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On noncompact perturbation

of nonconvex sweeping process
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Abstract. We prove a theorem on the existence of solutions of a first order func-
tional differential inclusion governed by a class of nonconvex sweeping process
with a noncompact perturbation.
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1. Introduction

The aim of this paper is to prove the existence of solutions of the following
nonconvex differential inclusions

z(t) € —Ng(t) (z(t)) + F(t,T(t)z) a.eon [0,7];
(1.1) z(t) = p(t) Vit € [—a,0];
z(t) € C(t) Vtelo,7],

where C' is a nonconvex set-valued mapping, Ng(t) (z(t)) denotes a prescribed

normal cone to the set C(t) at z(t), F is a set-valued mapping with nonconvex
and noncompact values, and ¢ is a continuous function.

The evolution problem (1.1) is generally called the sweeping process. It has
been introduced and studied by Moreau (without memory), in the setting where
all sets C'(t) are assumed to be convex (see for example [9]). Note that, the
sweeping process is related to the modelization of elasto-plastic materials (see for
example [10] and [11]).

The differential inclusions (1.1), with C(t) convex or the complement of the
interior of a convex set, have been considered by several authors (see [4], [13] and
the references therein). Recently, using important properties of uniformly p-prox-
regular sets developed in [2] and [12], the existence of solutions of the sweeping
process with convex or nonconvex perturbation is established (see for example [6]
and [8]). Remark that, in all the cited papers, the compactness assumption on
the perturbation is widely used.

In this paper, our main purpose is to obtain the existence of solutions of (1.1),
in the case when C(t) is uniformly p-prox-regular and the perturbation F(:,:) is
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nonconvex, noncompact, integrably bounded, measurable with respect to the first
argument and Lipschitz continuous with respect to the second argument.

2. Preliminaries and statement of the main result

Let H be a real separable Hilbert space with the norm || -|| and the scalar prod-
uct (-,+). For I a segment in R, we denote by C(I, H) the Banach space of continu-
ous functions from I to H equipped with the norm ||z(-)||s := supq{||z(t)|;t € I}.
For a a positive number, we put C, := C([—a,0], H) and for any t € [0,T], T > 0,
we define the operator T(t) from C([—a,T),H) to C, with (T'(t)(z(-)))(s)
(T(t)z)(s) == z(t+s), s € [-a,0]. For z € H and r > 0 let B(z,r) := {y
H;|ly — || < r} be the open ball centered at  with radius » and B(z,r) b
its closure and put B = B(0,1). For ¢ € C; and r > 0 let Bo(p,7) 1= {¢
Ca; I — ¢|lo < 7} be the open ball centered at ¢ with radius r and B, (p,r) be
its closure. For z € H and for nonempty subsets A, B of H we denote d(z)
or d(z,A) the real inf{|ly — z|;y € A}, e(4,B) := sup{dp(z);x € A} and
H(A, B) = max{e(A, B),e(B, A)}. For measurability purpose, H (resp. ) C H)
is endowed with the o-algebra B(H) (resp. B(Q2)) of Borel subsets for the strong
topology and the segment I is endowed with Lebesgue measure and the o-algebra
of Lebesgue measurable subsets. A multifunction is said to be measurable if its
graph is measurable. For more details on measurability theory, we refer the reader
to book of Castaing-Valadier [3].

We need first to recall some notations and definitions that will be used in all
the paper.

Let V : H - RU{+o0} be a lower semicontinuous function and z be any point
where V is finite. The proximal subdifferential 0PV (z) of V at z is the set of all
y € H, for which there exist §,¢ > 0 such that for all 2’ € z + 0B

(y,2' —2) < V(') - V(z) +olla’ — 2.

Let S be a nonempty closed subset of H and z be a point in S. We recall
(see [5]) that the proximal normal cone of S at x is defined by NE(z) := 0P1s(z),
where ts(-) denotes the indicator function of S, i.e., ¥s(z) =0if z € S and +oo
otherwise.

Recall now that for a given p €]0, +oc], a subset S is uniformly p-prox-regular
(see [12]), or equivalently p-proximally smooth (see [5]), if and only if every
nonzero proximal normal to S can be realized by a p-ball, this means that for
all z € S and all £ € N%(z) \ {0} one has

€ _ 1 _

for all z € S. We make the convention % = 0 for p = 4o0o. Recall that for
p = +oc the uniform p-prox-regularity of S is equivalent to the convexity of S.
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The following propositions summarize some important, consequences of uniform
prox-regularity needed in the sequel.

