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Continuity of order-preserving functions

BoRISs LAVRIC

Abstract. Let the spaces R™ and R™ be ordered by cones P and Q respectively, let A
be a nonempty subset of R™, and let f : A — R" be an order-preserving function.
Suppose that P is generating in R™, and that @ contains no affine line. Then f is
locally bounded on the interior of A, and continuous almost everywhere with respect
to the Lebesgue measure on R™. If in addition P is a closed halfspace and if A is
connected, then f is continuous if and only if the range f(A) is connected.
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0. Introduction

Some well known results concerning continuity and local boundedness of real
nondecreasing functions are extended on order-preserving functions acting be-
tween finite dimensional ordered vector spaces. For convenience and to fix the
notation we collect some of the definitions and results on finite dimensional or-
dered spaces. A subset P C R™ is called a cone if it is closed under addition
and closed under multiplication by nonnegative scalars. A cone P is said to be
pointed if PN (—P) = {0}. A cone P induces on R™ an order relation < defined
by x < y whenever y — x € P. We shall say in such a case that the space R™
is ordered by the cone P. If P is pointed then R" with the induced order is a
partially ordered vector space.

Let A be a nonempty subset of the space R™ ordered by a cone P. Then A
is said to be order bounded if it is contained in some order interval [x,y] = {z €
R™:x <2<y}, z,y € R™. Ais said to be solid if z,y € A implies [z,y] C A.
The smallest solid set containing A is called the solid cover of A and equals

S(A)y={zeR™:a<x<b for some a,be A}.

A cone P in R™ is said to be generating if P — P = R™. It is well known that
P is generating if and only if it has a nonempty interior int P (with respect to
the norm topology of R™). This implies that P has a nonempty relative interior
(in the subspace P — P). An element e € R™ belongs to int P if and only if
there exists € > 0 such that P contains the open e-ball Bc(e) or equivalently
B(0) C [—e,e]. Since in addition the condition that [z, y] is a neighborhood of 0
implies —x € int P, it follows that P is generating if and only if bounded subsets
of R™ are order bounded.
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The dual cone P* of P is given by
P*={yeR™:(y,x) >0 forall ze€ P},

where (,) denotes the usual inner product of R™. Evidently P*N(—P*) = P+ =
(P — P)L, hence P* is pointed if and only if P is generating.

The second dual P** equals the closure cl P of P, [5, Corollary 11.7.2] or
[3, 3.1.7]. It follows that the cone cl P is pointed if and only if the dual P* is
generating. We shall need some other equivalent descriptions of this property.
Suppose that the cone cl P is not pointed. Then Rz C cl P for some nonzero
x € R™. This implies (use for example [5, Theorem 6.1]) that P contains all
affine lines y + Rx with y from the relative interior of P. On the other hand, if P
contains an affine line v + Ru, then Ru C cl P, hence cl P is not pointed. Thus,
the cone cl P is pointed if and only if P contains no affine line.

It is easy to verify that P contains no affine line if and only if P induces on
R™ an almost archimedean order, that is, if and only if z,y € R™ and lz <y for
all integers [ imply x = 0. Another useful description of this property is related
to the norm topology. We may infer from [3, 3.2.8, 3.4.2] that P contains no
affine line if and only if there exists some real o > 0 such that 0 < x <y implies
lz]] < ally||. It follows immediately that if P contains no affine line, then order
bounded subsets of R™ are bounded. The converse holds as well since v+Ru C P
with u # 0 implies that the order interval [0, 2v] contains v + Ru and is therefore
not bounded.

Recall finally that a function f acting between ordered spaces is said to be
order-preserving if x < y implies f(z) < f(y).

1. Solid sets

For further purposes we need some topological properties of solid subsets of
finite dimensional ordered vector spaces.

Proposition 1. Let A be a nonempty solid subset of the space R™ ordered by
a generating cone P. Then the following statements holds.

