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Odd order semidirect extensions

of commutative automorphic loops

PREMYSL JEDLICKA

Abstract. We analyze semidirect extensions of middle nuclei of commutative au-
tomorphic loops. We find a less complicated conditions for the semidirect con-
struction when the middle nucleus is an odd order abelian group. We then use
the description to study extensions of orders 3 and 5.
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An automorphic loop is a loop where all inner mappings are automorphisms.
Most of the basic properties of commutative automorphic loops were described
in [3].

In [2], Jan Hora and the author described semidirect extensions of middle
nuclei of commutative automorphic loops by abelian groups. Furthermore a few
examples of specific loops were showed, mostly assuming that the middle nucleus
is a small group. In this paper, on the contrary, we assume that the factor over
the nucleus is a small cyclic group. The case of the middle nucleus of index 2 was
already resolved in [4] and therefore we decided to focus on small odd primes.

In Section 1 we recall the notion of the semidirect product. In Section 2 we
study the commutative automorphic loops with the middle nucleus of index 3
and, if the middle nucleus is not a complicated group, we count the number of
such loops up to isomorphism. In order to analyze extension by larger groups,
we investigate the general extensions by uniquely 2-divisible groups in Section 3,
deducing shorter conditions for the semidirect product. We use this conditions in
Section 4 to study extensions of order 5.

1. Preliminaries

We expect the reader to be already familiar with basic definitions in the loop
theory. If not, we refer to [6]. Unlike most loop theory papers, we shall use
the additive notation here rather than the multiplicative one; the reason is that
subgroups of our loops will appear as additive groups of rings.

In this section, we shall recall the semidirect construction presented in [2].
A semidirect product is a configuration of subloops in a loop (Q,+): we have
H < Q and K <@ such that K + H = Q and KN H = 0. In [2] an external
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point of view was given, assuming additionally that KX < N,(Q) and K being an
abelian group. Such loops can be constructed given a special mapping .

Proposition 1 ([2]). Let H and K be abelian groups and let us have a mapping
¢ : H? — Aut(K). We define an operation * on Q = K x H as follows:

(a,8) % (b, ) = (pij(a+b),i+j).

This loop is denoted by K x, H. Let us denote @; j i = @i j+k © ¢; k- Then Q is
a commutative A-loop if and only if the following properties hold:

(1) Wij = Pii

(2) ¢o,i = idk

(3) Pij © Phyn = Py © Pij

(4) Pigk = Piki = Phkii,j
(5) Gi itk T itk T Prir; =1dr +2- @i 5k

Moreover, K x 0 is a normal subgroup of @, 0 x H is a subgroup of Q and
(Kx0)N(0x H)=0x0and (K x0)+ (0x H) =Q.

Q is associative if and only if ¢; ; = idg, for all i,j € H. The nuclei are
N,(Q)=Kx{iec HyVje H: p;; =idg} and N\ = {a € K; Vj,k € H :
pikla)=a} x{i€c H;Vje H: ¢;; =idk}.

The question of isomorphism classes was not tackled in [2] and hence we have
to show it here.

Proposition 2. Let Q1 = K x, H and ()2 = K %, H be two semidirect products
such that, for each i € H, there exists j € H such that ¢;; # idg. Then
Q1 = Q2 if and only if there exist « € Aut(K) and § € Aut(H) such that
Qp; ;= ’l/)ﬂ(ﬂﬂ@)()t, for allv,j € H.

