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Estimators for epidemic alternatives

MARIE HUSKOVA

Abstract. We introduce and study the behavior of estimators of changes in the mean
value of a sequence of independent random variables in the case of so called epidemic
alternatives which is one of the variants of the change point problem.

The consistency and the limit distribution of the estimators developed for this situa-
tion are shown. Moreover, the classical estimators used for ‘at most change’ are examined
for the studied situation.
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1. Introduction

Consider the following model:

X; =0 + ¢, i =1,...,my,
=0p+0n+te, i=mq1+1,..,mo,
=0y + ¢, i=mg+1,..,n,

where 6py,0n,1 < m; < mg < n are unknown parameters, eq,...,e, are i.i.d.
random variables, Fe; = 0 and 0 < vare; = 02 < 0o with ¢? unknown. The
model describes the situation, where the normal state with the mean value 6
runs up to the mi-th observation then it changes to the epidemic one with the
mean value 6y + o, that goes from mj + 1-st through me-nd observation and the
normal state is restored afterwards. This model is called the epidemic alternative.

The testing problem Hy : §, = 0 against Hy : 0, # 0 was first considered by
Kline and Levin [13] for the case when e;’s have normal distribution. Yao [16]
published a survey of the available test procedures together with their comparison.
Lombard [14] and Gombay [9] deal with rank test procedures. Brodsky and
Darkhovsky [6] constructed estimators (see (2.3) below) of the change points
m1,mo in a series of dependent observations and proved their consistency.

The object of the present paper is to develop estimators of the change points
m1,mg and to derive their asymptotic properties for local changes (6, — 0).
Namely, we shall study an estimator related to the maximum likelihood one when
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the errors e;’s are normally distributed (see (2.2) below) and the estimator in-
troduced by Brodsky and Darkhovsky [6] based on the argmax of differences of
certain averages (see (2.3) below). Moreover, the performance of three types of
estimators used for the case ‘at most one change’ (see (2.4)—(2.9) below) is ex-
amined in the model (1.1). It is shown that all considered estimators have the
same rate of consistency and have the limit distribution as the argmax of cer-
tain Gaussian processes. The main results are formulated in Theorem 2.1 and
Theorem 2.2. Results of simulation study will be published in [3].

2. Main results

The estimators of the change points are based on the partial sums
k

(2.1) Se=Y_(X;=Xn), k=1,..,n,
i=1

where n
— 1
Xn =~ Z} X;.
1=

The estimator related to the maximum likelihood estimator when the errors e;’s
have normal distribution is defined as follows:
n

(22) (i (o). 1har(e)) = afgmaxw (ky — k1)(n— ko + k)

1<k <n,i=1,2,ne<ko—ki <(1l—¢€)n},

|Sk2 - Sk:1|;

where 0 < e < 1/2.
Darkhovsky and Brodsky [6] introduced the estimator

n2

2 — k1)(n — ko + k1)
1§k2§n7121725 nESkQ—kl S(l—E)TL}

1 1
mskz - m(skl + Sn = Sk,);

1<k <n,i=1,2ne<ko—k1 <(1l—¢€)n},

(2.3)  (1h12(e),az2(e)) = argmax {(k |Sky — Sky |5

= argmax {|

where 0 < ¢ < 1/2. They investigated the consistency when 0, = § # 0 is fixed
(not depending on n) and X;, i = 1, ...,n, need not be independent.

The following three estimators for the case ‘at most one change’ will be inves-
tigated:

(2.4) m13(e) = min{ argmax {, /ﬁ&”k; ne <k <n(l—e)},
argmin {, /ﬁsk;ne <k<n(l-e)}},
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(2.5) 1ho3(e) = max{ argmax {, /ﬁsk; ne <k <n(l—e)},
argmin {, /ﬁsk;ne <k<n(l-e)}},

(2.6) m14 = min{ argmax {Sg;1 < k; < n}, argmin {S;1 < k < n}},
(2.7) Mmog4 = max{ argmax {S;;1 < k; <n}, argmin {S;;1 <k <n}}
and

(2.8) 7h15(G) = min{ argmax {Sk—i-G — 25, + Sk_;G <k <n-—G},
argmin {Sk1 g — 2S5k + Sk G <k <n—G}},

(2.9) 7h95(G) = max{ argmax {Sk—i-G — 25, + Sk_; G <k <n— G},
argmin {Sk1 g — 2S5k + Sk G <k <n—G}},

where 0 < € < 1/2 and G should be small w.r.t. n (see assumption (2.17) below).
The behavior of the estimators 1;3(€) and Mgy, @ = 1,2, in the case of at most
one change was deeply studied in [4]. The behavior of 1m;5(G), i = 1,2, both in
the case of at most one change and more changes was studied in a more general
framework in [2].

