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On skew derivations as

homomorphisms or anti-homomorphisms

Mohd Arif Raza, Nadeem ur Rehman, Shuliang Huang∗

Abstract. Let R be a prime ring with center Z and I be a nonzero ideal of R. In
this manuscript, we investigate the action of skew derivation (δ, ϕ) of R which
acts as a homomorphism or an anti-homomorphism on I. Moreover, we provide
an example for semiprime case.
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1. Introduction

Throughout this paper, let R be a prime ring with center Z and Q be the
Martindale quotient ring of R. Note that Q is also prime and the center C of Q,
which is called the extended centroid of R, is a field (we refer the reader to [2] for
the definitions and related properties of these objects).

Given any automorphism ϕ of R, an additive mapping δ : R → R satisfying
δ(xy) = δ(x)y + ϕ(x)δ(y) for all x, y ∈ R is called a ϕ-derivation of R, or a skew
derivation of R with respect to ϕ, denoted by (δ, ϕ). It is easy to see if ϕ = 1R,
the identity map of R, then a ϕ-derivation is merely an ordinary derivation, and
if ϕ 6= 1R, then ϕ − 1R is a skew derivation, i.e., the basic example of skew
derivation are usual derivation and the map ϕ − IR. Therefore, the concept
of skew derivations can be regarded as a generalization of both derivations and
automorphisms. Moreover, any skew derivation (δ, ϕ) extends uniquely to a skew
derivation of Q [12] via extensions of each map to Q. Thus, we may assume
that any skew derivation of R is the restriction of a skew derivation of Q. When
δ(x) = ϕ(x)b − bx, for some b ∈ Q, then (δ, ϕ) is called an inner skew derivation,
otherwise it is outer. Recall that ϕ is an inner automorphism if, when acting on Q,
ϕ(q) = uqu−1, for some invertible u ∈ Q, otherwise ϕ is an outer automorphism
(see [17, 18] and the references therein). For any nonempty subset S of R, if
δ(xy) = δ(x)δ(y) or δ(xy) = δ(y)δ(x), for all x, y ∈ S, then (δ, ϕ) is called
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a skew derivation which acts as a homomorphism or an anti-homomorphism on S,
respectively.

Let Q∗CC{X} be the free product of Q and the free algebra C{X} over C on
an infinite set X of indeterminates. Elements of Q∗CC{X} are called generalized
polynomials and a typical element in Q∗CC{X} is a finite sum of monomials of the
form αai0xj1ai1xj2 · · ·xjn

ain
where α ∈ C, aik ∈ Q and xjk ∈ X . We say that R

satisfies a nontrivial generalized polynomial identity (abbreviated as GPI), if there
exists a nonzero polynomial φ(xi) ∈ Q∗CC{X} such that φ(ri) = 0 for all ri ∈ R.
By a generalized polynomial identity with automorphisms and skew derivations,
we mean an identity of R expressed as the form φ(ϕj(xi), δk(xi)), where each ϕj is
an automorphism, each δk is a skew derivation of R and φ(yij , zik) is a generalized
polynomial in distinct indeterminates yij , zik.

We need some well-known facts which will be used in the sequel.

Fact 1.1 ([5]). Let R be a prime ring and I an ideal of R, then I, R and Q satisfy
the same generalized polynomial identities with coefficients in Q.

Fact 1.2 ([6, Theorem 1]). Let R be a prime ring and I an ideal of R, then I, R
and Q satisfy the same generalized polynomial identities with automorphisms.

Fact 1.3 ([13]). Let R be a prime ring with an automorphism ϕ. Suppose that
ϕ is Q-outer (in the sense that it is not Q-inner). If φ(xi, ϕ(xi)) = 0 is a gene-
ralized polynomial identity for R, then R also satisfies the non-trivial generalized
polynomial identity φ(xi, yi), where xi, yi are distinct indeterminates.

Fact 1.4 ([7, Theorem 1]). Let R be a prime ring and δ is a Q-outer skew
derivation of R. Then any generalized polynomial identity of R in the form
φ(xi, δ(xi)) = 0 yields the generalized polynomial identity φ(xi, yi) = 0 of R,
where xi, yi are distinct indeterminates.

Fact 1.5 ([7, Theorem 1]). Let R be a prime ring with an outer automorphism ϕ.
Suppose that (δ, ϕ) is a Q-outer skew derivation of R. Then any generalized poly-
nomial identity of R in the form φ(xi, ϕ(xi), δ(xi)) = 0 yields the generalized
polynomial identity φ(xi, yi, zi) = 0 of R, where xi, yi, zi are distinct indetermi-
nates.

Fact 1.6 ([15, Proposition]). Let R be a prime algebra over an infinite field k and
let K be a field extension over k. Then R and R⊗kK satisfy the same generalized
polynomial identities with coefficients in R.