PROOF: “«<”. An isomorphism is the mapping f : (a,q) — (a(a), B(i)).

f((a, 7)) =2 f((b,])) = (ala), B(4)) *2 (a(b), B())) = (Va0 ala+b), B(i + 1))
flla,d) %1 (b, 7)) = fpij(a+b),i+j) = (api;(a+b),Bi + 7))
“=7”. Since ; _ is never trivial, the middle nucleus of @)1 is K x 0. Let f be
an isomorphism Q1 — Q2. Then f sends N,(Q1) to N,(Q2). We denote by «

the restriction of f on K x 0. Moreover, we define mappings 8 : H — H and
~v: H — K to satisfy f((0,4)) = (v(4), 5(2)). We have

(v(@+3), B8+ 7)) = f((0,i+ 7)) = f((0,7) %1 (0,7)) = f((0,2)) %2 £((0,7))
= (v(4), B(3)) *2 ((v(4), B(1))) = (p(i).0) (@) +7(4)), B + )

and therefore the mapping 8 is a homomorphism; it is a bijection too since f
is a bijection on the set of cosets of K x 0. Moreover, we see (i) + y(j) =

Vaciyp() V(i +J)-
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Now we compute

f((a, 1)) = f((a,0) 1 (0,4)) = (e(a), 0) 2 (v(), B(i)) = (ala) + (i), B(2))-

We finally compute

f((a;0)) *2 f((6,5)) = (@) +7(3), B(2)) *2 (u(b) + 7(2), B(2))

(a

= (Yp().80) (ala +b) + (@) +7(4)), B(i + 7)),

f((a, 1) %1 (b, 7)) = f(@ijla+b)i+j) = (alpijla+b)+~(i+7)) 86+ 7))
)

If a+b = 0 then ay(i+7) = ¥g@),p) (v(i) +7(j)) = v(i+7) and « fixes the image
of y. Now f((a,4))*2f((b,])) = f((a i)#1(b, 7)) if and only if ¢g(5) ;) ((a+b)) =
a(api,j(a—i—b)). [l

It is worth noting that the condition demanding ¢; to be non-trivial is suf-
ficient but not necessary for the existence of the automorphism; it was actually
not needed in the proof of the “only if” part.

A finite abelian group is a product of its prime components. Moreover, any
automorphism of the group splits on the prime components. It is hence useful to
know the impact of the splitting on the semidirect product.

Proposition 3. Let K = K; x Ks and suppose that ¢ splits on K, meaning that,
there exist ¢ : H* — Aut(Ky) and ¢ : H> — Aut(K>) such that ¢; j((a1,a2)) =
(@i j(a1), @i j(az)), for each i,j € H. Then K x, H is the pullback of K; xg H
and Ko x3 H. In particular, if ¢ is trivial then K x, H = K x (K2 x5 H).

PROOF: We recall the definition of a pullback: suppose that A, B, C' are two
groupoids with homomorphisms f: A — C and g : B — C. The pullback is the
groupoid A x¢ B ={(a,b); a € A, be B, f(a) = g(b)}.

In our context, A = Ky X H, B =Ky xz H,C = H, and f, g are the natural
projections. Denote by ) = K x, H. The isomorphism A x¢c B = @ should
be h: ((a1,1), (az,i)) —= ((a1,a2),i). The mapping is clearly a bijection, we only
prove that h is a homomorphism:

h(((a1,4), (az, ) * (b1, 5), (b2, 5))) = h((@rj (a1 +b1),i+1), (Bi;(az+ba),i+4))
= ((@i,j(a1 + b1), @i j(az + ba)),i + 5)
= (@i ;((a1 +b1,a2 +b2)),i + j) = ((a1, a2),1) * ((b1,b2), 7)
= h((a1,9), (az, 1)) * h((b1, ), (b2, 5))-

The particular case is clear. (I

2. Extension of order 3

The goal of the article is to understand semidirect extensions by cyclic groups
of an odd order. In this section, we start with semidirect extensions by groups
of order 3. This case is rather simple and therefore it will be tackled directly,
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without a deeper theory. From now on, we expect K, H and ¢ to play the same
role as in Section 1. Moreover K will be understood to wear a ring structure and
we shall identify elements of K with their multiplication endomorphisms (and, in
particular, 1 with the identity mapping).