(1) The interior of A is solid and satisfies int A = intcl A.
(2) There exist order intervals [xy, yi|, kK € N, such that y; — x}, € int P for

all k, and
o0 [o¢]
int A= U [k, yi] = U cl [z, yk)-
k=1 k=1

PROOF: (1) Suppose that x,y € int A and = < z < y. There exists an element
e € int P such that z —e € A and y +e € A. It follows that [z — e,y + €]
is a neighborhood of z contained in A. Therefore z € int A, and hence int A is
solid. To prove that int A = intcl A take an element w € intcl A and choose
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e € int P such that w £ 2e € cl A. Then [w — 3e,w — €] and [w + e, w + 3¢] are
neighborhoods of w — 2e and w + 2e respectively, hence there exist elements

ueEAN[w—3e,w—e], veEAN[w+e w+ el

This implies that the neighborhood [w — e,w + €] of w is contained in [u,v].
Since A is solid, [u,v] is a subset of A and therefore w € int A. It follows that
intcl A C int A. The reverse inclusion is obvious.

(2) Let D be a countable dense subset of int A. We shall prove that int A is
the union of order intervals of the form

[x,y], x,y€D, y—x€int P,

as well as the union of its closures cl[z,y]. Let z € int A. There exists e € int P
such that z +e € int A. Take € > 0 such that Bc(e) C int P. Since D is dense
in int A, there exist elements x,y € D such that

(z—e)—z € Be(0) and y— (z+e) € Be(0).

It follows that z — z € int P and y — z € int P, hence z € [z,y] and y —a =
(z—2)+ (y — 2z) € int P. For the remaining part of the proof choose § > 0 such
that

Bs(z) Cint A, Bg(y) C int A,

and use the fact that int A is solid to see that cl[z,y] C [z, y] + Bs(0) C int A.
O

Lemma 2. Let A be a solid subset of the space R™ ordered by a generating
cone P, and let

)

Ay ={zecd A: AN (z+int P) =0}
}.

0
A_={zecdA:An(z—int P) =0
Then the boundary bd A of A equals AL U A_, and

(Ay —Ap)Nnint P=0, (A-—A_)Nnint P = 0.

PRrROOF: If v € int A, then there exists e € int P such that v +e € A. It follows
that v ¢ AL UA_, hence AL UA_ C bd A. To prove the reverse inclusion suppose
that © € bd A\ (A4 U A_). This implies that there exist elements y, z € A such
that y € x —int P, z €  + int P. Therefore z € [y, 2] C A and

r—y+B0)CP, z—xz+B(0)CP

for sufficiently small € > 0. It follows that Be(x) C [y, 2], thus = € int A. This
contradicts € bd A, hence bd A C AL UA_.
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Suppose now that v — v € int P for some u € cl A and v € R™. Take € > 0
such that Be(u —v) C int P and choose an element w € AN Be(u). Then
w—v=(u—v)+(w—u) €u—v+ B(0) Cint P,
and therefore w € AN(v+int P). It follows that v ¢ A4, so (AL —A4)Nint P = (.
The equality (A— — A_)Nint P = () can be proved similarly. O

We are prepared to prove an interesting measure-theoretic property of solid
subsets of an ordered vector space R™. The result is a generalization of [4,
Proposition].

Proposition 3. Let A be a solid subset of the space R™ ordered by a generating
cone P. Then its boundary bd A is of Lebesgue measure zero.

