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Note on enumeration of labeled split graphs

VLADISLAV BiNA, JIRf PRIBIL

Abstract. The paper brings explicit formula for enumeration of vertex-labeled
split graphs with given number of vertices. The authors derive this formula
combinatorially using an auxiliary assertion concerning number of split graphs
with given clique number. In conclusion authors discuss enumeration of vertex-
labeled bipartite graphs, i.e., a graphical class defined in a similar manner to the
class of split graphs.
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1. Introduction

The paper concerns counts of vertex-labeled split graphs. Unless explicitly
stated otherwise, the text deals with “labeled” graphs as a contrary to the “un-
labeled” graphs (or, in other words, we distinguish among the isomorphically
equivalent graphs). The choice of labeled graphs is motivated by the first author’s
efforts in representation of multidimensional probability distributions where the
labeled graphs can represent the structure of conditional independence relations
among (labeled) variables (see, e.g., Edwards [5] or Bina [4]).

It is clear that for n vertices there are 2(5) undirected vertex-labeled graphs.
The counts of unlabeled split graphs were derived by Royle [8], but these figures
are not of interest for our purpose since we need to count all labeled split graphs
(we have labeled variables). Thus Section 3 derives a closed formula for the
number of all different labeled split graphs on n vertices.

2. Graph-theoretic preliminaries

Definition 1 (Split graph). An undirected graph G = (V, E) is said to be split
if there exists a partition of V into two subsets I and K (i.e., V. = I U K) such
that I is an independent set and K is a clique.

The edges between the pair of sets K and I are not restricted. For properties

see, e.g., Hammer and Simeone [7]. Let us remark that the following rather trivial
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FIGURE 1. An illustration of simple split graphs on five vertices.
Solid lines denote edges in the clique and dotted lines are edges
connecting a vertex in the clique with another vertex in the in-
dependent set. The split graph on the left has a clique number
equal to one, the graph in the middle has a clique number equal
to three and the one farthest to the right has a clique number
equal to four.

hierarchy of graph classes holds

split graphs C chordal graphs C wundirected graphs.
Bender et al. [1] showed that a split graph is chordal' with chordal complement.

3. Number of labeled split graphs

As we already mentioned, we are interested in counting of labeled split graphs
which can be generated on n vertices. But first, let us have a look at some
examples of split graphs on five vertices.

We can start the enumerating of split graphs by summation over the size of
maximum clique. There is only one split graph with a clique number equal to
one (graph without any edge — as shown on the leftmost part of Figure 1). To
this single split graph we add a sum of numbers of split graphs with bigger clique
numbers. But how many split graphs with clique numbers between two and n are
there?

Lemma 2 (Number of split graphs with fixed maximum clique on k vertices).
Let k (k < n) be the number of vertices that form a fixed maximum clique and
let ¢ be the number of vertices that form an independent set. The split graphs
on k + /¢ vertices are generated by optionally adding edges between vertices of the
clique and vertices of the independent set. The number of such split graphs C}, ¢
can be computed using the formula

(1) Cre = (Zk — 1)2.

ProOF: Each vertex in the independent set can be connected with k vertices
from the clique. Since its connection with all k vertices produces clique of size

IThe undirected graph G is chordal (or decomposable or triangulated) if every cycle of
a length longer than or equal to four has a chord.
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k + 1, we need to exclude this situation. For each of ¢ vertices from independent
set there are 2F — 1 possibilities and therefore raising to the power of ¢ gives
Formula (1). O

Lemma 3 (Number of split graphs with clique number k). Let n be the number
of vertices, and for any k € {2,...,n} let Ns,k denote the number of labeled split
graphs on n vertices with a clique number of k. Then the following formula holds

n—Fk

n ' n—k
Ns,k = (k) Ck,n—k - Z ‘# ( j )Ck—l,n—k—j R

j=1

and the symbols C}; represent numbers of split graphs with a fixed maximum
clique on k vertices and independent set on [ vertices, see Formula (1).

ProOF: The clique of size k in the graph on n vertices can be chosen (Z) ways.

If we fix the clique on k vertices, the number of split graphs with a clique number
equal to k is Cj i (we avoid graphs with a clique number k + 1).

But in the expression (Z) Ck,n—r, we counted some graphs more than once — the
graphs where one or more additional cliques of size k were created. For illustration
see Figure 2(a)—(c).

FIGURE 2. In the left (a) the basic clique of size 3 is generated
two times, in (b) the clique of size 3 three times and in (c) we
can find it four times. On contrary, in (d) the solid clique of size
3 is generated only once. (Basic clique on vertices 1,2, 6 has solid
edges; dashed edges connect this clique with the independent
set.)

Thus, in the total sum, we need to assign the weight to each situation when
a clique of size k appears (j + 1)-times (by introducing new edges we create j
additional cliques of size k). Therefore we set the weight to ——. Or, in other

J+1-°
words, we need to subtract the repeated situation from resulting sum with a weight
of -1,
Jj+1

Because these j + 1 cliques of size k have k — 1 common vertices, there are
k= (1:1) possibilities for choosing k — 1 vertices from the first primary clique.
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And since we choose j vertices out of n — k which are added to k¥ — 1 common
vertices, there are (”;k) such combinations. And there can again be optionally
added some more edges. They connect k — 1 common vertices of all cliques? with
the remaining n — k — j vertices of the independent set, these are again all split
graphs with a fixed clique of size kK — 1 and fixed independent set consisting of
n — k — j vertices, their count is Cy_1,,—r—;. Putting all this together, we need
to adjust the total sum by subtracting the term

n—k j n—k
— Cllm— i

and we can infer that the total number of split graphs with a clique number equal
to k is

n—k .
n n—=k
N7SL,]€ = (k) Ck,nfk - Z .j]?k< J )Ckl,nkj )

j=1
where symbol Cy; is defined in Formula (1). O

Theorem 4 (Number of split graphs). The number of all labeled split graphs on
n vertices can be computed using the formula

n n—k .
9) NS =1 ”) ok )" oS L k(n_k) ok=1 _ 1)"~F
@ai=re () (e (") ey

PROOF: There is only one split graph with no edges. And for clique number & > 2
we know from Lemma 3 that there are Ni i split graphs with a clique number of
k. Summing this up for 2 < k < n we obtain NS =14+>, Nf{,k and expansion
using Lemma 3 and Formula (1) finishes the proof. O

4. Conclusions

The presented paper concerns enumeration of labeled split graphs on a given
number of vertices and the main result consists in derivation of explicit formula.

The number of all vertex-labeled split graphs was already published in a form
of extended abstract for CTW’11 conference [2] and numerical results together
with the formula can also be found in OEIS as a sequence A179534 [3] where the
exact counts for up to twenty vertices are given.

Let us mention that the class of bipartite graphs has in a way similar defini-
tion. Recall that the vertex set of the split graph can be partitioned into the
clique and independent set and vertices from the two sets are optionally con-
nected with edges. Similarly, the vertex set of bipartite graph can be partitioned

2We do mnot set a weight (smaller than 1) when additional edges connect the kth vertex of
primary clique (not in the intersection with other cliques) with some of the remaining n — k — j
vertices. These graphs are not generated more than once in the entire sum. E.g., Figure 2(d).
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into two independent sets such that every edge in bipartite graph connects vertex
from one independent set with vertex from the other independent set. To the
authors’ best knowledge, there does not exist an explicit formula counting vertex-
labeled bipartite graphs. But corresponding exponential generating function can
be found, e.g., in Wilf’s book [10] and recurrence was published by Gebhardt [6],
for numerical results see OEIS sequence A047864 [9].
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