gets six oordinate quasigroups for a given three-web. Also reall that thereare six quasigroups parastrophi to eah given quasigroup.Thus there is a one-to-one orrespondene between the lass of quasigroupsand the lass of three-webs.In loal oordinates, the quasigroup equation z = q(x; y) is written as(2.2) zi = qi(xj ; yk):Using the Taylor formula, the equation (2.2) an be expanded in a neighbor-hood of a �xed point of the loal di�erentiable quasigroup [2℄. Then M.A. Akivisintrodued the so-alled fundamental tensors �ijk, �ijkl of the quasigroup (theyare expressed through the oeÆients in the Taylor expansion of (2.2)). Thesetensors are related by the following formula(2.3) �i[jkl℄ = 2�s[jk�ijsjl℄i.e. 12�ijkl � 12�ikjl + 12�iklj � 12�ilkj + 12�iljk � 12�ijlk= 2(�sjk�isl + �skl�isj + �slj�isk):We note that the relation (2.3) is �rst obtained in [1℄, where the exteriordi�erential forms and exterior derivations are used in the study of three-webs(the three families of multidimensional surfaes of the onsidered three-web are



488 A.N. Issagiven by three systems of PfaÆan forms). It is now easy to see that (2.3) is thetensor form of the Akivis identity (2.1).It is well known that the ommutator algebra of an assoiative algebra is a Liealgebra. M.A. Akivis [3℄ generalized this onstrution to nonassoiative algebras.Reall that an algebra (A; �) is said to be nonassoiative if there is at least a triplex; y; z 2 A suh that (x � y) � z 6= x � (y � z). The following holds.Theorem 2.1 ([3℄). The ommutator-assoiator algebra of a nonassoiative al-gebra is an Akivis algebra.The Akivis algebra onstruted by Theorem 2.1 is said to be assoiated (to agiven nonassoiative algebra) [10℄.In Setion 4 (Theorem 4.2) we give the Hom-ounterpart of Theorem 2.1. Be-forehand we reall some fats about Hom-algebras.A Hom-module [20℄ is a pair (A; �A), whereA is a vetor spae and �A : A 7! Aa linear map.A Hom-assoiative algebra [14℄ is a triple (A; �A; �A) in whih (A; �A) is aHom-module and �A : A�A 7! A is a bilinear operation on A suh that(2.4) �A(�A(x; y); �A(z)) = �A(�A(x); �A(y; z));for all x; y; z 2 A.The relation (2.4) is alled the Hom-assoiativity for (A; �A; �A). If �A = idA,then (2.4) is just the assoiativity.Using the abbreviation xy for �A(x; y), the Hom-assoiativity (2.4) reads(xy)�A(z) = �A(x)(yz):The Hom-assoiative algebra (A; �A; �A) is said to be multipliative if �A isan endomorphism (i.e. a self-morphism) of (A; �A). Hom-assoiative algebras arelosely related to Hom-Lie algebras.A Hom-Lie algebra is a triple (A; [�;�℄; �A) in whih (A; �A) is a Hom-moduleand [�;�℄ : A�A 7! A is a bilinear skew-symmetri operation on A suh that(2.5) 	(x;y;z)[[x; y℄; �A(z)℄ = 0;for x; y; z 2 A.The relation (2.5) is alled the Hom-Jaobi identity . If, moreover, �A is anendomorphism of (A; [�;�℄), then (A; [�;�℄; �A) is said to be multipliative.Examples of Hom-Lie algebras ould be found in [9℄, [14℄, [20℄.In the Hom-Lie setting, the Hom-assoiative algebras play the role of asso-iative algebras in the Lie setting in this sense that the ommutator algebra ofa Hom-assoiative algebra is a Hom-Lie algebra [14℄. In [20℄ it is shown howarbitrary assoiative (resp. Lie) algebras give rise to Hom-assoiative (resp. Hom-Lie) algebras via endomorphisms. These onstrutions are onsidered here in theHom-Akivis setting.



