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Meso
ompa
tness and sele
tion theoryPeng-Fei Yan, Zhongqiang YangAbstra
t. A topologi
al spa
e X is 
alled meso
ompa
t (sequentially meso
om-pa
t) if for every open 
over U of X, there exists an open re�nement V of U su
hthat fV 2 V : V \K 6= ;g is �nite for every 
ompa
t set (
onverging sequen
ein
luding its limit point) K in X. In this paper, we give some 
hara
terizationsof meso
ompa
t (sequentially meso
ompa
t) spa
es using sele
tion theory.Keywords: sele
tions, l.s.
. set-valued maps, meso
ompa
t, sequentially meso-
ompa
t, persevering 
ompa
t set-valued mapsClassi�
ation: 54C65, 54C601. Introdu
tionLet X and Y be topologi
al spa
es, and 2Y stand for the family of non-emptysubsets of Y . LetF (Y ) = fS 2 2Y : S is 
losedg;C(Y ) = fS 2 F (Y ) : S is 
ompa
tg;K(Y ) = fS 2 F (Y ) : S is �niteg, andS(Y ) = fS 2 F (Y ) : S is separableg.A set-valued map � : X! 2Y is lower semi-
ontinuous (upper semi-
ontinuous)or l.s.
. (u.s.
.), if the set��1(U) = fx 2 X : �(x) \ U 6= ;gis open (
losed) in X for every open (
losed) subset U of X . A family F of subsetsof a spa
e X is 
ompa
t �nite (sequential �nite), if fF 2 F : F \K 6= ;g is �nitefor every 
ompa
t subset (
onverging sequen
e in
luding its limit point) K of X .A topologi
al spa
e X is 
alled meso
ompa
t (sequentially meso
ompa
t) [1℄, ifevery open 
over of X has a 
ompa
t �nite (sequential �nite) open re�nement.There is a series of results whi
h 
hara
terize separation and 
overing properties(like para
ompa
tness, meta
ompa
tness, 
olle
tionwise normality and so on) bymeans of the existen
e of sele
tions for l.s.
. maps. The following are two onesamong those results.Supported by the National S
ien
e Foundation of China (No. 10971125, 61070150).



150 P.-F. Yan, Z. YangTheorem A ([4℄). For a Hausdor� spa
e X , the following statements are equiv-alent.(1) X is para
ompa
t.(2) For every 
omplete metri
 spa
e Y and l.s.
. set-valued map � : X !F (Y ), there exists an l.s.
. map ' : X ! C(Y ) and a u.s.
. map � : X !C(Y ) su
h that '(x) � �(x) � �(x) for every x 2 X . ('; �) is 
alled aMi
hael's pair of �.Theorem B ([2℄). For a regular spa
eX , the following statements are equivalent.(1) X is meta
ompa
t.(2) For every 
omplete metri
 spa
e Y and l.s.
. set-valued map � : X !F (Y ), there exists an l.s.
. map ' : X ! C(Y ) su
h that '(x) � �(x)for every x 2 X .The �rst author of the present paper obtained the following result.Theorem C ([8℄). For a regular spa
e X , the following 
onditions are equivalent.(1) X is metalindel�of.(2) For every 
omplete metri
 spa
e Y and l.s.
. set-valued map � : X !F (Y ), there exists an l.s.
. map ' : X ! S(Y ) su
h that '(x) � �(x) forevery x 2 X .In the present paper we shall give some 
hara
terizations of meso
ompa
tnessand sequential meso
ompa
tness whi
h are similar to the theorems above. For
onvenien
e, we introdu
e a new 
on
ept. A set-valued map � : X ! 2Y is saidto be persevering 
ompa
t (weakly persevering 
ompa
t), if �(K) = Sf�(x) : x 2Kg is 
ompa
t for every 
ompa
t subset (
onverging sequen
e in
luding its limitpoint) K of X .Throughout this paper, all spa
es are assumed to be Hausdor�. Let N be theset of all natural numbers. All unde�ned topologi
al 
on
epts are taken in thesense given Engelking [3℄. In parti
ular, (�) is the 
losure operator.2. Main resultsWe at �rst give a lemma.Lemma 1. Let X be a regular and meso
ompa
t (sequentially meso
ompa
t)spa
e and (Y; �) be a metri
 spa
e. Then for every l.s.