The following expectations give a simple transparent picture on the behavior
of the estimators

- ma

ES), = —opk 2" 1<k <mi,
n

n—mso -+ mi

(2.10) = dn(k ” mi) m1 < k < mao,
=—5n(n—k)%2+m1 my <k <n,
and
E(Sk+c — 25k +Sp—g) =0 G<k<m -G,

=on(k+G—mq) m;—G<k<m
=n(G—k+mq) m1 < k<mp+G,

(2.11) =0 m1+G<k<mg—G,
=—0p(k+G—ma) mg—G<k<mg,
=—0n(G—k+ma) myg<k<ms+G,
=0 mo+G<k<n-—G.

We see that ESy, k=1,...,n and E(Sy+qg —2Sp +Si—g), k=G +1,...,.n—G,

are piece-wise linear functions in & with extremes at k = mq, ms.
Now, we shall state two main results.
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Theorem 2.1. Let X1, ..., Xy, follow the model (1.1) and let, as n — oo,

my

(2.12) 7—>”Yi7 1=1,2, 0<m <7<l
(2.13) dp — 0, |6V — o0
then

62 . d
(2.14) ﬁ(mij(ﬁ) —m;) — argmax{W;(s) — [s]gij(s), s € R}
and

62 d

(2.15) —g (Mg —m;) — argmax{Wy(s) —[s|gia(s), s € R}

fori=1,2;j=1,2,3 and 0 < € < min(y1,1 —y2,72 — 71,1 — 72 + 71), where

(2.16) Wi(s) = Wji(s) s<0

= jg(s) s > 0,
W;1 and W;g are independent Wiener processes, j = 1,...,4,
gj1(s) =1/2 sER, j=1,2
g12(s) =1—v2+m s<0
=72 -m s>0
1 I—
g13() = 5( 1_71) s <
1 11—
=—(1 0
2( + 1 _71) 5>
1 gl
23(s) = = (1 + — s <0
923(s) = 5( 72)
1 72
=—-(1—--—= s>0
2( ”Yl)
and
912(5) = g22(—3) = g1a(—s) = gaa(s) s€R
PROOF: is postponed to Section 3. ([
Theorem 2.2. If the assumptions of Theorem 2.1 are satisfied and if, asn — oo,
(2.17) G/n — 0, |5n|_2Gln% -0
then
(5% (O d
(2.18) ﬁ(mig,( ) —m;) — argmax {Ws(s) —|s|/6, s € R},

where Wi is the two-sided Wiener process described in (2.16).

PROOF: is a consequence of Theorem 4.1 in [2], where we put ¢(z,0) = = — 6,
r€R,0€R. O



Estimators for epidemic alternatives

Remarks.
1. If 6, and o2 are replaced by consistent estimators, the assertions of Theo-
rem 2.1 and Theorem 2.2 remain true.

2. Khakhubia [12] and Gombay and Horvéth [10] derived the distribution of
argmax {W1(s) —|s|/2, s € R}, which together with the previous item enables us
to construct the confidence interval for m1 and mao.

3. Going through the proof of Theorem 2.1 we find that m1;(e) and mo;(€) are
asymptotically independent, i = 1,2,3. The pairs (114, 7h24) and
(m15(G), ma5(G)) have the same property.

4. The M -type analogs of the estimators can be constructed as follows. Replace
the residuals X; — Xy, i = 1,...,n by the M-residuals 1(X; — 0p(3)), i =1, ..,n,
where 1) is a suitable score generating function and én(d)) is the M -estimator of 0y
with the score function v in the model (1.1) with 6, = 0 (i.e. 0,(¢) is a solution
of the equation )" ;¢ (X; — 0) = 0). The respective properties can be obtained
along the line of [2].

5. Since 1 and 72 are unknown, it is hardly to check the assumption (2.12).
We should choose € > 0 sufficiently small in order the assumption (2.12) is met.
If we put € = 0, the estimators need not be consistent since the maximum can be
reached for k; ¢ (m; — ne*, m; + ne*), i = 1,2, for some ¢* > 0 with probability
larger than some positive constant. For instance, if e; has the density

24A
2
=0 x| <1

o[ 732 Ja] > 1

f(x)

with A > 0 then

n

maX{\/(kz —k1)(n — ko + k1)

1§k2§n7121725 nESkQ—kl S(l—é)n}
= 02n(v2 — 1)1 — 72 +71) (1 + 0p(1)),

|Sky — k1l

while

n
P Sk, — Sk |;
(maX{\/(k2 —kl)("—k2+k1)| k2 = St

1<k <kg<n}>Q+logn) —1

for some @ > 0, which means that if |0p| = op(n_1/2\/log n) the maximum need
not be reached by (k1, k2) close to (m1,m2).
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3. Proof of Theorem 2.1

Because of a similarity of the proofs of the assertions on 7;; —m; for i = 1,2,
Jj =1,2,3,4 we shall treat in detail 7211 (¢) and 7121 (¢) and give an outline of the
others.