PRrROOF: By Lemma 2 it suffices to prove that A4 and A_ are of Lebesgue measure
zero. To this end suppose that A4 is nonempty, take an element e € int P, and
denote by p : R™ — R™ the orthogonal projection onto the subspace et of R™.
We claim that p is injective on Ay. Indeed, if 2,y € A4 and p(z) = p(y), then
x —y = te for some t € R. Since ¢ # 0 implies x —y € int P or y — x € int P,
Lemma 2 shows that ¢ = 0 and therefore x = y. It follows that there exists a
function h : p(A4+) — R such that
Ar ={u+h(u)e:uep(Ay)}.
We shall prove that every pair u,v € p(A4) satisfies
-1
[h(u) = h(v)| < € lu—wl,

where € > 0 is such that Bc(e) C int P. By the way of contradiction, suppose
that h(u) — h(v) > ¢ 1|u — v|| for some u,v € p(A4). Then

w = (h(u) = h(v)) " (u—v) € Be(0)
and therefore e + w € int P. Since

r=u+h(u)e€ Ay, y=v+h(v)ee Ay,

and

x—y=(h(u) — h(v))(e +w) €int P,
Lemma 2 yields the desired contradiction. The established inequality shows that

h is continuous, therefore A4 is of Lebesgue measure zero. The proof for A_ is
similar. (]

Remark. The condition that P is generating is not superfluous in Proposition 3.
More precisely, if R™ is ordered by a nongenerating pointed cone P, then there
exists a solid subset A C R™ such that bd A is not of Lebesgue measure zero. A
can be constructed as follows. Take a subset D C P+ such that D and P\ D

are both dense in P1, choose a point e from the relative interior of P, and put
A=(D+P)U(PE\D+P+e).

Then A is solid, and bd A contains a cylinder B, /5(e/2) + P, where € > 0 is

such that Be(e) N (P — P) C P. The proof is left to the reader.
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2. Order-preserving functions

In this section we extend some well known results concerning properties of
real nondecreasing functions on order-preserving functions acting between finite
dimensional ordered vector spaces. We begin with local boundedness.

Theorem 4. Let the spaces R™ and R™ be ordered by cones P and @) respec-
tively, and let A be a nonempty subset of R™.

(1) If P is generating and if @) contains no affine line, then every order-
preserving function f : A — R" is locally bounded on ¢l ANint S(A).

(2) If P = R™ and if Q is pointed, then every order-preserving function
f:A— R" is constant and therefore locally bounded.

(3) In all other cases there exists an order-preserving function g : R™ — R"
such that g is locally unbounded at every point of R™.

PROOF: (1) Suppose that P is generating and that @) contains no affine line. Let
a function f: A — R" be order preserving and let = € cl ANint S(A). There
exists e € int P such that the neighborhood [x — e,z + €] of = is contained in
S(A). Since z + e € S(A), there exist elements y, z € A such that y <z — e and
x +e < z. It follows that f maps the neighborhood [y, z] of 2 into the interval
[f(y), f(2)] of R™. Since @ contains no affine line the order interval [f(y), f(2)]
is bounded, hence f is locally bounded at x.

(2) Let f: A — R"™ be order-preserving, and let P = R™. If 2,y € A, then
x <yandy <z, hence f(z) < f(y) and f(y) < f(z). If Q is pointed, this implies
1) = ().

(3) Let 8 : N — Q be a bijection, and let g9 : R — R be defined by
go(B(n)) = n for all n € N and go(¢t) = 0 for all t € R\ Q. Then gp is locally
unbounded at every point of R. Consider now three cases.

For the first case suppose that P is not generating. Then there exists a nonzero
clement y € P, Take an element z € R™ \ {0}, and define g : R™ — R by

g(x) = go((z,9))z, = e€R™
It is straightforward to check that g is order-preserving and everywhere locally
unbounded.

For the second case suppose that () is not pointed. Take a nonzero w €
QN (—Q), and define g : R™ — R™ by g(x) = go(||z|))w, z € R™. It is evident
that g is order-preserving, and easy to see that g is everywhere locally unbounded.

For the third case suppose that P # R™, and that @ is pointed and contains
an affine line. Observe first that P # R™ implies P* # {0}. Then take a nonzero
w € P* and linearly independent vectors u,v € R™ such that @ contains the
affine line u + Rwv. Define g : R™ — R™ by

g(z +tw) = tu+ go(t)v, = e€w, teR.
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Since the halfspace P, = wl @R w contains P, and since > 0 implies ru+sv >
0 for all s € R, g is order-preserving. It is easy to see that g is locally unbounded
at every point of R™. O

It is well known that the set of all points of discontinuity of a real nondecreasing
function is at most countable. A similar result holds for vector-valued functions
with real domains.