The next fact can be obtained directly by the proof of [14, Lemma 2] and
Fact 1.6.

Fact 1.7. Let R be a non-commutative simple algebra, finite dimensional over
its center Z. Then R ⊆Mn(F ) with n > 1 for some field F , R and Mn(F ) satisfy
the same generalized polynomial identities with coefficients in R.

In [3], Bell and Kappe proved that if d is a derivation of a prime ring R which
acts as a homomorphism or as anti-homomorphism on a nonzero right ideal of R,
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then d = 0 on R. In [1], Ali et al. obtained a similar result in the setting of Lie
ideals. To be more specific, they proved the following. Let R be a 2-torsion free
prime ring and L be a nonzero Lie ideal of R such that l2 ∈ L for all l ∈ L. If
d is a derivation of R which acts as a homomorphism or an anti-homomorphism
on L, then d = 0 or L ⊆ Z. In [20], Wang and You discussed the same result, by
eliminating the hypothesis l2 ∈ L for all l ∈ L. On the other hand, the first author
[16] extended Bell and Kappe’s result replacing the derivation d by a generalized
derivation F proving the following. Let R be a 2-torsion free prime ring, I be
a nonzero ideal and (F, d) be a nonzero generalized derivation of R. If (F, d)
acts as a homomorphism or an anti-homomorphism of I and d 6= 0, then R is
commutative. Later, Gusic [10] obtained similar results when F, d : R → R are
any functions. For more related results we refer the reader to [4], [8], [19].

Here we will continue the study of analogous problems on ideals of a prime ring
by using the theory of generalized polynomial identities with automorphisms and
skew derivations. Our main result is

Theorem 1.1. Let R be a prime ring with center Z and I be a nonzero ideal

of R. If (δ, ϕ) is a skew derivation of R which acts as a homomorphism or an

anti-homomorphism on I, then either δ = 0 or I ⊆ Z.

When δ = ϕ− 1R, we obtain the following

Corollary 1.1. Let R be a prime ring and I be a nonzero ideal of R. If ϕ
is a nonidentity automorphism of R which acts as a homomorphism or an anti-

homomorphism on I, then R is commutative.

Let R be a unital ring. For a unit u ∈ R, the map ϕu : x→ uxu−1 defines an
automorphism of R. If d is a derivation of R, then it is easy to see that the map
ud : x→ ud(x) defines a ϕu-derivation of R. So we have

Corollary 1.2. Let R be a prime unital ring, u be a unit in R and I be a nonzero

ideal of R. Suppose that ϕu is a derivation of R which acts as a homomorphism

or an anti-homomorphism on I, then R is commutative.

2. Proof of Theorem 1.1

Assume to the contrary that both δ 6= 0 and I * Z. We divide the proof into
two cases:

Case 1. If (δ, ϕ) acts as a homomorphism on I, then we have δ(xy) = δ(x)δ(y),
for all x, y ∈ I, i.e.,

(2.1) δ(x)y + ϕ(x)δ(y) = δ(x)δ(y), for all x, y ∈ I.

In the light of Kharchenko’s theory [13], we split the proof into two cases.
Let δ is Q-outer, by Fact 1.4 and (2.1), I satisfies the polynomial identities

(2.2) sy + ϕ(x)t = st for all x, y, s, t ∈ I.
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Now, if we take ϕ being not Q-inner, by Fact 1.5, I satisfies

sy + wt = st, for all x, y, s, t, w ∈ I

and for t = 0, we have sy = 0, for all s, y ∈ I. In other words I2 = 0 which
implies that I = 0, a contradiction.

Now consider the case when ϕ is Q-inner. Then ϕ(x) = gxg−1, for some g ∈ Q.
Thus from (2.2), we have sy + gxg−1t = st, for all x, y, s, t ∈ I. If t = 0, then as
above we get a contradiction.

Let δ is Q-inner, then δ(x) = ϕ(x)q − qx, for all x ∈ R, q ∈ Q. From (2.1), we
have

(2.3) (ϕ(x)q−qx)y+ϕ(x)(ϕ(y)q−qy) = (ϕ(x)q−qx)(ϕ(y)q−qy), for all x, y ∈ I.

Since I and Q satisfy the same generalized polynomial identities with automor-
phisms (Fact 1.2), therefore Q also satisfies (2.3), i.e.,

(2.4) (ϕ(x)q−qx)y+ϕ(x)(ϕ(y)q−qy) = (ϕ(x)q−qx)(ϕ(y)q−qy), for all x, y ∈ Q.

If ϕ is not Q-inner, then Q satisfies

(2.5) (wq − qx)y + w(vq − qy) = (wq − qx)(vq − qy), for all x, y, w, u ∈ Q.