Proposition 2.1 ([12]). Let S be a nonempty closed subset in H and z € S.
The following assertions hold.
(i) ord(z,S) = NE(z) N B.
(ii) Let p €]0,4+oc]. If S is uniformly p-prox-regular, then for all x € H
with d(z,S) < p one has Projg(z) # 0 and 0Fd(z, S) = 8°d(x, S), where
0%d(x, S) is the Clarke subdifferential of d(-,S) at x. So, in such a case,
the subdifferential Od(z,S) := 0Fd(x,S) = 0%d(z, S) is a closed convex
set in H.
(iii) If S is uniformly p-prox-regular, then for all z; € S and all v; € N§(z;)
with ||v;|| < p (i =1,2) one has

(v1 — V2,1 — T2) > —||1 — 32|

As a consequence of (iii) we get that for uniformly p-prox-regular sets, the
proximal normal cone to S coincides with all the normal cones contained in the
Clarke normal cone at all points # € S, i.e., NI () = N§ (). In such a case, we
put Ns(z) := N§ (z) = N§ (z).

Proposition 2.2 ([2]). Let p €]0,+oc] and Q be an open subset in H and let
C : Q — 2 be a Hausdorff-continuous set-valued mapping. Assume that C has
uniformly p-prox-regular values. Then, the set-valued mapping given by (z,z) —
ddc ) (z) from Q x H (endowed with the strong topology) to H (endowed with
the weak topology) is upper semicontinuous, which is equivalent to the upper
semicontinuity of the function (z,2) — o(ddc(:)(z),p) for any p € H. Here
o (S, p) denotes the support function associated with S, i.e., (S, p) = sup (s, p).

Let us recall the following lemmas that will be used in the sequel.
Lemma 2.3 ([15]). Let Q be a nonempty set in H. Assume that F : [a,b] x Q —
27 is a multifunction with nonempty closed values satisfying:
e for every z € Q, F(-,z) is measurable on [a,b];
e for every t € [a,b], F(t,-) is (Hausdorff) continuous on Q.
Then for any measurable function z(-) : [a,b] — Q, the multifunction F(-,z()) is

measurable on [a, b].

Lemma 2.4 ([15]). Let G : [a,b] — 2 be a measurable multifunction and
y(+) : [a,b] = H a measurable function. Then for any positive measurable function
r(-) : [a,b] = R, there exists a measurable selection g(-) of G such that for almost
all t € [a,b)

lg() —y@) < d(y(t), G(t)) + r(t).
Assume that the following hypotheses hold:

(H1) C :[0,b] — 2" is a set-valued map with nonempty compact values satis-
fying
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(a) for each ¢ € [0,b], C(t) is p-prox-regular for some fixed p €]0, +o0];

(b) there exists an absolutely continuous function » : [0,b] — R such
that

d(z, C(1)) = d(z,C(s))| < |v(t) = v(s)|

for all z € H and s,t € [0, b];

(H2) F : [0,b] x C, — 2 is a set-valued map with nonempty closed values
satisfying
(i) for each ¢ € C,, t — F(t,v) is measurable;
(ii) there is a function m(-) € L ([0, ], R") such that for all ¢ € [0, b] and
for all 1,19 € Cq

H(F(t41), F(t 1)) < m@®)ls = o locs

(iii) for all bounded subset S of C,, there exist two functions gs(-), ps(-) €
L([0,b], R") such that for all ¢ € [0,b] and for all ¢y € S

IEE )= sup |yl < gs(t) +ps)[|¢]
yeF(t,¢

We established the following result:

Theorem 2.5. If assumptions (H1) and (H2) are satisfied, then for all ¢ € C,
such that ¢(0) € C(0), there exist T > 0, r > 0, and a continuous function
z(:) : [-a,T] = H, that is absolutely continuous on [—a,T] such that z(-) is
solution of

#(t) € =Nogy(@(t)) + F(t, T(t)z) a.e on [0,T];
(1) = p(t) Vi€ [~a,0];
t ,

and satisfies
llz(@)]| < [o(t)] + g(t) + pt)(l¢llee + 1),  for almost all t € [0,T].

3. Proof of the main result

Fix ¢ € C, such that ¢(0) € C'(0). Let » > 0 and g(-),p(-) € L'([0,b], R*) be
such that

(3.1) 1F(t, )| < g(t) +p®)][¢llee V() €[0,b] x Ba(ep, 7).
Let T7 > 0 be such that

(3.2) /OTl (20(0) + 20(0) (e + 1) +15(0)]) dit < in {

NSNS

3

Y

N =
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The idea of such T; has been used in [7]. For € > 0 set
W)ﬂw%ﬂmk

22 (1609 +29(5) + 20(3) ([l + 1)) dls| < 2,

and [[¢(t1) — p(t2)l| <& if [t —taf < 7}-

Put

(3.4) T = min {Tl,%n(g),b}.