Theorem 5. Let the space R" be ordered by a cone () containing no affine line,
and let A be a nonempty subset of R with the standard order. Then the set of
all points of discontinuity of an order-preserving function f : A — R is at most
countable.

PROOF: Since @) contains no affine line, Q* is generating and therefore contains
a basis {b1,... ,bp} of R™. The functions f; : A — R defined by

fi@) = (bi, f(z)), i=1,....n,
are order-preserving, hence the set D(f;) of all points of discontinuity of f; is at
most countable. Since the set of all points of discontinuity of f equals the union
of all D(f;),i=1,...,n, the proof is complete. O

It is natural to ask whether Theorem 5 can be extended to order-preserving
functions with domain contained in an ordered space R™ with m > 1. We cannot
expect that the set of points of discontinuity of such a function is countable.
Indeed, if R™ is ordered by a cone P # R™, then the characteristic function of
the set P, from the proof of Theorem 4(3) is order-preserving and discontinuous
at every point of the hyperplane w+. However, this function is continuous almost
everywhere with respect to the Lebesgue measure. Our next result clarifies the
general situation. In fact, we use the results of the first section to transplant
smoothly the proof of the main result from [4] to the general situation. For the
sake of convenience to the reader we present a complete proof.

Theorem 6. Let the spaces R™ and R"™ be ordered by cones P and () respec-
tively, and let A be a nonempty subset of R™.

(1) If P is generating and if () contains no affine line, then every order-
preserving function f : A — R" is continuous almost everywhere with respect
to the Lebesgue measure on R™.

(2) If P = R™ and if Q is pointed, then every order-preserving function
f: A— R" is constant and therefore continuous.

(3) In all other cases there exists an order-preserving function g : R™ — R"
such that g is discontinuous at every point of R™.

ProoF: (1) If m =1, (1) is covered by Theorem 5 and by (2), so we assume that
m > 1. Consider first the case n = 1, Q = R™. An order-preserving function
f: A — R can be extended by

f(z) =sup{f(a):a€ A a<z}, xe€S(A),
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to an order-preserving function f : S(A) — R, hence we may suppose that A
is solid. Moreover, it follows easily from Propositions 1(2) and 3 that we may
assume A = cl[0, e] with e € int P. For every x € int [0, ¢] set

g(x) =inf{f(xz +te) — f(x —te), 0<teR}.

Observe that for sufficiently small s > 0 the neighborhood [z — se, z + se] of x is
contained in int [0, ], and that f maps this neighborhood into the real interval
[f(xz — se), f(x + se)] containing f(x). Therefore f is continuous at x if and only
if g(x) = 0. Put

Dy ={zecint[0,e]:g(zx) > -}, k=1,2,...,

e

and note that the set D of all points of discontinuity of f satisfies

DNint[0,e] = U Dy,
keN
Thus, we have to prove that each Dy, is of Lebesgue measure zero.

We claim that Dy = cl Dy Nint [0,¢e]. Take any x € int[0,e] \ Dy, and pick
5 > 0 such that

=

[z —se,x+se] C[0,e], f(x+se)— f(x—se)<
Note that every y € [x — (s/2)e, x + (s/2)e] satisfies

s s

[y——e,y+ €] C [z — se,x + se],
2 2

hence g(y) < f(y+ (s/2)e) — f(y — (s/2)e) < 1/k, and so y ¢ Dj. This implies

that the neighborhood [z — (s/2)e,x + (s/2)e] of = does not intersect Dy. Hence

x ¢ cl Dy, and the claim follows.

Fix » > 0 and note that it suffices to prove that Dy N B,(0) is of Lebesgue
measure zero. Assume that Dy N By(0) is nonempty, and let € > 0.