Proposition 4. Let H = Z3. Then ¢ satisfies conditions (1)—(5) if and only if
there exists an automorphism o of K such that 4a® —5a+1 =0, P12 =21 =«
and @11 = P22 =20 — 1.

PROOF: “=". Settingi=j=1and k=21n (5), we get p22+2=14+2-1-¢1 9,
which means @29 = 212 — 1. Setting i = j =2 and k=1, we get 11 +2 =
142-1-p1,2, which means 1,1 = 2p1,2 — 1. Hence 1,1 = @2,2.

Now, setting i = j = k = 1, we get 3p1,2 = 1 + 21 201,1. Substituting 1,1 =
2p1,2—1, we get 3p1 2 = 1421, 2(2¢1,2—1) and this leads to 4@%7275901,2+1 =0.

“<”. Properties (1)-(3) are clear. For (4) we have @22011 = (2a — 1)? =
402 —da+1=a = ©»1,01,2. The other non-trivial option is similar.

Property (5) is trivially fulfilled, if one of the indices is 0. Suppose now i =
j = k. Then 3p; 2; = 3 and 1+ 2p; 2;05; = 1 + 202 — 1) = 1 + 4a* — 2c and
both sides are equal. If i = j = 2k then @9;2; +2 =2a+ 1 =1+ 2¢p; 2;. O

Lemma 5. Let ()1 = K %, Z3 and QQ2 = K %y Z3 be two automorphic loops.
Then Q1 = Q2 if and only if ¢1,2 and 11 2 are conjugate in Aut(K).

PROOF: If ¢392 = athy 2a~ ! then, according to Proposition 4, ¢; ; = atp;j ™!,

for any 4,5 € Z3 and @)1 and @2 are isomorphic due to Proposition 2.

On the other hand, if @12 = 1 then ¢ is trivial, according to Proposition 4,
and the resulting loop is a direct product. But this means that 1) is trivial too
and PY1,2 = 1/)1,2~

Suppose hence @12 = 2,1 # 1. Proposition 4 states, that ¢; ; = 1) (), for
both the possible automorphisms 8 and any ¢, j € Z3. Now, if apq 2 = 1,2 then
1,1 = P11 since 1,1 and 11,1 are already determined. O

If K is a ring with a transparent structure, we can easily count the number of
loops so obtained.

Proposition 6. Let K be a vector space over a field F' of dimension n. If
char(F') = 2 then every semidirect product K x Zs yielding an automorphic loop
is direct. If char(F) = 3 then there exist, up to isomorphism, [%| semidirect
products K x Zs that are automorphic loops. Otherwise, there are n + 1 such

loops, up to isomorphism.

PROOF: The case of characteristic 2 is trivial since the equation 4a® —5a+1 =0
reduces to a« = 1. We shall hence suppose different characteristic.

Let o now be a solution of the quadratic equation 4x? — 5z + 1 = 0. The
minimal polynomial of « divides 422 — 5z 4+ 1 and therefore, if the characteristic
differs from 3, « is similar to a diagonal matrix with entries in {1, i} There are
n + 1 such matrices, up to similarity, which is, according to Lemma 5, the only
criterion for an isomorphism.
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In characteristic 3, the roots are not distinct since i = 1. On the other hand,

we can use the Jordan blocks (§1). O

It is useful to note that, in the previous case, the fundamental loop construc-
tion is the semidirect product K X, Zg with dimK = 2 and ¢12 = (31) in
characteristic 3 and dimK = 1 and @12 = i in different characteristic. The
other constructions can be obtained using pullbacks and direct products as stated
in Proposition 3.

Next we shall focus on rings Z’;. A standard tool for computing roots of

polynomials modulo p* is Hensel’s lemma:

Lemma 7 (Hensel). Let f be a polynomial in Z[z], let p be a prime, let m,k € N
and let r € Z such that

f(r)=0 (mod p*) and  f'(r)#Z0 (mod p¥).
Then there exists s € Z such that

f(s)=0 (mod p"™™) and r=s (mod pF).
Moreover, such s is unique modulo pF+m™.