The proof is divided into three steps. We start with auxiliary results, then show
that the rate of consistency of the estimators 71 (€) is 6, 2, i.e. 11 (€) — m; =
Op (65, 2), i = 1,2, and in the last step we derive the limit distribution of the
estimator.

In the rest of the paper we shall assume 6, > 0, n > 1. The case §, < 0 for
some n > 1 can be treated quite analogously.

The estimators (17211 (€), 7121 (€)) can be defined equivalently as

n _ 2
(kg — k1)(n — ko + k1) (St = S1)
- (sz - Sm1)25

n
(mg —ma)(n —ma +mi)
1<k <n,i=1,2;ne<ko—ki <n(l—e}.

(3.1) argmax {

Moreover, noticing

k k
. mg —m
(3.2) Sk = ;(ei —€n) + 0n z;([{ml <i<mo}— %)7
1= 1=
where I{A} denotes the indicator of the set A, we may write for 1 < k; < ka <n
n
3.3 S, — S )2
(3:3) (kg—kl)(n—kg—l—kl)( ko kl)
= Ay (k1, ko) 4 20n, Ao (K1, ko) + 62 Az(k1, k2),
where
n k2 )
Ay (ky, ko) = e — )2,
) (k2—k1)(n—k2+k1)(i %:H( i = n))
n k2
Aok kz) = > (ei—7n)
(kg —k1)(n = k2 + k1) 4=
< ma —my
> U{mi<j<mg}— —)
j=k1+1
n o2 mo —m
As(k1, k2) = I{mi<j<m _ M2 7 N2
3(k1, k2) (kg—k1)(n—k2+k1)(j:%:+l( {m1 <j <ma} —))

Useful results on A;(k1,k2), i = 1,2, 3, are proved in the following three lem-
mas.
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Lemma 3.1. If the assumptions of Theorem 1.1 are satisfied then, as n — oo,

(3.4) max{Aj(k1,k2);1 <k;<mn,i=1,2,ne<ky—Fk <n(l—e}=0p1)

(3.5) max{|A1(k1, ko) — A1(m1, m2)|;|k; — mi| < nep, 1 <k; <n,i=1,2}
= Op(Ven)

for any 0 < € < min{y2 — v2,1 — y2 + 11}, for any €, > 0 satistying ¢, — 0 and
nep — 0.

PROOF: The first assertion is an easy consequence of the Kolmogorov inequality.
The assertion (3.5) is implied by the following relations

ko
Ay (k1. k) — Ar(my,ma) = () (e; —@n))”
i=k1+1
n(mg —ka —m1 + k1)(n —ma+m1 — ko + k1)
(k2 — k1)(mg —ma)(n — ka2 + k1)(n — ma +my)

ko ma

n
+ (Y (=)= > (ei—2n)
(m2 =m1)(n —mg +ma)", 4=, i=m1+1
ko m2
(> (ei—en)+ D (ei—2n))
i=k1+1 i=mi+1
= Op(en) + Op(Ven) = Op(Ven).

which holds uniformly for |k; — m;| < nep, 1 <k; <n,i=1,2. O

Lemma 3.2. If the assumptions of Theorem 1.1 are satisfied then, as n — oo,
(3.6) max{Aa(k1,k2),1 <k;<mn,i=1,2,ne<ky—k <n(l—e¢)}
= Op(Vn)

(3.7)  max{|Aa(k1, k2) — Aa(my,ma)|(|ka — ma| + [k1 —m1|) ™Y
qn51’72 < |kl - ml| < NEn, 1 < kl < n, 1= 172} = O;D((an;l/z)
and

2
(3.8)  max{|Aa(k1, ko) — Ag(my,ma) Zez > el
k1+1 m1+1

(|k2 — ma| + k1 —m1]) "L ki — my| < nen, 1 <k <n,i=1,2} = Oplen/n)
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for any 0 < ¢ < min{ys — 1,1 — 2 + 11}, for any ¢, — oo and for any e, > 0,
n > 1 such that ¢, — 0 and ne,, — oo.

