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Strong sequences and the weight of regular spaces

Marian Turzaǹski

Abstract. It will be shown that if in a family of sets there exists a strong sequence of the
length (κλ)+ then this family contains a subfamily consisting of λ+ pairwise disjoint sets.
The method of strong sequences will be used for estimating the weight of regular spaces.
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In his paper [1], B.A. Efimov introduced the method of strong sequences in
generalized Cantor discontinua. Among others he has proved that in generalized
Cantor discontinua strong sequences do not exist. As a corollary, Marczewski’s
theorem on cellularity of dyadic space and Shanin’s theorem on calibers in dyadic
spaces are obtained.
The aim of this paper is to give the answer to the question “What follows from

the existence of strong sequences?” It will be shown that if in a family of sets there
exists a strong sequence of the length (κλ)+ then this family contains a subfamily
consisting of λ+ pairwise disjoint sets. The method of strong sequences will be used
for estimating the weight of regular spaces. A new cardinal invariant
λ(X) = inf{sup{χ(x, X) : x ∈ M} :M dense in X}+ ω is introduced.

It was proved in [3] that the wight of a regular space is not greater than πχ(X)
c(X)

(the π-character of space to the power of cellularity of space). It will be proved that

the weight of regular space is not greater than λ(X)c(X) (in [1] Efimov proved that
if X is dyadic space, than the weight of X is equal to λ(X)). It is easy to see
that these two powers are equal. But it will be shown (Examples 2 and 3) that no
inequality can be established between λ(X) and the π-character of X .
Let X be a set and B ⊆ P(X) be a family of non-empty subsets of X closed

with respect to the finite intersections. Let S be a finite subfamily contained in B.
A pair (S, H) whereH ⊆ B will be called connected if S∪H is centered. A sequence
(Sφ, Hφ); φ < α, consisting of connected pairs is called a strong sequence if Sλ∪Hφ

is not centered whenever λ > φ.
Let T be an infinite set. Denote a Cantor cube by

DT := {p : p : T → {0, 1}}.

For v ⊆ T , i : v → {0, 1} we shall use the following notation

Hi
v := {p ∈ DT : p | v = i}.
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Efimov investigated in his paper [1] strong sequences in the subbase {Hi
{α} : α ∈ T }

in DT .

Efimov proved the following

Theorem. Let κ be a regular, uncountable cardinal number. In the space DT

there is not a strong sequence ({Hi
α : α ∈ vζ}, {H

l
β : β ∈ wζ}); ζ < κ such that

cardwζ < κ and card vζ < ω for each ζ < κ.

Let X be a topological space.
Denote by w(X) = min{cardB : B a base for X}+ ω, the weight of the space X .
A pairwise disjoint collection of non-empty open sets in X is called cellular family.
The cellularity of X is defined as follows:

c(X) = sup{cardV : V a cellular family in X}+ ω.

Let V be a collection of non-empty open sets in X , let p ∈ X . Then V is a local
π-base for p if for each open neighborhood U of p, one has V ⊂ U for some V ∈ V .
If in addition one has p ∈ V for all V ∈ V , then V is a local base for p.

Denote by

πw(X) = min{cardV : V a π-base for X}+ ω

χ(p, X) = min{cardV : V is a local base for p}

πχ(p, X) = min{cardV : V is a local π-base for p}

χ(M, X) = sup{χ(p, X) : p ∈ M ⊂ X}

λ(X) = min{χ(M, X) :M is a dense subset of X}+ ω

πχ(X) = sup{πχ(p, X) : p ∈ X}.

Define the density of X as follows:

d(X) = min{cardS : S ⊂ X and clS = X}.

Example 1. It is easy to give an example of a strong sequence of length greater
than a cellularity of family of sets. For this purpose let us take a regular space
such that c(X) < d(X) and χ(X) < d(X). Let M be a dense subset of X such
that cardM = d(X). Let B(x) be a base in a point x ∈ M such that cardB(x) ≤
χ(X). Let us start from an arbitrary point x1 ∈ M and U ∈ B(x1). Then we
take a pair ({U}, B(x1)) as a first pair of a strong sequence. Suppose that for
β < γ < max(c(X), χ(X))+ the strong sequence has been defined. Let us take the
set {xβ : β < γ}. The set (X \ cl{xβ : β < γ}) ∩ M is non-empty and hence we
can take a point xβ ∈ (X \ cl{xβ : β < γ}) ∩ M . Since X is a regular space, there
exists Uγ ∈ B(xγ) such that clUγ ∩ cl{xβ : β < γ} = ∅. Hence for each β < γ

{Uγ} ∪ B(xβ) is not centered. Hence the strong sequence has been defined.
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Theorem 1. If for B ⊆ P(X) there exists a strong sequence S = (Sζ , Hζ); ζ <

(κλ)+ such that card(Hζ) ≤ κ for each ζ < (κλ)+ then the family B contains

a subfamily of cardinality λ+ consisting of pairwise disjoint sets.