Proposition 8. Let K = Zx, for some odd prime k. Then there exist two
non-isomorphic automorphic loops Zyx X, Z3 for p > 3, one for p* =3, three for
p* =9 and six such loops if p =3 and k > 2.

PRrOOF: Every automorphism is equivalent to multiplication by an invertible ele-
ment and all the automorphisms commute. Hence distinct automorphisms never
conjugate and different constructions give rise to different loops, according to
Lemma 5. If p > 5 then the polynomial 422 — 52 + 1 from Proposition 4 has two
distinct roots, according to Hensel’s lemma.

In Zj3 there is only one root. In Zg we have three roots, namely 1, 4 and 7.
Suppose now p = 3 and k > 2. We compute first all the roots x of the form
=9y + 1, where y € [0,3%F72 —1].

4-9y+1)2=5-(9y+1) +1 =324y* + 27y = 27y - (12y + 1).

This expression is congruent to 0 modulo p* if and only if y - (12y + 1) = 0
(mod 3*~3), that means if and only if y = 0 (mod 3*~3) and there are exactly 3
such options, namely 0, 3*=3 and 2 - 373,

Now comes x = 9y + 4, where y € [0,3%72).

4-(9y+4)2—5-(9y+4)+1=2324y% + 243y +25 =27- (12¢*> + 9y + 1) + 9

and we see that these numbers are not congruent to 0 modulo 27.
Let us take finally x = 9y + 7, where y € [0, 3%72).

4-(9y+7)*=5-(9y+7)+1 =324y + 459y + 162 = 27 - (125> + 17y + 6).
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This expression is congruent to 0 modulo 3* if and only if 12y? + 17y +6 = 0
(mod 3¥=3). The polynomial 12y? + 17y + 6 is linear modulo 3 and its only root
can be lifted using Hensel’s lemma giving a unique root in [0,3*~3). Hence we
obtain three solutions in [0, 3*~2) again. O

It was already observed in Proposition 3 that the decomposition of K gives
the decomposition of K x, H as a pullback. This means that the only case left
to count the number of different K x, Z3, for an arbitrary finite K, is the case
K = [[Zye:. However this would need the description of conjugacy classes of
isomorphisms in such groups and this is out of the scope of this article.

3. Extension of 2-divisible groups

It was shown in [3] that a finite commutative automorphic loop always splits as
a direct product of a 2-loop and a uniquely 2-divisible loop (a loop is uniquely 2-
divisible, if the mapping x — x+ x is a bijection). In this paper, we are interested
in extensions of finite commutative automorphic loops by odd order abelian loops
and the only way how to extend a 2-loop with an odd order group is then the
trivial one. We can thus assume that every abelian group, taking place here from
now on, is uniquely 2-divisible.

In this section we analyze the semidirect extensions by uniquely 2-divisible
loops and we present simpler conditions to replace conditions (1)—(5).

Lemma 9. Let ¢ satisty (1)—(5). Then

_ Pitj—i—j T Pi—i T Pj—j — 1
20itj,—i—j

(6) Pij = P—i,—j

?

for any i,j € H.

PRrROOF: Putting j =i and k = —i—j in (5) we obtain ;1 —i—j + @i —i+@j—; =
-1

1+ 2(,01'4”",1',]'@1‘7]' and hence WYij = ((piJrj’,i,j + Vi, —i + PYj—5 — 1) 9 cpi+j,—i—j/2'

Substituting i — —i and j — —j gives the same expression due to symmetry. [

Lemma 9 states that, for a uniquely 2-divisible group K, any ¢;; can be
expressed in terms of mappings ¢y, —j; for the sake of brevity, we shall write ¢y,
as an abbreviation for ¢y ;. Note that ¢; = ¢_;.