We will used the following lemma to prove the main result.

Lemma 3.1. If assumptions (H1) and (H2) are satisfied, then for all n € N* and
for all y(-) € L'([0,T], H), there exist a continuous mapping x,(-) : [-a,T] — H,
a step functions 0,,(+),0,(:) : [0,T] — [0,T] and f,(-) € L'([0,T], H) such that

o fu(t) € F(t,T(0n(t)7n), T0(0,(t)) € C(An(t)), for allt € [0,T);
o 1fa(t) —y@ < dly(t), F(t,T(0a(t))zn)) + 5 for all t € [0,T];

. (x'n(t) - fn(t)) € —N(o(én(t)),xn(én(t))) for almost all ¢ € [0, T];
o [[in(®) = Fa®Il < [6(8)]+ 9(8) + () (r + |lloc) for almost every ¢ € [0,T].

ProoF: Fix n € N* and let y(-) : [0,7] — H be a measurable function. Consider
a sequence (P,), of subdivisions of [0, T]:

Pn:{0:t3<t?<---<t?<---<t§2:T}

where t} = i2—,,, 0 < i < 2" Let us define a sequence (z,), of approximate
solutlons as follows. Set x,(s) = p(s) for all s € [—a,0]. Put 2l = ¢(0) € C(t}).
In view of Lemma 2.4, there exists a function f& € L([0,t}], H) such that f'(t) €

F(t,T(0)z,) and

1786) = 0)ll < d(y(0), F(t. TO))) +
for all t € [0,¢7]. By (H1), (3.1) and (3.2), we have

¢

4
fa'(s) d8> < dcqp) (;gg . fa'(s) dS) + [v(t7) = v(to)l

t7 t7
< [Cig@las+ [ i) as
0

0

dC(t?) (iﬂg +

g
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£
<

(g(S) +p(s)llello + \o(s)|) ds

<

l\D'I‘b O,s\

As C has uniformly p-prox-regular values, by Proposition 2.1, we have

tg

i
Projc iy (mg + fo(s)d ) # 0.

Then, one can choose a point z} in

T
Projen) (xg + o (s) ds) .

tg

Note that 27 € C(t7) and

Remark that

21 = (0)]]

T ¢
oy — (xg + [ fi(s) d8> H = doy) (xg + / fa'(s) d8>
g g

IN

/tt? (9(S> +p(s)llepll o + \o(s)|) ds.

n
0

T 7
< x?—(z3+ fa%s)ds) + [ ds
tn tz
2
< [ (20)+ 2005}l + 0] ) ds
&
r
< —=.
- 2

Then 27 € B(p(0),7). Now, set

zn(t) = zg

M(ﬁ —ap— [ AR ds) | Jols)ds

a(ty) = a(tg) tg

for all ¢ € [tf,t}], where

a(t)

[ (1566) + 89+ p(s) 0 + lgll)) ds, Ve € 0.7
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So for all ¢ € [t§, 7]

a(t) — a(tg)

tl
——— =g~z — (s)ds
o) —a(t) | Ty IO

g

lzn(t) = (0)]] <

t
+ [

0

< at)—a() + / 9(5) + p(t)l|plloc ds

n

to

(161 +29(5) + 2 + llpll) ) ds

<

T~

tg

<

N =3

which is equivalent to @,(t) € B(yp(0),%) for all ¢ € [t§,t7]. Now, we have
to estimate |[(T'(t7)xn)(s) — ¢(s)|| for each s € [—a,0]. If —t7 < s < 0, then
t? + s € [0,t7]. Thus, by the fact that |s| <t} <T < (%), we have

(T (#)zn)(s) = (sl

[lzn (81 + 5) = @(s)]
[l (81 + 5) = ©(O)]] + [l¢(s) = (0)]

ININ

If —a <s < —t7, then ¢ + s € [—a,0] and

[(T(#7)2n)(s) — ()l

et + ) — ()l

IN
<

Therefore, T(t})z, € Ba(p(:),7).