. map � : X ! F (Y ),there exist a sequen
e fVn = fV n� : � 2 Angg of lo
ally �nite open 
overs of Y ,two sequen
es fWn = fWn� : � 2 Bngg and fUn = fUn� : � 2 Angg of 
ompa
t(sequential) �nite open 
overs of X , and two sequen
es f�n : An+1 ! Ang andf�n : Bn ! Ang of maps satisfying the following 
onditions:(a) Un�1� = S�2��1n�1(�) Un� , V n�1� = S�2��1n�1(�) V n� ;(b) Un� � ��1(V n� );(
) Wn� � ��1(V n�n(�)), Un� = S�2��1n (�)Wn� ;
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tion theory 151(d) diamV n� < 2�n, where diamV n� is the diametri
 of V n� ,for every n 2 N and � 2 An, � 2 Bn.Proof: For ea
h n 2 N, let V 0n = fGn� : � 2 �ng be a lo
ally �nite open 
overof Y su
h that diamGn� < 2�n for ea
h � 2 �n. We indu
tively 
onstru
t thesequen
es above.Sin
e f��1(G1�) : � 2 �1g is an open 
over of X , by regularity and meso
om-pa
tness of X , there exists a 
ompa
t (sequential) �nite open 
over W1 = fW 1b :b 2 B1g as its 
losure re�nement (i.e. fW 1b : b 2 B1g re�nes f��1(G1�) : � 2 �1g).De�ne �1 : B1 ! �1 to be a re�nement map, that is, W 1b � ��1(G1�1(b)) for everyb 2 B1. Let U1� = Sb2��11 (�)W 1b ; A1 = �1; V 1� = G1� . Then U1 = fU1� : � 2 A1g,V1 = fV 1� : � 2 A1g, W1 and �1 satisfy the 
onditions (a)-(d) for n = 1.For ea
h (�; �) 2 A1��2, take V 2(�;�) = V 1� \G2� . Then V2� = fV 2(�;�) : � 2 �2gis an open 
over of V 1� . For ea
h b 2 ��11 (�), ��1(V2�) 
oversW 1b . Therefore thereexists a 
ompa
t (sequential) �nite open 
over W 0(�;b) = fW 0(�;b;Æ) : Æ 2 B2(�;b)gof W 1b whi
h is a 
losure re�nement of ��1(V2�). Let �2(�;b) : B2(�;b) ! f�g � �2be a 
orresponding re�nement map. Then W(�;b) = fW 0(�;b;Æ) \W 1b : Æ 2 B2(�;b)gis an open 
over of W 1b satisfying W 0(�;b;Æ) \W 1b � ��1(V 2�2(�;b)(Æ)). Let A2 =A1��2; B2 = SfB2(�;b) : � 2 A1; b 2 ��11 (�)g, where we may think that fB2(�;b)gis pair-disjoint. De�ne �2 : B2 ! A2 by �2 j B2(�;b) = �2(�;b). De�ne �1 : A2 ! A1to be the proje
tion to the �rst fa
tor. For every Æ 2 B2, there exists an uniquepair (�; b) 2 A1 �B1 su
h that Æ 2 B2(�;b). LetW 2Æ =W 0(�;b;Æ) \W 1b :For ea
h 
 = (�; �) 2 A2, letU2
 =[fW 2Æ : �2(Æ) = 
g:Then we may de�ne families of open sets in X and Y , respe
tively, as followsW2 = fW 2Æ : Æ 2 B2g;U2 = fU2
 : 
 2 A2g andV2 = fV 2
 : 
 2 A2g:It is not hard to verify that U2, V2, W2, �1 and �2 satisfy the 
onditions (a){(d)for n = 2.Repeating the pro
ess above, we 
an obtain the sequen
es of 
overs and mapsrequired. �
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 spa
e (Y; �), we may de�ne the Hausdor� metri
 �H(E;F ) be-tween two 
ompa
t sets E;F in Y as follows:�H(E;F ) = inffr > 0 : E � Or(F ) and F � Or(E)g;where Or(E) = fy 2 Y : �(x; y) < r for some x 2 Eg. In [7℄, the following lemmawas proved:Lemma 2. Let X be a topologi
al spa
e and (Y; �) be a 
omplete metri
spa
e. For ea
h i 2 N, �i : X ! C(Y ) is an l.s.