Proof: Denote α = κλ, let {(Sµ, Hµ) : µ < α+} be a strong sequence in B.
We may and shall assume that every Hµ is closed under finite intersections. We

construct an increasing chain {Iζ : ζ < λ+} of subsets of α+ by transfinite induction
as follows:

I0 = {0}; if ζ is a limit ordinal, then Iζ =
⋃

{Iν : ν < ζ}.

The induction assumption is |Iζ | ≤ α. Suppose ζ = η + 1, ζ < λ+ and Iη known,
|Iη | ≤ α. Call a pair (K, f) admissible, if K ⊆ Iη, |K| ≤ λ, f ∈

∏
{Hη : η ∈ K}

and there is some ϕ > sup Iη such that for every µ ∈ K,
⋂

Sϕ ∩ f(µ) = ∅. If
|K| ≤ λ, then |

∏
{Hµ : µ ∈ K}| ≤ α, because |Hµ| ≤ κ for all µ < α+. Since

|Iη | ≤ κλ, it contains not more than κλ subsets of size ≤ λ. Therefore there are at

most κλκλ = κλ admissible pairs.
For every admissible pair (K, f) select one ϕ(K, f) > sup Iη witnessing the fact

that (K, f) is admissible and let Iζ = Iη ∪ {ϕ(K, f) : (K, f) admissible}. This
completes the inductive definitions. We have already verified that |Iζ | ≤ α again
holds.
Let I =

⋃
{Iζ : ζ ≤ λ+}. Since |I| ≤ λ+κλ = κλ, I is not cofinal in α+. Thus

there is some sup I < ϕ < α+. For this ϕ, Sϕ ∪Hµ is not centered whenever µ ∈ I.
Choose µ(0) ∈ I1 \ I0 and F0 ∈ Hµ(0) with F0 ∩

⋂
Sϕ = ∅. Proceeding further,

suppose µ(η) ∈ Iη+1 \Iη and Fη ∈ Hµ(η) are known and Fη∩
⋂

Sϕ = ∅ for all η < ζ,

ζ < λ+. Then the pair (K, f), where K = {µ(η) : η < ζ} and f(µ(η)) = Fη is
admissible, so it remains to define µ(ζ) = ϕ(K, f) in accordance with the inductive
definition of Iζ+1 and let Fζ ∈ Hµ(ζ) be such that Fζ ∩

⋂
Sϕ = ∅.

By our choice of Iζ , µ(ζ) and Fζ , it is obvious now that {
⋂

Sµ(ζ) ∩Fζ : ζ < λ+}
is the required disjoint family. �

A pairwise disjoint collection of non-empty sets in a family A is called a cellular
family. The cellularity of A is defined as follows:

c(A) = sup{cardV : V a cellular family in A}+ ω.

Theorem 2. Let A be a family of non-empty sets closed with respect to the finite

non-empty intersections. For each cardinal number κ such that (κc(A))+ ≤ cardA
there exists a centered subfamily B ⊆ A such that cardB > κ.

Proof: Suppose that if B ⊆ A and B is centered, then cardB ≤ κ. Let us take
an arbitrary centered subfamily H1 ⊆ A. Let S1 ⊆ H1 be a finite subfamily and
(S1,H1) be a first pair of a strong sequence. Suppose that for γ < β < (κc(A))+

the strong sequence (Sγ ,Hγ) γ < β has been defined. Since (κc(A))+ is regular and
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cardHγ ≤ κ for each γ, hence card{
⋃
Hγ : γ < β} < (κc(A))+ < cardA. From

this it follows that there exists S ∈ A such that Hγ ∪ {S} is not a centered family
for each γ < β. Let us take a maximal centered family Hβ ⊆ A such that S ∈ Hβ .