ProOF: The first assertion is a direct consequence of the Kolmogorov inequality.

Since
ko mo
At ) dalms ) = 35 =)+ 35 i
k1+1 mi+1
ko "
= Z (67; - En)
P (k2 — k1)(n — kg + k1)
k2
Z (I{my <j <mg}—1— 2 2nm1+ L
Jj=k1+1

= O0p(n™Y2(Jky — m1| + k2 — mal))
holds uniformly for |k; — m;| < nep, ¢ = 1,2, the assertion (3.8) is valid. Finally,
by the Héjek-Rényi inequality (see [8, p. 230]) we have for any A > 0
m;
P(max{|k — |Zej Zeﬂ;
7j=1
Oy qn§|k,~—mi|<nen,1<k-<n i=1,2} > \)

<272 2< DA%t
Z ] I 1 )jU =~ nln

where 3°* denotes the summation over the set {k;, 0, 2qn < |k; — m;| < nep, 1 <

k; <n,i=1,2}, for some Dj > 0, which together with (3.8) implies (3.7). O

Lemma 3.3. Under the assumptions of Theorem 1.1 there exist By > 0 and

B > 0 (not depending on n) such that

(3.9) max{As(k1,ka) — Ag(m1,ma),nen < |kj —myl, i = 1,2,
ne<ko—ki<n(l—e),i=1,21<k <ky<n}<-—Bine,

and
(3.10)

|A3(k1, k) — Ag(m1,ma) + [mg — ko| + [m1 — k1||(jma — ka|® + |m1 — kq|?)
|k2_m1|§n6n71§klgnul:172

for any 0 < ¢ < min{~ya —y1,1 — 2 + 71}, for any ¢, > 0, n =1,2,... satisfying
en, — 0 and ne, — oo.

PRrROOF: To show (3.9) we decompose the set of indices (k1, k2) as follows:
{(k1,k2); |ki —mi| > nep,i=1,2,ne<ky—k <n(l—e),1 <k <ky<n}
= C1n U C2, U O3 U Cgy U O U Cig,
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;1 < k1 < kg <mq, ne < ka—ky < (1—€)n}

an—{ k1,ko);mo < k1 < ke <n, ne < ko—k; < (1—e)n}
); 1 < k1 <myp—nep, matne, < ko <n,ne< ko—ky}

2);mit+nen, < ki <, ko < mg—nep,ne < ko—k1},

k yk2);mi+nen, < k1 < mgo,motne, < ko < n,ne < ka—k1 < n(l—e)},
); 1 < k1 <mi—nep,m1 < ko < mag—nep,ne < ko—ky < n(l—e)}.

,,9
3
Il
~
N N /N /N /N /N
>
>

Direct computations give that

(3.11) max{Ag(k1,k2) — Az(m1,ma); (k1,k3) € C1n}

mo —mq
<227
- n—ml—i—l(n ma +m1)
and
mo —m
(3.12)  max{Ag(ki, hz) = Ag(mi,ma); (ki ks) € Con} < ===t (m1 +1)
Further,
(mo — m1)2 n
Az(ky, ko) = —————(-1+ ) for (ki,k2) € C3p
ko — k1
and hence

(3.13)  max{A3(k1, k2) — Az(m1,ma); (k1,k3) € C3n}
2

(mg —my) n
< —" (-1 —A <-D .
< - (-1+ e —— 2n€n) 3(m1,mg) < —Danep
for some D9 > 0. Similarly,
(n —mag 4+ mq)? n
As(k1, k)= ———"(- 14+ ——— f k1,k C
3(k1, k2) - ( +n—k2+k1) or (k1,k2) € Cyp,

which implies

(3.14) maX{Ag(kl, kg) — Ag(ml, mg); (kl, k3) IS C4n}
—-m my)2 n
(o bl ) - Ag(im1,mo)

<
- n n —mg —mi + 2ney

< —Dg3nep
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for some D3 > 0. Next, for (k1,k2) € Csy,
As(k1, k2) = Ag(m1, m2)

— (kg —mg2)(1 m = h

Cn—ky+k

ma — ko

- m) = (k1 —m1)(1

)

and hence

(3.15) max{A3(k1, k2) — Ag(m1,ma); (k1,k2) € C5n} < —Dynep,
for some D4 > 0. Quite analogously, we have

(3.16) max{Az(k1, k2) — Az(m1,ma); (k1,k2) € Con} < —Dsnep

for some D5 > 0. Combining (3.11)—(3.16) we receive (3.9). The validity of (3.10)
can be checked by direct computations. ([

Denoting

(kg — k1)(n — ko + k1)

Zn(k1, ka) = (Sks = Si)? 1<ki<ka<n

we find that

(3.17)  Zn(m1,ms) = I 5 3 (e —en))?