We reiterate this process for constructing sequences (f7'(-)):, (z}'); satisfying,

for all 0 <4 < 2" — 1 and for all ¢ € [t},t},,], the following assertions:

(35) ) € F(LT(E),), 2f € C1), 3y € C(yy) N Blp(0).7),

(3.6) 2n(t) € B(p(0),r), T(t})zn € Ba(p("),1),
(3.7) 17 () =yl < d(y(t), F(t, T(t])an)) + % :
(3.8) Ty € Projc(t?Jrl) (xf + /tnz'u F(s) d8>,

(3.9)

ti
P P / £7(s) ds
tr
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_.n a(t) B Oé(t?) n n tinJrl n ! n
(3.10) @, (1) = = +m (%’H—% —/t? fi'(s) dé’) + ; fi'(s)ds

Now, we define the functions 6,,(-),8,,(-) : [0, T] = [0, T] and f,(-) € L*([0, T], H)

by setting for all ¢ € [t}', 7, [

On(t) = thhy, 0u(T) =T, fult) = f (1),
and for all t €]}, 17, ]
On(t) =t7, 6,(0) = 0.

We claim that z,(-) is absolutely continuous. Indeed, for all 0 <4 < 2" — 1 and
for all ¢ and s in [t}, 17, ,], s <, one has

-z s—M o —xt — i *(s)ds t.”s s
()~ a(s) = a(t)<z+1 - fz()d>+/sfz()d

Then, by (3.1) and (3.9) we get

2n(t) — 2n(s)]| = U—(SZ

(tH-l) a(t})

+ [ (o) + ol + 1) a

n n t?+1 n
Liv1 — L _/ fi'(s)ds
t

IN

a(t) - a(s) + / (o0 + o)l + 1))

Hence

B-11)  lzn(t) —zn(s)l < /|'[)(T)|+29(T)+2p(7—)(r+”(p”oo)d7_

By addition this last inequality holds for all s,t € [0,7] with s < ¢. Hence z,(-)
is absolutely continuous. Remark that for all 0 <14 < 2™ — 1 and for almost every
tin [t?,t7,],

. _ Oé(t) n n H n
(3.12) Ty (t) = o) —a(th) (xi+1 —T; _/t fi'(s) d5> + fnl(t).

a(t?+1) -« n
Then, by (3.9) we obtain for almost every ¢ € [0, 7

lEn(2) = fa@Il < [0(6)] + 9(2) + p(E)([[lloo + 7).

Observe that by construction, we have f,(t) € F(t,T(0,(t))x,) and

1a8) ~ w1 < dy(t), PTG (0)2) + -
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for all ¢ € [0,T]. Also, by construction and the relation (3.8), we have for almost
every ¢ € [0,T]

(#0(®) = £2(0)) € =N (COa (1)), 20 (B (1))).
Then the proof is complete. d

Proof of the Theorem. In view of Lemma 3.1, we can define inductively
sequences (f,(-))nz1 C LM([0,T), H), (#(-))uz1 € C([~a, T, H) and
(0n())n>1, (0n(-))n>1 C S([O ,T] [0,77); where S([0,T1],[0,T]) denotes the space
of step functions from [0, T] into [0,7T]; such that
(1) fa(t) € F(t T(Bn(t))2n), n(0n(t) € C(On(t)), for all t € [0, T];
(2) fns1(8) = FaOIl < d(fa(t), F(t, T(0ng1 (8))2ns1)) + 53 for all ¢ € [0, T;
(3) (n(t) — falt)) € —N(C(u(), 0 (Bn(1))) for almost all t € [0, T];
(4) [l2n(t) = fa@ll < [0(8)[+9(t) +p(E)([|#]loc +7) for almost every ¢ € [0, T,

For all ¢ € [0, T, there exists 0 <i < 2" — 1 such that ¢ € [t},¢},;]. By (H1) and
(3.11), we have

d(zn(t), C(t))

IA

la(t) = 2a (B + d(za(t), C 1)
/t (19()1 +29(5) + 20(5) (lplloe + 7)) ds + [o(t) = v(27)].

n
i

IN

The right term of the above inequality converges to 0 if n — +o0c. This and the
compactness of C(t) ensure that the set {x,(t),n > 1} is relatively compact in H.
Moreover, from (4) we deduce

[En (B < |06(8)] +29(2) + 2p(E)([[¢ll00 + 1)

for almost every t € [0,T]. Then, by Arzela-Ascoli’s theorem (see [1]), we can
select a subsequence, again denoted by (z,(-)), which converges uniformly to an
absolutely continuous function z(-) on [0, T], moreover &, (-) converges weakly to
@(-) in L'([0,T], H). Also, since all functions z,(-) agree with ¢(-) on [—a, 0], we
can obviously say that z,(-) converges uniformly to z(-) on [—a,T], if we extend
z(+) in such a way that 2(-) = ¢(-) on [—a, 0]. Additionally, observe that z,,(8,,(t))
converges uniformly to z(¢) on [0,7]. Indeed, by (3.11) for all ¢ € [0,T], we have

a0 (9) =201 £ Bnl6a) 8] ea® = 0]
G
S/t 5()] +29(5) + 2p()(r + lpll) ) s
+ llza(t) — (1)