In particular, by (2.5), one can see that

w(vq) − (wq − qx)(vq) = 0, for all x,w, v ∈ Q.

By Chuang [5], this generalized polynomial identity is also satisfied by R. Note
that this is a generalized polynomial identity and by Fact 1.7, there exists a field
F such that R ⊆ Mk(F), the ring of k × k matrices over a field F, where k ≥ 1.
Moreover, R and Mk(F) satisfy the same polynomial identity [5], i.e.,

w(vq) − (wq − qx)(vq) = 0, for all x,w, v ∈Mk(F).

Let eij be the usual matrix unit with 1 in (i, j)-entry and zero elsewhere. By
choosing x = e11, v = e12, w = 0, q = e21, we see that

0 = w(vq) − (wq − qx)(vq) = e21 6= 0, which is a contradiction.

If ϕ is Q-inner, then ϕ(x) = gxg−1. From (2.3) we can write,

(gxg−1q−qx)y+gxg−1(gyg−1q−qy) = (gxg−1q−qx)(gyg−1q−qy), for all x, y ∈ I.

We see that, if g−1q ∈ C, then δ(x) = gxg−1q − qx = g(xg−1q − g−1qx) =
g[x, g−1q] = 0, a contradiction. So we may assume that g−1q /∈ C. Let

(2.6) φ(x, y) = (gxg−1q−qx)y+gxg−1(gyg−1q−qy)−(gxg−1q−qx)(gyg−1q−qy).

Since by [5] or [2, Theorem 6.4.4], I and Q satisfy the same generalized polynomial
identities, we can easily see that φ(x, y) = 0 is a nontrivial generalized polynomial
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identity of Q. Let F be the algebraic closure of C, when C is infinite and F = C,
otherwise. By Fact 1.6, φ(x, y) is also a generalized polynomial identity of Q⊗CF .
Moreover, in view of [9, Theorem 3.5], both Q and Q⊗CF are prime and centrally
closed, we may replace R by Q or Q ⊗C F . Thus, R is centrally closed over Z
which is either algebraically closed or finite, and R satisfies generalized polynomial
identity (2.6). By Martindale’s theorem [2, Corollary 6.1.7], R is a primitive
ring having nonzero socle and the commuting division ring D which is finite-
dimensional central division algebra over Z. Since Z is either finite or algebraically
closed,D must coincide with Z. Therefore, in view of Jacobson theorem [11, p. 75],
R is isomorphic to a dense subring of the ring of linear transformations on a vector
space V over Z (or End(VZ) in brief), containing nonzero linear transformations
of finite rank.

Assume that dim(VZ) = 1, then R = Z so I ⊆ Z, which is a contradiction.
Therefore dim(VZ) ≥ 2. In this case, our aim is to show that, for any v ∈ V ,
v and g−1qv are Z-dependent. Suppose to the contrary that v and g−1qv are
Z-independent, by the density of R in End(VZ ), there exist x0, y0 ∈ R, such that

x0v = 0, x0g
−1qv = g−1v;

y0v = v, y0g
−1qv = g−1qv.

With all these, we obtain from the assumption that

0 =
(

(gx0g
−1q − qx0)y0 + gx0g

−1(gy0g
−1q − qy0)

−(gx0g
−1q − qx0)(gy0g

−1q − qy0)
)

v

= (gx0g
−1q − qx0)v + gx0g

−1(gg−1qv − qv) − (gx0g
−1q − qx0)(gg

−1qv − qv)

= (gx0g
−1q − qx0)v

= v, a contradiction.

Thus, v and g−1qv are Z-dependent as claimed. From above we have prove that
g−1qv = vµ(v), for all v ∈ V , where µ(v) ∈ Z depends on v ∈ V . We claim that
µ(v) is independent of the choice of v ∈ V . Indeed, for any v, w ∈ V , if v and w
are Z-independent, then there exist µ(v), µ(w), µ(v + w) ∈ Z such that

g−1qv = vµ(v), g−1qw = wµ(w), and g−1q(v + w) = (v + w)µ(v + w).

Moreover, vµ(v) + wµ(w) = g−1q(v + w) = (v + w)µ(v + w). Hence

v(µ(v) − µ(v + w)) + w(µ(w) − µ(v + w)) = 0.

Since v and w are Z-independent, we have µ(x) = µ(v + w) = µ(w). If v and w
are Z-dependent, say v = wβ, where β ∈ Z, then vµ(v) = g−1qv = g−1qwβ =
wµ(w)β = vµ(w) and so µ(v) = µ(w) as claimed. Therefore, there exist γ ∈ Z
such that g−1qv = vγ, for all v ∈ V . Hence g−1q ∈ Z and δ = 0, a contradiction.
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Case 2. If (δ, ϕ) acts as an anti-homomorphism on I, then we have δ(xy) =
δ(y)δ(x), for all x, y ∈ I, i.e.,

(2.7) δ(x)y + ϕ(x)δ(y) = δ(y)δ(x), for all x, y ∈ I.