. map whi
h satis�es that�H(�i(x);�i+1(x)) < 2�i for every x 2 X . De�ne � : X ! 2Y by �(x) =flim yi : yi 2 �i(x); �(yi; yi+1) � 2�ig. Then �(x) 2 C(Y ) for every x 2 X and� : X ! C(Y ) is l.s.
.Using those lemmas, we show the following result.Theorem 1. For a regular spa
e X , the following statements are equivalent.(1) X is (sequentially) meso
ompa
t.(2) For every 
omplete metri
 spa
e (Y; �) and l.s.
. set-valued map � : X !F (Y ), there exists an l.s.
. map ' : X ! C(Y ) su
h that '(x) � �(x)for every x 2 X and '(K) is 
ompa
t for every 
ompa
t set (
onvergingsequen
e in
luding its limit point) K of X .Proof: We only prove the result for meso
ompa
tness.(1)) (2). Let (Y; �) be a 
omplete metri
 spa
e and � : X ! F (Y ) an l.s.
.map. Using Lemma 1, there exist some sequen
es satisfying the 
onditions inLemma 1 and we use the same symbols to denote them as in Lemma 1. For every� 2 An, take y� 2 V n� . Let 'n(x) = fy� : x 2 Un� ; � 2 Ang. Then 'n(x) 2 K(Y )and, by the de�nition of 'n, '�1n (y) is open in X for every y 2 Y . Therefore,'n : X ! K(Y ) is l.s.
.We shall prove the following:(i) �H('n+1(x); 'n(x)) < 2�n for every x 2 X . In fa
t, for every y� 2 'n+1(x),we have x 2 Un+1� � Un�n(�). Thus y�n(�) 2 'n(x). It follows that �(y�; 'n(x)) ��(y�; y�n(�)) � diamV n�n(�) < 2�n. Therefore, 'n+1(x) � O2�n('n(x)). Simi-larly, 'n(x) � O2�n('n+1(x)).(ii) 'n(x) � O2�n(�(x)). In fa
t, let y� 2 'n(x). Then x 2 Un� � ��1(V n� ).Hen
e �(x) \ V n� 6= ;. Pi
k y 2 �(x) \ V n� . Then �(y�;�(x)) � �(y�; y) �diamV n� < 2�n. It follows that 'n(x) � O2�n(�(x)).De�ne ' : X ! 2Y as follows:'(x) = flim yi : yi 2 'i(x); �(yi; yi+1) � 2�ig:By Lemma 2, ' : X ! C(Y ) is l.s.
. From (ii) and the 
losedness of �(x) itfollows that '(x) � �(x). It remains to prove that '(K) is 
ompa
t for ea
h
ompa
t subset K of X .



Meso
ompa
tness and sele
tion theory 153Let K be a 
ompa
t subset of X . For ea
h n 2 N, sin
e Un is 
ompa
t �nite,'n(K) is �nite subset of Y . Note that the Hausdor� metri
 �H on C(Y ) is
omplete, see [5℄. It follows from �H('n+1(K); 'n(K)) < 2�n that the sequen
ef'n(K)g is a Cau
hy sequen
e in this 
omplete metri
 spa
e (C(Y ); �H). Hen
ethis sequen
e 
onverges to a 
ompa
t subset of Y whi
h 
ontains '(K). Therefore,'(K) is 
ompa
t.(2)) (1). Let U = fU� : � 2 �g be an open 
over ofX . Let Y = � be a dis
retemetri
 spa
e. Then Y is 
omplete. De�ne � : X ! F (Y ) by �(x) = f� : x 2 U�g.� is l.s.
. sin
e ��1(�) = U�. By (2), there exists an l.s.