It is now necessary to express conditions (1)—(5) in terms of mappings @;
there are much less automorphisms to check and it is possible that new induced
conditions may be simpler. For this, we need to find alternative expressions for
products and for ¢; ; k.

Lemma 10. Let i,j,k € H and let ¢ satisty (1)—(5). Then

(7) 4pip; = 2¢0i + 205 + pitj + pi—j — 2,
(8) or k= Pit @+ Pkt Pitj + Pitk + Litk + Pivjtk — 3
"’ 4pitjtk

Moreover, (1), (2), (3), (6) and (7) are only needed to prove (8).
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PROOF: We set k = —j in (5) to obtain

Pitj—j T Pi0 T @ji—j =1+ 295,-j0¢i0

i + @it T —1 T4 0 +0; +i—j—1
2¢; 204

Oi+Qirj i — 1+ i+ o +pij —1=4pp;

:1+2§0j

which is (7). For (8) we compute

40t j+kPi gk = 4Pit j+kPij Pitjk
Pirj toit@i—1 Qigjrr+ i +or—1
20i+; 20itj+k
= 4(PiyjQitj+r + sofﬂ- + Qit j Ok — Pitj T Piititk + PiPits
+ QiPr — Pi T PjPitj+k T P Pitj
+ 00k — 05 — Pitjrk — Piti — Pk + 1)/ (4pit4)
= Qitj+k T Qitj T or — 1+ @i +90; — 1+ 4(0ipitjrr + Pigr
— Pi + P Pivitk T PiPk — 95 — Pitjrk — Pk + 1)/ (dpiv;)
= Pitjtk T Pitj + Pk + @i +0; — 2+ (200 + 20014k + P2itjtk
+ @itk — 2+ 20 + 205 + Pitk + ik — 2 — 4dpi + 2p;
+20itj 1k + Cit2jtk T Pivk — 2+ 205 + 20k + @ik
+ @ik — 2 —4p; — 4pitjrk — 4ok +4)/(4pits)
= Qitjtk + Qitj + Ok + 0i + 05 — 2+ (P2i4j+k
+ 2051k + 2004k + Piok + Qitojrk T @ik — 4)/(4pirj)
= Pitrjrk T Qitj + Ok +0i + 05 — 3+ (20i15 + 20ik + P2i151k
+ @ik — 24+ 20i4; + 2054k + Pit2j+k + Piek — 2)/(4pit;)
= Pitjtk t Pitj T Pk + @i +0j — 3+ (4pitjPitk + 40itjPi+k)/ (4pitj)
= Qitjtk T Qitj T 06 T 0i +@; — 3+ Qitk + Qjtk 0

=4Qitjtk -

Theorem 11. Let K and H be uniquely 2-divisible abelian groups and let ¢ :
H? — Aut(K). Then ¢ satisfies condition (1) to (5) if and only if

Pitj i+ —1
(6) Pij =
! 204
(7) doip; = 2p0; + 205 + pirj +pi—j — 2,
9) ¢o =1,

for each i,j € H, where p; = @p; ;.
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PROOF: The necessity of the conditions was already proved in Lemmas 9 and 10
and hence we prove the sufficiency only. Conditions (1) and (2) follow immediately
from (6) and (9). Condition (7) shows that the subring generated by all the ¢;, i €
H is commutative, thus giving (3). In Lemma 10 we proved (1), (2), (3), (6), (7) =
(8) and we clearly see (8) = (4). The only remaining condition is thus (5):

Pitjk T Pithk,j T Pjtki =
Pitj+k + Pirj ok — 1 L Pititk + ik 05— 1 4 Pkt Qik + i — 1
20ivjvk 20itjtk 20itjtk
Qi + 9 + Pk + itj + Pitk + Ptk + Pitjrk —3
20itj+k

=1+

=1+42p;;x O

4. Extension of order 5

In this section we use the result of the previous section to study semidirect
extensions by the cyclic group of order 5. We keep the notation of Section 3.