Hom-Akivis algebras 4893. Non-Hom-assoiative algebras. ExamplesIn [14℄, [19℄ the notion of a Hom-assoiative algebra is extended to the oneof a Hom-nonassoiative algebra (or nonassoiative Hom-algebra, or just Hom-algebra), i.e. a Hom-type algebra in whih the Hom-assoiativity (as de�ned by(2.4)) does not neessarily hold. In this setion and in the rest of the paper,suh a Hom-type algebra will be alled \non-Hom-assoiative" (although thisterminology seems to be somewhat umbersome) in order to stress the Hom-ounterpart of the generalization of assoiative algebras by the nonassoiativeones. We provide some examples.De�nition 3.1 ([13℄, [14℄, [19℄). A multipliative non-Hom-assoiative (i.e. notneessarily Hom-assoiative) algebra is a triple (A; �; �) suh that(i) (A; �) is a Hom-module;(ii) � : A�A 7! A is a bilinear operation on A;(iii) � is an endomorphism of (A; �) (multipliativity).Thus, by the non-Hom-assoiativity of (A; �; �) with a given endomorphism �,we mean that there is at least a triple x; y; z 2 A suh that �(�(x; y); �(z)) 6=�(�(x); �(y; z)).If � is the identity map in De�nition 3.1, then (A; �; �) redues to a nonasso-iative algebra (A; �).For a non-Hom-assoiative algebra, it makes sense to onsider the so-alledHom-assoiators [12℄ (see also [14℄), just as assoiators are onsidered in a nonas-soiative algebra.Let (A; �; �) be a non-Hom-assoiative algebra, where A is a K -linear spae,� a bilinear operation on A and � a twisting map. For any x; y; z 2 A, theHom-assoiator is de�ned by(3.1) as(x; y; z) = �(�(x; y); �(z))� �(�(x); �(y; z)):Then (A; �; �) is said to be:Hom-exible, if as(x; y; x) = 0;Hom-alternative, if as(x; y; z) is skew-symmetri in x; y; z.The following example of a non-Hom-assoiative algebra is derived from anexample in [12℄.Example 3.2. Let fu; v; wg be a basis of a three-dimensional vetor spae A.De�ne on A the operation � and the linear map � as follows:�(u; u) = au; �(v; v) = av�(u; v) = �(v; u) = av; �(v; w) = bw�(u;w) = �(w; u) = bw; �(w; v) = �(w;w) = 0;



490 A.N. Issawhere a; b 2 K , a 6= 0, b 6= 0 and a 6= b. Then (A; �) is nonassoiative sine�(�(v; v); w) 6= �(v; �(v; w)). Let�(u) = av; �(v) = aw; �(w) = bu:Now we have �(�(u; v); �(w)) = �(av; bu) = a2bvand �(�(u); �(v; w)) = �(av; bw) = ab2wso �(�(u; v); �(w)) 6= �(�(u); �(v; w)), i.e. the Hom-assoiativity fails for the triple(A; �; �), and thus (A; �; �) is non-Hom-assoiative.Other examples follow.Example 3.3. The Lie algebra sl(2; C ) has a basis fu; v; wg with multipliation:[u; v℄ = �2u; [u;w℄ = v; [v; w℄ = �2w:De�ne � : sl(2; C ) ! sl(2; C ) by setting:�(u) = w; �(v) = �v; �(w) = u:Then � is a self-morphism of (sl(2; C ); [�;�℄). Next [�(u); [w;w℄℄ = 0 while[[u;w℄; �(w)℄ = 2u so that (sl(2; C ); [�;�℄; �) is non-Hom-assoiative.Example 3.4. There is a �ve-dimensional nonassoiative (exible) algebra (A; �)with basis fe1; : : : ; e5g and multipliation:e1 � e2 = e5 + 12e4; e1 � e4 = 12e1 = �e4 � e1;e2 � e1 = e5 � 12e4; e2 � e4 = �12e2 = �e4 � e2;e3 � e4 = 12e3 = �e4 � e3; e4 � e4 = �e5;and all other produts are 0 (see [17, p. 29, Example 1.5℄). De�ne � : A ! A by:�(e1) = e2; �(e2) = e1; �(e3) = 0; �(e4) = �e4; �(e5) = e5:Then � is a self-morphism of (A; �). Moreover (A; �; �) is non-Hom-assoiativesine �(e3) � (e4 � e4) = 0 while (e3 � e4) � �(e4) = � 14e3. However, by Theorem 4.4in [22℄, (A; �; �) is Hom-exible.Example 3.5. The ommutator algebra A� of the algebra A of Example 3.4 isde�ned by:e1 ? e2 = e4 = �e2 ? e1; e1 ? e4 = e1 = �e4 ? e1;e2 ? e4 = �e2 = �e4 ? e2; e3 ? e4 = e3 = �e4 ? e3;