. map ' : X ! C(Y )su
h that '(x) � �(x) for ea
h x 2 X and '(K) is 
ompa
t for ea
h 
ompa
tsubset K of X . Let K be a 
ompa
t subset of X . Then K \ '�1(�) 6= ; if andonly if � 2 '(K). Sin
e '(K) is 
ompa
t in the dis
rete metri
 spa
e Y , it is�nite and hen
e so is '(K). It follows that f'�1(�) : � 2 Y g is 
ompa
t �niteopen re�nement of U . This shows that X is meso
ompa
t. �Sin
e the u.s.
. sele
tion � in Mi
hael's pair is persevering 
ompa
t, a naturalproblem is if (sequentially) meso
ompa
tness 
an be 
hara
terized by repla
ingthe u.s.
. sele
tion with (weakly) persevering 
ompa
t sele
tion in Theorem A.The next theorem shows that one impli
ation is true.Theorem 2. A topologi
al spa
e X is meso
ompa
t (sequentially meso
ompa
t)if, for every 
omplete metri
 spa
e Y and l.s.
. set-valued map � : X ! F (Y ),there exist an l.s.
. map ' : X ! C(Y ) and a persevering 
ompa
t (weaklypersevering 
ompa
t) map � : X ! C(Y ) su
h that '(x) � �(x) � �(x) forevery x 2 X .Proof: Let U = fU� : � 2 �g be an open 
over of X . Let Y = � be equippedwith the dis
rete metri
. Then Y is 
omplete. De�ne � : X ! F (Y ) by �(x) =f� : x 2 U�g. � is l.s.
. sin
e ��1(�) = U�. Thus, there exist an l.s.
. map' : X ! C(Y ) and a persevering 
ompa
t (weakly persevering 
ompa
t) map� : X ! C(Y ) su
h that '(x) � �(x) � �(x) for ea
h x 2 X . Note thatK \ ��1(�) 6= ; if and only if � 2 �(K) for ea
h 
ompa
t (
onverging sequen
ein
luding its limit) K of X . It follows from �(K) being �nite that f��1(�) :� 2 Y g is 
ompa
t �nite (sequential �nite). For ea
h � 2 �, '�1(�) � ��1(�).Thus f'�1(�) : � 2 �g is 
ompa
t �nite (sequential �nite) open re�nement of U .Therefore, X is meso
ompa
t (sequentially meso
ompa
t). �Moreover, for sequentially meso
ompa
t spa
es, we may show that anotherimpli
ation is also true for every normal spa
e. To this end, we need three lemmas.Lemma 3. Let X be a normal and sequentially meso
ompa
t spa
e. Then, forevery open 
over U = fU� : � 2 Ag of X , there exists an open 
over V=fV� :� 2 Ag su
h that fV � : � 2 Ag is sequential �nite and V � � U� for ea
h � 2 A.Proof: Without loss of generality, we 
an suppose that U is sequential �nite. Itfollows from [3, Theorem 1.5.18 ℄ that there exists an open 
over V = fV� : � 2 Agsu
h that V � � U�. Then V satis�es the 
onditions. �



154 P.-F. Yan, Z. YangLemma 4. Let X be a topologi
al spa
e and (Y; �) be a 
omplete metri
 spa
e.For ea
h i 2 N, �i : X ! K(Y ) is a weakly persevering 
ompa
t map satisfyingthe following 
onditions:(a) ��1i (y) = ��1i (fyg) is 
losed for ea
h y 2 Y and i 2 N;(b) �i+1(x) � O2�i(�i(x)) for ea
h x 2 X and i 2 N.De�ne � : X ! 2Y by�(x) = flim yi : yi 2 �i(x); �(yi; yi+1) � 2�ig:Then � is weakly persevering 
ompa
t.Proof: By the �niteness of �i(x) and the 
ompleteness of (Y; �), �(x) is non-empty for every x 2 X .Let L = fxn : n 2 Ng[fxg be a 
onverging sequen
e fxn; n 2 Ng with its limitx in X . Denote Z = Qi2N �i(L) with the produ
t topology. Then Z is 
ompa
tand metrizable as a 
ountable produ
t of 
ompa
t metri
 spa
es. LetZ0 = fr = (y1; y2; : : : ; yi; : : : ) : 9 l 2 L su
h thatyi 2 �i(l) and �(yi; yi+1) � 2�ig:De�ne f : Z0 ! Y by f(y1; y2; : : : ; yi : : : ; ) = lim yi. Trivially, f(Z0) = �(L). Weshall show that Z0 is 
ompa
t and f is 
ontinuous.First we show that f is 
ontinuous. To this end, pi
k a sequen
e frng ofelements of Z0 whi