The right term of the above inequality converges to 0, it follows 2, (#,(+)) con-
verges uniformly to z(-) on [0,T]. Therefore, as d(z,(t), C(t)) converges to 0 on
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[0,T], we conclude that z(t) € C(t) for all ¢ € [0,T]. On the other hand, for
t €10,7] and y € C(t), we have by (H1)

thus

By the same way we can prove that

sup  dey(y) < Ju(@a(t) — ()],

yeC (0 (1))
Hence

H(C(Ba(1)).C(1)) < [0(Ba(t) = v(t),
consequently, C(6,(t)) converges to C(t).
Claim 3.2. T(0,(t))z, converges to T(t)z in C,.

ProOOF: Let us denote the modulus continuity of a function v(-) defined on an
interval I of R by

w((),1,m) := sup {I|¢(t) —Y(s)lss,t el |s—t] < n}-

Let € > 0 and let ¢,¢' € [0,T], assume that 0 < #' —¢ < 5(5). By (3.3) and
(3.11), we have

loa@) = 2@ < [ (1966)]+ 2905) + 20(5) ] + 1)) ds

IN
IS
-

Hence
€ €
w(@n().0.T0(3)) < 5
Also for t,t' € [~a,0] such that |t —t| < n(5), we have by (3.3)
, €
lp(t) =)l < 5
Then
€
w (). [=a,0,m(3)) <

N | ™
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Now, let t € [0,T]. Since 6,(t) converges to t, there exists ng € N such that for
all n > ng, |0, (t) —t| <n(5). Then, for all n > ng

||T(0n(t))$n - T(t)mnHoo = _53£)<0 ||wn(0n(t) + 5) - mn(t + S)H
€
< w(@n().[-a.T1n(3))
< (), [=a,01m(3)) +w(2a (), 10.T]0(3))
S €,

hence ||T(0,(t))zy, — T(t)xy||co converges to 0 as n — +oo. Therefore, since the
uniform convergence of z,(-) to z(-) on [—a,T] implies that T'(¢)x, converges to
T'(t)z uniformly on [—a, 0], we deduce that

(3.13) T(0,(t))x, convergesto T(t)z in C,.

On the other hand, from (1) and (2) we deduce

1
st () = ()| < H(F(#,T(On(t)zn), F(t, T(Bnir (t))ns1)) +
(3.14) ' ( ' ' )1 n+1
<mOITOn)n = TOnsr ()21 lloo + —— -

By (3.13), ||IT(0n(t)xn — T (0n+1(t))Tnt1lleo converges to 0, thus the right term
of the relation (3.14) converges to 0. Hence (f,(t))n>1 is a Cauchy sequence and
(fn())n>1 converges pointwise to f(-). Moreover, observe that by (1),

d(f(t), F&,TM) < |0 = falt)ll + H(F(TOn(t)z), F(t, T(1)2))
<A = £l + mOIT (1)@ — T(t)all

Since f,(t) converges to f(t) and by (3.13) the last term converges to 0. So that
f(t) € F(t,T(t)x) for all t € [0,T].

Now, we can apply Castaing techniques (see for example [14]). The weak
convergence of &, (-) to #(-) in L'([0,T], H) and the Mazur’s Lemma entail

(t) — f(t) € ﬂco{ m(t) = fm(t) :m > n}, for a.e. on [0,T1].

n

For any t € [0,T] and y € H

(y, &(t) — f(1)) < infsup(y, @5 (t) — fi(t)).

n k>n

By (3) and (4), one has

(#n(®) = £a()) € =N (CE(E), 2a(Bu®)) 1 (10(8)] + 9(8) + p(B) (6]l + 7)) B
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for almost all ¢ € [0,T]. Hence, by Proposition 2.1 we get
(#n(t) = fa®)) € =(18(8)] + 9(&) + POl + 7)) 0desa, 1)) (@ (B (1))).
In view of Proposition 2.2, we deduce

(y, () — (1))
(181 +9(t) +p0)llell + 7)) timsup o (3, ~dde, ) (2 (Fa (1))

(1)1 + 9(&) + p(®) lell + 1)) o (9, ~Bdoe (1)) ).

IN

IN

So, the convexity and the closedness of the set dd¢ ;) (z(t)) ensure

(#6) - £&)) € =(18(t)] + 9(t) + POl + 1)) Dy (w(8)) € ~Negoy (2(1).

Finally, we have for almost all ¢ € [0,T], #(t) € —N¢ ) (2(t)) + F(t,T(t)x) and
for all t € [0,T], z(¢t) € C(t). The proof is complete. O
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