Hom-Akivis algebras 491and all other produts are 0. Then (A�; ?) is a Malev algebra ([17, p. 29, Ex-ample 1.5℄) and, as observed in [17℄, (A�; ?) is isomorphi to the unique �ve-dimensional non-Lie solvable Malev algebra found by E. N. Kuzmin [11℄. Next,de�ne the map � : A� ! A� as in Example 3.4 above. Then � is a self-morphismof (A�; ?) and (A�; ?; �) is non-Hom-assoiative sine �(e3) ? (e4 ? e4) = 0 and(e3 ? e4) ? �(e4) = �e3.One observes that the nonassoiativity of (A; �) may not be enough for thefailure of Hom-assoiativity in (A; �; �) and thus the hoie of the twisting mapis of prime signi�ane in the de�nition of Hom-type algebras. In other words,there is a freedom on how to twist. This is observed and investigated in [6℄. Inthe present paper, we onsider only twisting maps whih ensures the failure of theHom-assoiativity as de�ned by (2.4).A onstrution of Hom-assoiative algebras from assoiative algebras is givenby D. Yau in [20℄. This result ould be reported to the ase of nonassoiativealgebras, but here an additional ondition on the twisting map is needed (in fat,the twisting map must be an automorphism).Example 3.6. Let R be a unital nonassoiative algebra over K and let Rn denotethe algebra of n�n matries with entries in R and matrix multipliation denotedby �(x; y) = xy. Then A := (Rn; �) is also a unital nonassoiative algebra.Denote by N(A) the nuleus of A and suppose that there is an invertible elementu 2 N(A) and u�1 2 N(A). Then the map �(u) : A ! A de�ned by �(u)(x) =uxu�1 for x 2 Rn, is an automorphism of A.De�ne ��(u)(x; y) = u(xy)u�1, for all x; y 2 Rn. Then one heks that Au =(Rn; ��(u); �(u)) is a multipliative non-Hom-assoiative algebra and �(u) is anautomorphism of (Rn; ��(u)). In this way we get a family fAu : u 2 Rn invertibleand u; u�1 2 N(A)g of multipliative non-Hom-assoiative algebras.An example, similar to Example 3.7 above, is given in [20℄ desribing Hom-assoiative deformations by inner automorphisms.4. Hom-Akivis algebras. ConstrutionIn this setion we give the notion of a (multipliative) Hom-Akivis algebra thatould be seen as a generalization of an Akivis algebra and we point out that suha notion does �t with the one of a non-Hom-assoiative algebra given in Setion 3.In fat we prove the analogue of the Akivis onstrution (see Theorem 2.1) thatthe ommutator-Hom-assoiator algebra of a given non-Hom-assoiative algebrais a Hom-Akivis algebra (Theorem 4.2). Theorem 4.4 shows that the lass ofHom-Akivis algebras is losed under self-morphisms of suh algebras. Moreover,following [20℄ for Hom-assoiative algebras and Hom-Lie algebras, we give a pro-edure for the onstrution of Hom-Akivis algebras from Akivis algebras and theiralgebra endomorphisms (Corollary 4.5, with a generalization by Theorem 4.8).De�nition 4.1. A Hom-Akivis algebra is a quadruple (A; [�;�℄; [�;�;�℄; �),where A is a vetor spae, [�;�℄ : A � A ! A a skew-symmetri bilinear map,