h 
onverges to some r 2 Z0. Let rn = (yn1 ; yn2 ; : : : ) andr = (y01; y02; : : : ) 2 Z0. We prove that f(rn) ! f(r). Suppose limi!1 yni = ynand limi!1 y0i = y. For " > 0, take i0 2 N su
h that 2�i0+1 < "=3. Then�(yni0 ; yn) < "=3 and �(y0i0 ; y) < "=3. For i0, take n0 2 N su
h that �(yni0 ; y0i0) < "=3if n � n0. Therefore,�(yn; y) � �(yn; yni0) + �(yni0 ; y0i0) + �(y0i0 ; y) < "for n � n0. It follows that f is 
ontinuous.To show that Z0 is 
ompa
t, we 
an take a sequen
e frng in Z0 whi
h 
onvergesto r in Z, where rn = (yn1 ; yn2 ; : : : ) and r = (y1; y2; : : : ) 2 Z. We shall provethat r 2 Z0, whi
h implies that Z0 is 
ompa
t. At �rst, it is easy to see that�(yi; yi+1) � 2�i for ea
h i 2 N. We only need to prove that there exists l0 2 Lsu
h that yi 2 �i(l0) for ea
h i 2 N. By the de�nition of L0, for every n, thereexists ln 2 L su
h that yni 2 �i(ln). Then flng has a subsequen
e 
onverging tosome point l0 2 L. Without loss of generality, we 
an suppose that flng 
onvergesto l0. For every i andm, we have yni ! yi, yni 2 �i(ln) and �i(fln : n 2 N and n >mg[fl0g) is 
ompa
t. It follows that yi 2 �i(fln : n 2 N and n > mg[fl0g). Thisimplies that yi 2 �i(l0) or there are in�nitely many n 2 N satisfying yi 2 �i(ln).In the se
ond 
ase, there exists in�nitely many n 2 N su
h that ln 2 ��1i (yi).Thus, l0 2 ��1i (yi) sin
e ��1i (yi) is 
losed. Therefore, we have also yi 2 �i(l0).
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ompa
tness and sele
tion theory 155This means that yi 2 �i(l0) for any i 2 N, and hen
e r 2 Z0. Therefore Z0 is
ompa
t and hen
e �(L) = f(Z0) is 
ompa
t. �The following lemma is similar to Lemma 1 with a simpler proof than that ofLemma 1.Lemma 5. Let X be a normal and sequentially meso
ompa
t spa
e and (Y; �)be a 
omplete metri
 spa
e. Then for every l.s.
. map � : X ! F (Y ), there exist:a sequen
e fUn = fU� : � 2 Angg of open 
overs of X with fU� : � 2 Ang beingsequentially �nite for ea
h n 2 N, a sequen
e fVn = fV� : � 2 Angg of lo
ally�nite open 
overs of Y and a sequen
e f�n : An+1 ! Ang of maps su
h that, forea
h � 2 An and n 2 N,(a) U� = S�2��1n (�) U�, V� = S�2��1n (�) V� ;(b) U� � ��1(V�), and(
) diamV� < 2�n.Proof: For ea
h n 2 N, let Wn = fW� : � 2 �ng be a lo
ally �nite open 
overof Y su
h that diamW� < 2�n for ea
h � 2 �n. We indu
tively 
onstru
t thesequen
es above.Sin
e f��1(W�) : � 2 �1g is an open 
over of X , by Lemma 3, there exists anopen 
over U1 = fU� : � 2 �1g of X su
h that fU� : � 2 �1g is sequentially �niteand U� � ��1(W�) for ea
h � 2 �1. Let A1 = �1, V� =W� for ea
h � 2 A1.Denote W� = fV� \W� : � 2 �2g for ea
h � 2 A1. Then ��1(W�) is an open
over of U�. In the subspa
e U�, by Lemma 3, there exists an open re�nementfU 0(�;�) : � 2 �2g of ��1(W�) su
h that fU 0(�;�) : � 2 �2g is sequentially �niteand U 0(�;�) � ��1(V� \W�) for ea
h � 2 �2. Let U(�;�) = U 0(�;�) \ U�, V(�;�) =V� \W� , A2 = A1 ��2, U2 = fU(�;�) : (�; �) 2 A2g, V2 = fV(�;�) : (�; �) 2 A2g,let �1 : A2 ! A1 be the proje
t map. Note that U(�;�) is open in X . Moreover,trivially, they satisfy (a){(
) for n = 2.Repeating the pro
ess above, we 
an obtain the required sequen
es. �We are in a position now to prove the following theorem.Theorem 3. For a normal spa
e X , the following 
onditions are equivalent.(1) X is sequentially meso
ompa
t.(2) For every 
omplete metri
 spa
e (Y; �) and l.s.