Hence the strong sequence has been defined. Hence, by Theorem 1, there are c(A)+

pairwise disjoint sets in A. A contradiction. �

Lemma. If X is a regular space, then d(X) ≤ λ(X)c(X).

Proof: Suppose that d(X) > λ(X)c(X). Let us choose a dense subset M such
that χ(M, X) = λ(X). Let us choose an arbitrary point x ∈ M and let B(x) be
a base in the point x of cardinality not greater than λ(X). Let (Ux,B(x)) be the
first pair of a strong sequence, where Ux ∈ B(x). Let us assume that for each

ζ < λ < (λ(X)c(X))+ a connected pair has been defined. So we have a strong
sequence (Uxζ

,B(xξ)) ξ < λ where xξ ∈ M and cardB(xξ) < λ(X) for each ξ < λ.

Let Dλ = {xξ : ξ < λ}. From the assumption X − clDλ 6= ∅. Let B(xλ) be a base
in the point xλ and xλ ∈ (X − clDλ) ∩ M . Let cardB(xλ) < λ(X). There exists
a set Uxλ

∈ B(xλ) and a neighborhood U of the set Dλ such that Uxλ
∩U = ∅. From

this it follows that for each ξ < λ there exists Uxξ
∈ B(xξ) such that Uxξ

∩Uxλ
= ∅.

Hence B(xξ) ∪ {Uxλ
} is not a centered family for each ξ < λ. So we can extend

strong sequence by adding the pair {Uxλ
,B(xλ)}. Hence we have a strong sequence

of length (λ(X)c(X))+. This sequence fulfills the assumption of the theorem, so we
have the family consisting of c(X)+ pairwise disjoint open sets. �

In [2] Efimov proved that for any space X , cardRO(X) ≤ πw(X)c(X).

Theorem 3. For X regular, w(X) ≤ λ(X)c(X).

Proof: From the lemma, d(X) ≤ λ(X)c(X). Hence πw(X) ≤ λ(X)d(X) ≤

λ(X)λ(X)c(X) = λ(X)c(X). Since for regular space w(X) ≤ cardRO(X), hence,

by Efimov’s theorem, w(X) ≤ λ(X)c(X). �

(In [1] Efimov proved that if X is dyadic space, then w(X) = λ(X).)
The reader of the Handbook of Set-Theoretic Topology can find the following

Theorem (R. Hodel [4]). For X regular, w(X) ≤ πχ(X)
c(X).

Since λ(X) ≤ w(X) and πχ(X) ≤ w(X), hence

λ(X)c(X) ≤ w(X)c(X) ≤ πχ(X)
c(X)c(X) = πχ(X)

c(X)c(X) = πχ(X)
c(X)

and

πχ(X)
c(X) ≤ w(X)c(X) ≤ λ(X)c(X)

c(X)
= λ(X)c(X)c(X) = λ(X)c(X).

From this it follows that πχ(X)
c(X) = λ(X)c(X). But the next two examples show

that it can be λ(X) < πχ(X) and also πχ(X) < λ(X).
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Example 2. Let ω1 + 1 denote the set of ordinal numbers no greater than ω1. In
the set ω1 + 1 let us consider the topology generated by order. This is a compact,
Hausdorff, zero-dimensional space of weight ω1. For each point α ∈ ω1 we have
χ(α, ω1+1) = ω. Since the set ω1 is dense in ω1+1, hence λ(ω1+1) = ω. It is easy
to see that πχ(ω1, ω1+1) = ω1. Hence πχ(ω1+1) = ω1. So λ(ω1+1) < πχ(ω1+1).

Example 3. Let τ be an infinite cardinal number. Denote a Cantor cube by

Dτ := {p : p : τ → {0, 1}}

and absolute of the Cantor cube by ρDτ . B.A. Efimov [3] proved that

(a) for each cardinal number τ ≥ ω we have

πχ(x, ρDτ ) = τ for each x ∈ ρDτ

and (b) if τ is a union of countably many fewer that τ cardinal numbers, then
τ+ ≤ χ(x, ρDτ ) for each point x ∈ ρDτ .

From this theorem it follows that if we have a cardinal number as in the point (b),
then πχ(ρDτ ) < λ(ρDτ ).
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Instytut Matematyki Uniwersytetu Śla̧skiego, ul. Bankowa 14, 40–007 Katowice,

Poland

(Received December 9, 1991, revised March 24, 1992)


