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A o-porous set need not be o-bilaterally porous

J. NAJARES R., L. ZAJICEK*

Abstract. A closed subset of the real line which is right porous but is not o-left-porous
is constructed.
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1. Introduction

Let E C R be a set, and let I be an interval. Then we denote by A(E,I)
the length of the largest open subinterval of I which does not intersect E. The
right porosity of E at x € R is defined as

N /\(E, (:c,x+h))
Fx)= lim ——~
p"(E,x) i "

The left porosity p~(E, ) is defined by the symmetrical way.
We say that:
(i) E is right porous at z if p™(E,z) >0,
(ii) E is left porous at = if p~(E,z) > 0,
(iii) E is bilaterally porous at z if it is porous both on the right and on the
left at 2.

The set F is said to be right (left, bilaterally) porous if it is right (left, bilater-
ally) porous at each of its points and o-right-porous (o-left-porous, o-bilaterally-
porous) if it is a countable union of right (left, bilaterally) porous sets. It is easy
to see that a set is o-bilaterally porous iff it is bilaterally o-porous (i.e. it is both
o-right-porous and o-left-porous). The main aim of the present article is to prove
the following result.

Theorem. There exists a closed set F' C R which is right porous but is not
o-left-porous.

We obtain the example slightly modifying the ideas of [F] and [Za 1].
We essentially use Lemma 5 which is a special case of the generalized Foran
lemma [Za 3], which enables us to give a simple proof that our set F is not
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o-left-porous. Another ingredient of our proof is Proposition, which is analogous
to Proposition 4.4 from [Za 2]. We believe that it can be also of some independent
importance. Note that for symmetrical porosity an analogical proposition does
not hold [E-H-S].

2. Proposition and lemmas

Definition 1. If ¢ >0, M C R and r > 0 are given, then we define
S(e, r, M) U{x@ y); yER 0<o<r, (y—o, y)NM =0},

where c6 (y — 0, y) = (y — co, y).
We shall need the following lemmas which are obvious.

Lemma 1. If pt(M, z) > ¢ >0, then = € N{S(Z, r, M); r > 0}.

Lemma 2. If c>1, x € M and z € (\{S(c, 7, M); r > 0}, then

pt(M, x) > % )

Proposition. Let A be a o-right-porous set (o-left- porous) and ¢ < 1. Then
there exists a sequence {An}o°, such that A = U An and pt(An, ) > ¢
(p~ (Ap,x) > ¢, respectively) for any n € N and z € A .

PROOF It is sufficient to give the proof for right porosity only. By definition
A= 0 Bn where B, is a right porous set for any n € N. Putting

n=1
Bk ={x € Bn; p™(Bp,x) > E} we have that A = U By, ), and
pT(Bp g, x) = % for any = € B, 1, .
Thus it is sufficient to prove the following statement:
If M C R, a >0 and, for each & € M, the inequality p* (M, x) > a holds,
then M = 'oLj)lMi, where pT(M;, y) > ¢ for any y € M;.
1=
We can suppose a < ¢ < 1, the case a > ¢ being trivial. Choose n € N such
that (%)” > % and define Cp, = M N ﬂOS(c_k, r, M). By Lemma 1 M = C),
r>
and therefore M = k62(ck \ Ck—1) UC1. By Lemma 2, we have p*(C1, z) > ¢
for any x € C1. -
For k = 2,...,n define T}, ,, = C}, \ S(c=k+1 m=1, M). Then
U Thom =C\ N S m™t M) =y \ Oy,
m=1 " m=1

Since Ty, ,, C Cy, for each z € T}, ,, and r > 0, there exist y and ¢ such that
0 <t < min(r, m~1), (y—t, y)NM =0 and z € ¢ F&(y—t, y). Put J = ¢ Ftlo
(y —t,y). Then z € c"1 ©J and JN Ty =0, since J C S(e k1 m=1 M),
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Thus, for each z € T}, we have z € ﬂOS(c_l, ¢ k+1r T, ) and therefore
b} T> k)

pt (Thm, #) > ¢ by Lemma 2, which proves our statement. O
For the sake of brevity, in the following we shall say that E is V-porous at z
if p~(E,z) > % The following lemma is easy to prove.

Lemma 3. Let ¥ C R, x € R and a natural number p be given such that
z—10"% or z —10=(k+1) belongs to E for each natural k > p. Then E is not
V-porous at x.

The following lemma is an immediate consequence of Proposition.
Lemma 4. A set E C R is o-left-porous iff it is o-V-porous.
Definition 2. We say that F C exp R is a non-o-V-porosity family if the fol-
lowing conditions hold:

(a) F is a nonempty family of nonempty closed sets,

(b) for each F € F and each open set G C R with F'NG # 0, there exists
F* e Fsuchthat D # F*NG € FNG and F is V-porous at no point
of F*NG.

We shall need the following lemma which is a special case of [Za 3, Lemma 4.3].

Lemma 5. Let F be a non-o-V -porosity family. Then no set from F is o-V-
porous.

3. Proof of theorem

Our theorem stated in Introduction immediately follows from Lemma 7 and
Lemma 8 below. To formulate them, we need some notions.