. set-valued map � : X !F (Y ), there exist an l.s.
. map ' : X ! C(Y ) and a weakly persevering
ompa
t map � : X ! C(Y ) su
h that '(x) � �(x) � �(x) for everyx 2 X .Proof: (1)) (2). Let Un and Vn be the sequen
e of 
overs su
h as in Lemma 5.For every � 2 An, take y� 2 V�. De�ne 'n(x) = fy� : x 2 U�; � 2 Ang and�n(x) = fy� : x 2 U�; � 2 Ang. Then �n : X ! K(Y ); 'n : X ! K(Y ).Moreover, from the de�nitions of �n and 'n it follows that '�1n (y) is open and��1n (y) is 
losed in X for every y 2 Y . Therefore, 'n is l.s.
. and ��1n (y) is 
losedfor every y 2 Y . We show that �n is weakly persevering 
ompa
t. In fa
t, for
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onverging sequen
e L of X , y� 2 �n(L) if and only if U� \ L 6= ;. Thus�n(L) is �nite and hen
e �n is weakly persevering 
ompa
t.For every x 2 X and n 2 N, we shall prove the following:(i) �H('n+1(x); 'n(x)) < 2�n. In fa
t, let y� 2 'n+1(x), then x 2 U� �U�n(�). Thus y�n(�) 2 'n(x), and �(y�; 'n(x)) � �(y�; y�n(�)) � diamV�n(�) <2�n. Therefore 'n+1(x) � O2�n('n(x)). Similarly, 'n(x) � O2�n('n+1(x)).(ii) �n+1(x) � O2�n(�n(x)). Indeed, for every y� 2 �n+1(x), we have x 2U� � U�n(�) and hen
e y�n(�) 2 �n(x). Thus �(y�; �n(x)) � �(y�; y�n(�)) �diamV�n(�) < 2�n. Therefore, �n+1(x) � O2�n('n(x)).(iii) 'n(x) � O2�n(�(x)) and �n(x) � O2�n(�(x)). We only prove the se
ondstatement. For every y� 2 �n(x), x 2 U� � ��1(V�). It follows that �(x)\V� 6=;. Pi
k y 2 �(x) \ V�. Then �(y�;�(x)) � �(y�; y) � diamV� < 2�n and hen
e�n(x) � O2�n(�(x)).Now we de�ne ' : X ! 2Y and � : X ! 2Y as follows:'(x) = flim yi : yi 2 'i(x); �(yi; yi+1) � 2�ig and�(x) = flim yi : yi 2 �i(x); �(yi; yi+1) � 2�ig:By Lemmas 2 and 4, ' : X ! C(Y ) is l.s.
. and � : X ! C(Y ) is weaklypersevering 
ompa
t. Moreover, '(x) � �(x) � �(x) from (iii). Therefore, ' and� satisfy the 
onditions in (2).(2)) (1) By Theorem 2. �The following problems remain open.Question 1. Is there an analogue of Theorem 3 for meso
ompa
t spa
es?Question 2. Can the normality of X in Theorem 3 be weakened to the regula-rity?A
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