492 A.N. Issa[�;�;�℄ : A�A�A ! A a trilinear map and � : A ! A a linear map suh that(4.1) 	(x;y;z)[[x; y℄; �(z)℄ = 	(x;y;z)[x; y; z℄�	(x;y;z)[y; x; z℄;for all x; y; z in A.A Hom-Akivis algebra (A; [�;�℄; [�;�;�℄; �) is said to be multipliative if �is an endomorphism with respet to [�;�℄ and [�;�;�℄.In analogy with Lie and Akivis ases, let us all (4.1) the Hom-Akivis identity .Remark. (1) If � = idA, the Hom-Akivis identity (4.1) is the usual Akivisidentity (2.1).(2) The Hom-Akivis identity (4.1) redues to the Hom-Jaobi identity (2.5),when [x; y; z℄ = 0, for all x; y; z in A.The following result shows how one an get Hom-Akivis algebras from non-Hom-assoiative algebras.Theorem 4.2. The ommutator-Hom-assoiator algebra of a multipliative non-Hom-assoiative algebra is a multipliative Hom-Akivis algebra.Proof: Let (A; �; �) be a multipliative non-Hom-assoiative algebra. For anyx; y; z in A, de�ne the operations[x; y℄ := �(x; y)� �(y; x) (ommutator)[x; y; z℄� := as(x; y; z) (Hom-assoiator; see (3.1)).For simpliity, set xy for �(x; y). Then[[x; y℄; �(z)℄ = (xy)�(z)� (yx)�(z) � �(z)(xy) + �(z)(yx)and [x; y; z℄� � [y; x; z℄� = (xy)�(z)� �(x)(yz) � (yx)�(z) + �(y)(xz):Expanding �[[x; y℄; �(z)℄ and �([x; y; z℄� � [y; x; z℄�) respetively, one gets (4.1)and so (A; [�;�℄; [�;�;�℄�; �) is a Hom-Akivis algebra. The multipliativity of(A; [�;�℄; [�;�;�℄�; �) follows from the one of (A; �; �). �The remarks above and Theorem 4.2 show that De�nition 4.1 �ts with thenon-Hom-assoiativity. The Hom-Akivis algebra onstruted by Theorem 4.2 issaid to be assoiated (to a given non-Hom-assoiative algebra). Starting fromother onsiderations and using other notations, D. Yau has ome to Theorem 4.2above (see [22, Lemma 3.16℄).For the next results we need the followingDe�nition 4.3. Let (A; [�;�℄; [�;�;�℄; �) and ( ~A; f�;�g; f�;�;�g; ~�) beHom-Akivis algebras. A morphism � : A ! ~A of Hom-Akivis algebras is a linearmap of K -vetor spaes A and ~A suh that�([x; y℄) = f�(x); �(y)g;



Hom-Akivis algebras 493�([x; y; z℄) = f�(x); �(y); �(z)g:For example, if we take (A; [�;�℄; [�;�;�℄; �) as a multipliative Hom-Akivisalgebra, then the twisting self-map � is itself an endomorphism of(A; [�;�℄; [�;�;�℄).The following result holds.Theorem 4.4. Let A� := (A; [�;�℄; [�;�;�℄; �) be a Hom-Akivis algebra and� : A ! A a self-morphism of A�. Let �0 = idA, �n = � Æ �n�1 for any integern � 1 and de�ne on A a bilinear operation [�;�℄�n and a trilinear operation[�;�;�℄�n by [x; y℄�n := �n([x; y℄);[x; y; z℄�n := �2n([x; y; z℄);for all x; y; z 2 A. Then A�n := (A; [�;�℄�n ; [�;�;�℄�n; �n Æ�) is a Hom-Akivisalgebra.Moreover, if A� is multipliative and � ommutes with �, then A�n is multi-pliative.Proof: Clearly [�;�℄�n (resp. [�;�;�℄�n) is a bilinear (resp. trilinear) map andthe skew-symmetry of [�;�℄ in A� implies the skew-symmetry of [�;�℄�n in A�n .Next, we have (by the Hom-Akivis identity (4.1)),	(x;y;z)[[x; y℄�n ; (�n Æ �)(z)℄�n = �2n(	(x;y;z)[[x; y℄; �(z)℄)= �2n(	(x;y;z)[x; y; z℄�	(x;y;z)[y; x; z℄)= 	(x;y;z)(�2n([x; y; z℄)� �2n([y; x; z℄))= 	(x;y;z)([x; y; z℄�n � [y; x; z℄�n);whih means that A�n is a Hom-Akivis algebra.The seond assertion is proved as follows:[(�n Æ �)(x); (�n Æ �)(y)℄�n = �n([(�n Æ �)(x); (�n Æ �)(y)℄)= �n([(� Æ �n)(x); (� Æ �n)(y)℄)= (�n Æ �)([�n(x); �n(y)℄)= (�n Æ �)(�n([x; y℄)) = (�n Æ �)([x; y℄�n)and[(�n Æ �)(x); (�n Æ �)(y); (�n Æ �)(z)℄�n= �2n([(�n Æ �)(x); (�n Æ �)(y); (�n Æ �)(z)℄)= �2n([(� Æ �n)(x); (� Æ �n)(y); (� Æ �n)(z)℄) = (�2n Æ �)([�n(x); �n(y); �n(z)℄)= ((�2n Æ �) Æ �n)([x; y; z℄) = ((� Æ �2n) Æ �n)([x; y; z℄)