(mo —m1)(n —mg +my

ko
+20, > (i —%n) + 0
i=k1+1

(m2 —mq)(n —ma +mq)

= san(y2 — 71)(1 =72 +71) (1 + 0p(1)).
Next, by (3.4), (3.6), (3.7) and (3.9) we have

(3.18) max{Zn(k1,k2) — Zn(m1,ma); |k; — m;| > nep, 1 <k; <n,i=1,2,
ne < kg — k1 < n(1—€)}Op(1) + Op(v/n|dn|) — Bind2ey
= —Binen(1 + 0p(1)).
By (3.5), (3.7) and (3.10) we obtain
(3.19)
maX{Zn(k17k2) - Zn(m17m2); 6;2CIn S |kl - m2| < n6n7 1 S kl S nu Z = 17 27
ne<ks—k; <n(l-—ey}

= Op(V/]en]) — Bign(1 +o(1) + op(qgl/Q)).
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Now, (3.17), (3.18) and (3.19) imply that as n — oo with probability tending to 1
the maximum of Z, (k1, ko) — Zn(m1, ma) is reached for k; € (m; —nen, m; +ney),
1=1,2,i.e. as n — oo,

P(jima —mi| < qndp?) —1 i=1,2

for any ¢, — oo.
Thus the limit distribution of

argmax{Zp (k1,k2);1 <k; <n,i=1,2, nep, < ko —k; <n(l—ep)}
is the same as that
argmax{ Zy (k1. k2) — Zn(m1,ma); ki — mi| < ud, %1 <k <n,i=1,2}

Moreover, noticing that by (3.5), (3.8) and (3.10) we get

ko m2
max{Zn(k1, ko) — Zn(m1,m2) =20, Y e +20n Y e
i=k1+1 i=mi+1

+ 572L|k1 — m1| + 5,2L|k2 — m2|;
ki —mi| < 05 2qn,1 < k; <n,i=1,2} = o0p(1),

which finally implies that the limit distribution of
argmax {Zyn(k1,k2);1 <k; <n,i=1,2, nep, <ks —k1 <n(l—e€y)}
is the same as that of

(argmax {2Vi,(s) — |s|, s € R}, argmax {2Va,(s) — |s|, s € R}),

where
. mi
Vin(s) = (=1)16, Z ej s<0
j=mi+[8n %]
mi+[5;25}
= (—1)"on Z e;j 5>0
Jj=m;+1

i = 1,2. The processes {Vin(s);s € R} and {Van(s);s € R} are independent.
According to Theorem 16.1 of [5] they converge in distribution to the two-sided
Wiener processes {W1(s);s € R} and {Wa(s);s € R}, respectively, described by
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(2.16). This implies that the limit distribution of ;1 (€) is the same as that of
argmax {W;(s) — |s|/2;s € R}, i = 1,2, respectively, and that 111 (€) and 721 (€)
are asymptotically independent. The proof of (2.13) for j = 1 is finished.

To prove the assertion (2.14) for j = 2 we proceed similarly as above. Therefore
we give some crucial relations only. For 1 < k1 < ko < n we have, as n — oo,

n2 n2
S - S =
(k2_k1)(”_k2+k1)( k2 = Sh) (k2 — k1)(n — k2 + k1)
kz k2 mo —m
i=k1+1 i=k1+1

and hence, as n — oo,

— = n_1/2 Nop, =N o)
(mz—m1)(n—m24—ml)(sm2 Sma) = Op( )+ ndn On(1+ 0p(1)

n2

(kg — k1)(n — ko + k1)

(Ska — Sty) < Demendn(1 + 0p(1)

uniformly for |k; — m;| > nen, ¢, — 0 and /nepdn, — 00, i = 1,2 and for some

Dg > 0.
Finally,
(k2 — kl)(n — kg + kl)(Skz - Skl) - (m2 — ml)(n g +m1)(Sm2 - Sm1)
1 ko me
= (> ea— > e

(2 =) =n2+m)’ 4= o

+min(kg, mg) — k2 —max(ky,m1)+k1 + (y2 —71) (k2 —ma —k14+m1))(14+o0p(1))

for |k; — m;| < nep, en, — 0 and \/nepdy — o0, 1 = 1,2.
The assertion (2.14) for j = 3 and (2.15) can be proved along the same line as
Theorem 2 in [4].
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