We apply the same technique as Case 1. If δ is not inner on Q, by Fact 1.4 and
(2.7) we get

sy + ϕ(x)t = ts, for all x, y, s, t ∈ I.

If ϕ is not Q-inner, by Fact 1.5 one can have

sy + wt = ts, for all x, y, s, t, w ∈ I.

We obtain a contradiction, as already discuses in case 1. Now we assume that ϕ
is Q-inner, then ϕ(x) = gxg−1, for some g ∈ Q. From (2.7), we have

sy + gxg−1t = ts, for all x, y, s, t ∈ I.

In particular t = 0, I satisfied the blended component sy = 0, for all s, y ∈ I,
again we get a contradiction.

Next, assume that δ be an inner derivation on Q, i.e., δ(x) = ϕ(x)q − qx, for
some q ∈ Q. From (2.7), we can write

(2.8) (ϕ(x)q−qx)y+ϕ(x)(ϕ(y)q−qy) = (ϕ(y)q−qy)(ϕ(x)q−qx) for all x, y ∈ I.

Since I and Q satisfy the same generalized polynomial identities with automor-
phisms [Fact 1.2], so Q satisfies (2.3), i.e.,

(2.9) (ϕ(x)q−qx)y+ϕ(x)(ϕ(y)q−qy) = (ϕ(y)q−qy)(ϕ(x)q−qx), for all x, y ∈ Q.

If ϕ is not Q-inner, then Q satisfies

(wq − qx)y + w(vq − qy) = (vq − qy)(wq − qx), for all x, y, w, v ∈ Q.

In particular y = 0, we have

w(vq) − (vq)(−wq + qx) = 0, for all x,w, v ∈ Q.

In view of the above situation as in Case 1, we assume that Mk(F) satisfy the
same polynomial identity, i.e.,

w(vq) − (vq)(−wq + qx) = 0, for all x,w, v ∈Mk(F).

By choosing x = e12, v = e21, w = 0, q = e11, we see that

0 = w(vq) − (vq)(−wq + qx) = e22 6= 0, which is a contradiction.

Finally, we consider ϕ isQ-inner, then ϕ(x) = gxg−1, for some g ∈ Q. If g−1q ∈ C,
then we see that δ = 0. So, we assume that g−1q /∈ C, and hence Q satisfy the
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generalized polynomial identity,

(2.10) (gxg−1q− qx)y+ gxg−1(gyg−1q− qy)− (gyg−1q− qy)(gxg−1q− qx) = 0.

Using the same arguments as in the proof of Case 1, we assume that R is centrally
closed over Z which is either finite or algebraically closed, and hence R satisfies
the nontrivial generalized polynomial identity (2.10). Moreover, we know that R
is isomorphic to a dense subring of End(VZ ), for some vector space V over Z.
Now, for any v ∈ V , we claim that v and g−1qv are Z-dependent. Suppose to the
contrary that v and g−1qv are Z-independent, by the density of R in End(VZ)
there exist elements x0, y0 ∈ R such that

x0v = 0, x0g
−1qv = g−1v,

y0v = 0, y0g
−1qv = v.

It follows from (2.10) that

0 = (gx0g
−1q − qx0)y0 + gx0g

−1(gy0g
−1q − qy0)

− (gy0g
−1q − qy0)(gx0g

−1q − qx0) = gv = v

which is a contradiction. Thus, v and g−1qv are Z-dependent as claimed. In view
of Case 1, we know that g−1q ∈ Z and so δ = 0, a contradiction. This completes
the proof.

The following example demonstrates that, we cannot expect the same conclu-
sion holds in semiprime ring.

Example 2.1. Let C be the usual ring of complex numbers. Define an automor-
phism Ψ : C → C as Ψ(z) = z for all z ∈ C. Now let (δ1,Ψ) a nonzero skew
derivation on C such that δ1(z) = a(z−z), where a is fixed complex number. Con-
sider R = C ⊕ M2×2(C). It is easy to see that R is non-commutative semiprime
ring. Next we define a map δ : R → R as follows δ(r1, r2) = (δ1(r1), 0). This can
be seen easily that δ is a skew derivation associated with automorphism ϕ, where
ϕ : R → R such that ϕ(r1, r2) = (ψ(r1), I(r2)). Consider I = {0} × M2×2(C). It
is easy to check that I is a nonzero ideal of R and (δ, ϕ) is a skew derivation of R
which acts as a homomorphism as well as an anti-homomorphism on I.
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