Proposition 12. Let ) = K X, Zs be a semidirect product. Then @ is au-
tomorphic if and only if there exists a € Aut K such that o1 = @4 = «,
Yy = @3 = 4a% —4a + 1 and 160> — 28a+ 13ac — 1 = 0.

PROOF: “=". Setting i = j = 1 in (7) we get 40? = 41 + @2 — 1 and therefore
o = 43 —4p1+1. Setting i = 2 and j = 1in (7) we get 4pap1 = 202 +3p1 +p3—
2. We know that o3 = @2 = 4¢? — 41 + 1 and this leads to 4(4¢? —4p1 + 1)1 =
3(4p% —4p1+1)+3p1 —2 which is eventually simplified to 16¢3 —28¢3+13¢p1—1 =
0.

“«<”. We check (7) for all combinations of ¢,j. If i = 0 or j = 0 then (7) holds
trivially. If i = 1 and j € {1,4} then (7) leads to 40? = 4a + (4a® — 4o+ 1) — 1.
If i = 1 and j € {2,3} then (7) is 4a(4a? —4a+1) = 3a+ 3(3a® —4a + 1) — 2
and this holds. The case ¢ = 4 is similar to 7 = 1.

If i =2 and j € {2,3} then (7) gives

4(40* —4a+1)* =4(40® —da+1)+a—1
64a* — 12802 + 9602 — 320 + 4 = 16a* — 15 + 3
64a* — 1280° + 800 — 17Ta+1=0
(4a —1) - (160* — 28a + 13— 1) = 0

and this holds. The remaining case ¢ = 3 is similar. (]

In the general odd cyclic case, that means when H is a cyclic group of an
odd order k, it seems that there always exists a polynomial, let us say fi, such
that ¢ is a root of the polynomial. Moreover, further calculations suggest that

fr=(z—1)"F (mod k).
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Open problem. Characterize the necessary and sufficient conditions for exis-
tence of an extension with a cyclic group.

We finish the section with enumeration of the loops of type Z, %, Zs.

Proposition 13. Let K = Z,,, for some odd prime p. Then there exist two non-
isomorphic automorphic loops Z,, %, Zs if and only if 5 is a quadratic residue in
Z,. Otherwise there exists only one.

ProOOF: The polynomial f = 1623 — 2822 + 13z — 1 can be factored as f =
(z —1) - (162% — 12z + 1). The quadratic factor has roots %Q/g. If v/5 does not
exist in Z, then f has only one root. Moreover, in Zs we have f = (z — 1)3
(mod 5) and hence there exists only one root too.

Suppose now that 5 is a quadratic residue. There are 3 possible choices of ¢,
according to Proposition 12, namely

e 01 =2 =p3=ps=1,

o o1 = 1= 3B oy = gy =4 (35)2 4. 346 4 946VE45
1244v6 4 8 _ 3=V5
8 8 5

® V] =Py = 3_8\/5’ P2 = p3 = 3+8

The latter two choices give isomorphic loops due to Proposition 2; we can set
a =1 and B = 2. Hence we have two isomorphism classes, one associative and
one non-associative. Il

1S

Remark. It was proved in [5] that a non-associative commutative automorphic
loop of order 5p with a p-element middle nucleus, for an odd prime p, exists if
and only if there exists a non-trivial solution of 2° = 1 in GF(p?). This condition
is equivalent to the condition presented here: it is well known that 2° — 1 can be
factored using the golden ratio ¢ = %g as 2’ — 1= (x—1)- (22 + ¢z + 1) -
(#?2 — ¢~ 'z 4+ 1). A non-trivial solution of 2° = 1 in GF(p?) thus exists if and
only if 5 is a quadratic residue in Zs. It is also worth mentioning that the roots of
1623 — 2822 + 132 — 1 can be nicely expressed using the golden ratio: 3427\/3 = %2
and % = ¢TQ.
Open problem. Find the connection between the existence of an extension by
Z, and the roots of z? — 1.
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