494 A.N. Issa= ((� Æ �n) Æ �2n)([x; y; z℄) = (� Æ �n)(�2n([x; y; z℄))= (�n Æ �)([x; y; z℄�n):This ompletes the proof. �Corollary 4.5. Let (A; [�;�℄; [�;�;�℄) be an Akivis algebra and � an endo-morphism of (A; [�;�℄; [�;�;�℄). De�ne on A a bilinear operation [�;�℄� anda trilinear operation [�;�;�℄� by[x; y℄� := [�(x); �(y)℄ (= �([x; y℄));[x; y; z℄� := [�2(x); �2(y); �2(z)℄ (= �2([x; y; z℄));for all x; y; z 2 A, where �2 = � Æ �. Then (A; [�;�℄�; [�;�;�℄�; �) is a multi-pliative Hom-Akivis algebra.Moreover, suppose that ~A is another Akivis algebra and that ~� is an endomor-phism of ~A. If f : A ! ~A is an Akivis algebra morphism satisfying f Æ� = ~� Æ f ,then f : (A; [�;�℄�; [�;�;�℄�; �) ! ( ~A; [�;�℄~�; [�;�;�℄~�; ~�) is a morphism ofmultipliative Hom-Akivis algebras.Proof: The �rst part of this theorem is a speial ase of Theorem 4.4 above when� = id and n = 1. The seond part is proved in the same way as in Theorem 4.4when n = 1. For ompleteness, we repeat it as follows.[f(x); f(y)℄~� = ~�([f(x); f(y)℄) = (~� Æ f)([x; y℄)= (f Æ �)([x; y℄) = f([�(x); �(y)℄) = f([x; y℄�)and[f(x); f(y); f(z)℄~� = ~�2([f(x); f(y); f(z)℄) = (~�2 Æ f)([x; y; z℄)= (~� Æ ( ~� Æ f))([x; y; z℄) = (~� Æ (f Æ �))([x; y; z℄) = (( ~� Æ f) Æ �)([x; y; z℄)= ((f Æ �) Æ �)([x; y; z℄) = (f Æ �2)([x; y; z℄) = f(�2([x; y; z℄)) = f([x; y; z℄�):This ompletes the proof. �Remark. (1) The gist of Theorem 4.4 is that the ategory of Hom-Akivis algebrasis losed under twisting by self-morphisms.(2) Corollary 4.5 is the Akivis algebra analogue of a result in the Hom-Liesetting [20℄. It shows how Hom-Akivis algebras an be onstruted from Akivisalgebras. This proedure was �rst given by Yau [20℄ in the onstrution of Hom-assoiative (resp. Hom-Lie) algebras starting from assoiative (resp. Lie) algebras.Suh a proedure has been further extended to oalgebras [15℄ and to other sys-tems (see, e.g., [5℄, [12℄).As an illustration, we use Corollary 4.5 to onstrut examples of Hom-Akivisalgebras starting from given Akivis algebras.



Hom-Akivis algebras 495Example 4.6. Let (A; �) be the four-dimensional antiommutative algebra withbasis fe1; e2; e3; e4g and multipliation tablee1 � e2 = e2 = �e2 � e1; e1 � e3 = e3 = �e3 � e1; e1 � e4 = �e4 = �e4 � e1;e2 � e3 = �2e4 = �e3 � e2and all other produts are 0. Then (A; �) is a non-Lie Malev algebra ([18, Exam-ple 3.1℄). Then, by Theorem 2.1, the Akivis algebra (A; [�;�℄; [�;�;�℄) assoi-ated to (A; �) is given by:[e1; e2℄ = 2e2; [e1; e3℄ = 2e3; [e1; e4℄ = �2e4;[e2; e3℄ = �4e4;[e1; e1; e2℄ = �e2; [e1; e1; e3℄ = �e3; [e1; e1; e2℄ = e4;[e1; e2; e3℄ = �2e4;[e1; e3; e2℄ = 4e4;[e1; e4; e4℄ = �2e4;[e2; e1; e1℄ = e2; [e2; e1; e3℄ = 4e4;[e2; e3; e1℄ = �4e4;[e3; e1; e1℄ = e3; [e3; e1; e2℄ = �4e4;[e3; e2; e1℄ = 4e4;[e4; e1; e1℄ = e4:Now de�ne a linear map � : A 7! A by�(e1) = e1 + e4; �(e2) = e3; �(e3) = e3; �(e4) = 0:Then � is an endomorphism of (A; �) and, subsequently, by linearity, also anendomorphism of the assoiated Akivis algebra (A; [�;�℄; [�;�;�℄). Next, de�neon A the operations [�;�℄� and [�;�;�℄� by[e1; e2℄� = 2e3; [e1; e3℄� = 2e3;[e1; e1; e2℄� = �e3; [e1; e1; e3℄� = �e3;[e2; e1; e1℄� = e3;[e3; e1; e1℄� = e3and all missing produts are 0. Then Corollary 4.5 implies that(A; [�;�℄� ; [�;�;�℄�; �) is a Hom-Akivis algebra.Example 4.7. Let (A; �) be the two-dimensional algebra with basis fe1; e2g andmultipliation given by e1 � e2 = e1; e2 � e2 = e1



496 A.N. Issaand all missing produts are 0. Then (A; �) is nonassoiative sine, e.g.,(e1 � e2) � e2 = e1 6= 0 = e1 � (e2 � e2). Theorem 2.1 implies that the Akivisalgebra (A; [�;�℄; [�;�;�℄) assoiated to (A; �) has the following multipliationtable: [e1; e2℄ = e1;[e1; e2; e2℄ = e1;[e2; e2; e2℄ = e1:Next, if we de�ne a linear map � : A 7! A by�(e1) = 2e1; �(e2) = e1 + e2;then � is an endomorphism of (A; [�;�℄; [�;�;�℄) and, de�ning on A the oper-ations [�;�℄� and [�;�;�℄� by [e1; e2℄� = 2e1;[e1; e2; e2℄� = 4e1;[e2; e2; e2℄� = 4e1;we get, by Corollary 4.5, that (A; [�;�℄�; [�;�;�℄�; �) is a Hom-Akivis algebra.Exploiting the idea behind Theorem 4.4, we onlude this setion by on-struting reursively in the following theorem a sequene of Hom-Akivis algebrasstarting from a given Akivis algebra (whih is seen as a Hom-Akivis algebra withthe identity map as the twisting map).Theorem 4.8. Let (A; [�;�℄; [�;�;�℄) be an Akivis algebra and � an endo-morphism of (A; [�;�℄; [�;�;�℄). Let �0 = idA and, for any integer n � 1,�n = � Æ �n�1. De�ne on A a bilinear operation [�;�℄�n and a trilinear opera-tion [�;�;�℄�n by [x; y℄�n := �([x; y℄�n�1);[x; y; z℄�n := �2([x; y; z℄�n�1);for all x; y; z 2 A. Then A�n := (A; [�;�℄�n ; [�;�;�℄�n; �n) is a multipliativeHom-Akivis algebra.Proof: If n = 1 then A� := (A; [�;�℄� ; [�;�;�℄�; �) is a multipliative Hom-Akivis algebra by Corollary 4.5.Suppose now that, up to n� 1, A�n�1 are multipliative Hom-Akivis algebras.Then 	(x;y;z)[[x; y℄�n ; �n(z)℄�n = 	(x;y;z)�2([[x; y℄�n�1 ; �n�1(z)℄�n�1)= �2(	(x;y;z)[[x; y℄�n�1 ; �n�1(z)℄�n�1)= �2(	(x;y;z)[x; y; z℄�n�1 �	(x;y;z)[y; x; z℄�n�1)



Hom-Akivis algebras 497= 	(x;y;z)�2([x; y; z℄�n�1)�	(x;y;z)�2([y; x; z℄�n�1)= 	(x;y;z)[x; y; z℄�n �	(x;y;z)[y; x; z℄�n(observe that we used the Hom-Akivis identity in A�n�1) so that A�n is a Hom-Akivis algebra. The multipliativity of A�n follows from the fat that � is anendomorphism of (A; [�;�℄; [�;�;�℄). �5. Hom-Malev algebras from Hom-Akivis algebrasAs for Akivis algebras, the notion of a Hom-Akivis algebra seems to be toowide in order to develop interesting spei� results. For this purpose, it wouldbe natural to onsider some additional onditions and properties on Hom-Akivisalgebras.In this setion, we onsider Hom-alternativity and Hom-exibility in Hom-Akivis algebras. The main result here (see Theorem 5.5) is that the Hom-Akivisalgebra assoiated with a Hom-alternative algebra has a Hom-Malev struture(this ould be seen as another version of Theorem 3.8 in [22℄).Sine only the ternary operation of an