Definition 3. Let = € (0,1). Asusual, we write = 0,ajaz... if z =32 a;107¢
and a; € {0,1,...,9}. The uniqueness of the expansion is obtained using termi-
nating 0’s whenever x has two expansions. Let a € {0,1,...,9} be a digit. The
density and the upper density of a in the expansion of = are defined as

#{k1<k<n, ag(z)=a}

d(a,z) = lim
n—o0 n
= —_ k 1 < k < =
d(a,z) = lim #{k1<k<n, ap(z) a}'
n—oo n

The following easy fact is well known and easy to prove.
Lemma 6. The function z + d(a,z) is Borel measurable on (0,1).
Definition 4. For a natural n and z € (0,1) put
c(z,n) = #{k; n®> <k < (n+1)% ap(z) =9} and

e(z,n) = #{k; n® <k < (n+1)% ay(x) # 9}
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Let a natural number N, ¢ > 0, 1 > a > 0 and digits a1,...,an2 €
{0,1,...,9} be given. Then we define the set A(a,aq,...,apn2,€) as the set of
all x € (0,1) for which

(1) ai(z) =ay,...,an2(x) =apn2 and

€ c(z,n)

(2) 1- = <

e S ot <1 whenever n>N

Lemma 7. Let 0 < a <1, e >0 and digits ai,...,an2 € {0,1,...,9} such that
1 1
(3) N > max[(1+¢)a,ea-T1]

be given.
Then A(w,aq,...,anz2,€) is a closed set which is not o-left-porous.

PRrROOF: Obviously (2) implies that
(4) e(z,n) #0 whenever n>N and z€ A(a,ay,...,an2,€).

Now suppose that z, € A(a,aq,...,an2,¢) and x, — 2. On account of (4) we
easily obtain that

(a1(xn),a2(zy),...) — (a1(x), a2 (x),...)

in the space NN and consequently x € A(wa,ay,...,an2,€). Thus we have that
Ala,ay, ..., apn2,€) is closed.

The condition (2) is equivalent to
c(z,n) € {(1 - %)(Zn—i— 1), 2n+ 1) :=1I, for n>N.
n
If n > N, we have by (3)

(1- n%)(2n+ 1)>(1- 1%5)(2(1“)%) >2  and

e

@n+1)—(1— —)2n+1) = —(2n+1) > 20" > 2,
n

ne
Thus we have I, C (2,2n + 1) and length (I) > 2 for n > N; consequently
Alayay,...,anz2,e) # 0 and c(z,n) > 2 whenever = € A(a,aq,...,an2,¢) and
n> N.

Now let F denote the family of all sets of the form A(«,ay,...,an2,¢) for
which (3) holds. By Lemma 4 and Lemma 5 it is sufficient to prove that F is
a non-o-V-porosity family. To this end suppose that F' = A(«, ay, ..., an2,8) € F
and an open set G C R such that F NG # () are given.
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Choose an arbitrary y € F NG and find a natural M so large that

1
(5) M >N, M>(%)ﬁ and

1
F* = A(a,ay, ...,an2,an2,1(Y), - apg2(y), 55) cG.

Clearly F* C F. On account of (3) and (5) we have

M > max ((1+ )%, (5)7)

and therefore F* € F. Thus it is sufficient to prove that F is V-porous at no
point z € F*. To prove this, fix an arbitrary z € F* and consider an arbitrary
natural k > (M + 1)2. By Lemma 3 it is sufficient to prove that at least one of
tlﬁe points z, =z — 107F, Zp =2 10~ (k+1) belongs to F'. It is easy to see
that

(6) c(z,n) —=1<c(z,,n) and c(z,n) —1<c(z,,n), foreach n.
Since z € F*, we have ¢(z, M) > 0 (we know even c(z, M) > 2) and therefore
(7) as(2) = as(z;, ) = as(zp,.,) for s < M2
Now suppose that = € {7,z ;}. Then (7) says that

as(z) = as(z) for s < M2

For n > M the definition of F*, (6) and (5) yield

—>1- .
2n+1 7~ 2n+1 — 2n®  2n+1 ne

c(x,n) S c(z,m) —1 € 1 €

Thus it is sufficient to establish that, for x =z, or z = Zpa1s
(8) e(z,n) #0, for each n > M.
To this end suppose that
ez ,n) =0 for some n > M.
Since ¢(z,n) # 0, this condition easily implies that
k=n?+1i where i€ {1,...,2n},
ap241(2) =0,...,a,2,,(2) =0 and
an24i41(2) =9, ., a(nyr)2(2) = 9.

Consequently it is easy to see that (8) holds for z = 2, ;. O
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Lemma 8. If % < a < 1, then the set A(a,aq,...,anz2,€) from Lemma 7 is right
porous.

PrOOF: Choose an arbitrary = € A(c, a1, ...,an2,€).
For each natural n, let m,, be the maximum of those natural ¢, for which there
exist natural numbers u, v such that

(9) n?<u<v<(n+1)?, as(z) =9 foreach u<s<uw
and v —u = 1. It is easy to see that

2n+1—e(z,n) =c(x,n) <mp(e(x,n) +1) and consequently
2n+1—e(z,n)

10 >
(10) fhin = e(z,n)+1
On account of (2) we have that
2 1
e(z,n) < E(nij) for n> N
n

and therefore (10) implies that there exists ¢ > 0 and a natural ng such that
(11) mp > cn® for all n > ng.
Now, for each n, choose uy, v, such that

vp, — up = my, and (9) holds for u = up, v =vy,.

Put
yn=2+107"" and z,=z+ 10t

It is easy to see that, for each t € (yn, 2 ), we have

as(t) =0, foreach up <s<w,—1
and therefore
(12) c(t,n) <2n+4+1— (mp —1).

If n is so big that n > ng, n > N and 2n+42 —cn® < (2n+1)(1 — ;5%), we have
by (12) and (11)
c(t,n)<2n+2—cn® < (2n+1)(1 - i)

nOé

Thus we obtain by (2) that ¢ ¢ A(a, a1, ...,an2,¢). Consequently

10—(vn—1) —10~vn 9
+ > T = —
D (A(a,al, ...,aNz,E),x) > nh—{%o T0—ont1 10"
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