Akivis algebra is involved in its alter-nativity or exibility [3℄, we report these notions to Hom-Akivis algebras in thefollowingDe�nition 5.1. A Hom-Akivis algebra A� := (A; [�;�℄; [�;�;�℄; �) is said tobe: (i) Hom-exible, if [x; y; x℄ = 0, for all x; y 2 A;(ii) Hom-alternative, if [�;�;�℄ is alternating (i.e. [�;�;�℄ vanishes when-ever any pair of variables are equal).Remark. By linearization, as for assoiators in nonassoiative algebras, oneheks that(1) the Hom-exible law [x; y; x℄ = 0 in A� is equivalent to[x; y; z℄ = �[z; y; x℄;(2) the Hom-alternativity of A� is equivalent to its left Hom-alternativity([x; x; y℄ = 0) and right Hom-alternativity ([y; x; x℄ = 0) for all x; y 2 A.The following result is an immediate onsequene of Theorem 4.2 and De�ni-tion 5.1.Theorem 5.2. Let (A; �; �) be a non-Hom-assoiative algebra and(A; [�;�℄; as(�;�;�); �) its assoiate Hom-Akivis algebra.(i) If (A; �; �) is Hom-exible, then (A; [�;�℄; as(�;�;�); �) isHom-exible.(ii) If (A; �; �) is Hom-alternative, then so is (A; [�;�℄; as(�;�;�); �). �We have the following haraterization of Hom-Lie algebras in terms of Hom-Akivis algebras.



498 A.N. IssaProposition 5.3. Let A� := (A; [�;�℄; [�;�;�℄; �) be a Hom-exible Hom-Akivis algebra. Then A� is a Hom-Lie algebra if and only if 	(x;y;z)[x; y; z℄ = 0,for all x; y 2 A.Proof: The Hom-Akivis identity (4.1) and the Hom-exibility in A� imply	(x;y;z)[[x; y℄; �(z)℄ = 2 	(x;y;z)[x; y; z℄so that 	(x;y;z)[[x; y℄; �(z)℄ = 0 if and only if 	(x;y;z)[x; y; z℄ = 0 (reall that theground �eld K is of harateristi 0). �The following result is a slight generalization of Proposition 3.17 in [22℄, whihin turn generalizes a similar well-known result in alternative rings:Proposition 5.4. Let A� := (A; [�;�℄; [�;�;�℄; �) be a Hom-alternative Hom-Akivis algebra. Then(5.1) 	(x;y;z)[[x; y℄; �(z)℄ = 6 	(x;y;z)[x; y; z℄for all x; y; z 2 A.Proof: The appliation to (4.1) of the Hom-alternativity in A� gives the proof.�We now ome to the main result of this setion, whih is Theorem 3.8 in [22℄but from a point of view of Hom-Akivis algebras.In [22℄ D. Yau introdued the notion of a Hom-Malev algebra: a Hom-Malevalgebra is a Hom-algebra (A; [�;�℄; �) suh that the binary operation [�;�℄ isskew-symmetri and that the identity(5.2) 	(�(x);�(y);zx)[[�(x); �(y)℄; �(zx)℄ = [	(x;y;z)[[x; y℄; �(z)℄; �2(x)℄holds for all x; y; z 2 A, where zx := [x; z℄ and 	(�(x);�(y);zx) denotes the sumover yli permutation of �(x); �(y), and zx. The identity (5.2) is alled theHom-Malev identity .Observe that when � = id then, by the skew-symmetry of [�;�℄, the Hom-Malev identity redues to the Malev identity ([16℄, [18℄).The alternativity in Akivis algebras leads to Malev algebras [3℄. The Hom-version of this result is the followingTheorem 5.5. Let (A; �; �) be a Hom-alternative Hom-algebra and(A; [�;�℄; as(�;�;�); �) its assoiate Hom-Akivis algebra, where [x; y℄ = x � y�y � x for all x; y 2 A. Then (A; [�;�℄; as(�;�;�); �) redues to a Hom-Malevalgebra.Proof: From Theorem 4.2 we get that (A; [�;�℄; as(�;�;�); �) is Hom-alter-native so that (5.1) implies(5.3) 	(�(x);�(y);z)[[�(x); �(y)℄; �(z)℄ = 6 as(�(x); �(y); z)
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