For each fixed = € cl[0, ] consider the real function b : t — f(z+te). Since h
is nondecreasing and jumps for at least 1/k at every ¢ satisfying = 4 te € Dy, the
set Di. N (x + Re) contains finitely many points or it is empty. Using the equality
cl Dy, Nint [0, e] = Dy, and the fact that (x +Re) Nbd [0, €] contains at most two
points, we see that the set ¢l Dy, N (z + Re) contains finitely many points or it is
empty.

Remove from the line z + Re finitely many disjoint relatively open intervals of
common length less than e and containing cl Dy N (x + Re). Denote by R(z) the
remaining set, observe that d = dist (R(x), Dy) > 0 and put

T(x) ={y € R™:dist (y,2 + Re) < min{d, 1} }.
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From the open covering {T'(z) : « € K, } of the compact set K = cl]0, e]Ncl B(0)
extract a finite subcovering {T; = T'(z;) : i = 1,... ,p}. Accept Tp = () and set

Ui =T\ | J Ty
J<u
Let E = e, and observe that by construction U; N Dy, is contained in a subset
of Lebesgue measure less or equal eup(U; N E), where pup denotes the (m—1)-
dimensional Lebesgue measure in the subspace £ C R"™. It follows that Dy N
B (0) is contained in a subset of Lebesgue measure less or equal

P P
> pp(UinE) =eup(| JUiNE).
i=1 =1
Since U; N E C B,4+1(0) for ¢ = 1,...,p, this implies that Dj N B,(0) is of
Lebesgue measure zero.

Consider now the general case. Suppose that the conditions in (1) are satisfied
and proceed similarly as in the proof of Theorem 5. Let {b1,...,bn} be a basis
of R™ contained in Q*, and f; : A — R, ¢ = 1,... ,n, functions defined by
fi(x) = (b;, f(x)). Tt follows from the first part of the proof of this theorem that
each f; is continuous almost everywhere with respect to the Lebesgue measure,

hence f is continuous almost everywhere as well.
(2) and (3) follow from Theorem 4. O

Remark. We give here an application of the above results to utility theory.
Let X be a nonempty set ordered by an irreflexive and transitive relation <. It
is pointed out by the referee that in utility theory the existence and continuity
of real-valued order-preserving functions defined on X are investigated (see for
example [2, Chapters 2, 3] and [1]). Theorems 4 and 6 can be applied when X
is a subset of R equipped with an irreflexive and transitive order relation <
which is compatible with the vector space structure of R™ (i.e., z < y implies
x+ 2z <y+z for all z and Az < Ay for all real A > 0). Such a relation is induced
by a cone P = {xz € R™: & > 0} U {0} in an obvious way: = < y whenever x # y
and z < y with respect to P (or y —x € P\ {0}). Since P is generating if and
only if the order < is directed (i.e., each pair of different incomparable elements
have a strict upper bound), Theorems 4 and 6 give the following result:

Let R™ be ordered by a directed compatible irreflexive and transitive order
relation <, and let X be a nonempty subset of R™ equipped with the induced
order. Then every order preserving function f : X — R is locally bounded on
the interior of X, and continuous almost everywhere with respect to the Lebesgue
measure on R™.

It is well known and easy to see that a real-valued nondecreasing function de-
fined on a connected subset of R is continuous if and only if its range is connected.
This result can be generalized as follows.
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Theorem 7. Let the spaces R™ and R™ be ordered by cones P and @) respec-
tively, and let A be a nonempty connected subset of R™.

(1) If P is a closed halfspace and if () contains no affine line, then an order-
preserving function f : A — R™ is continuous if and only if its range f(A) is
connected.

(2) If P = R™ and if Q is pointed, then every order-preserving function
f: A— R" is constant.

(3) Under the additional conditions int A # () and Q # {0}, in all other
cases there exists an order-preserving function g : A — R™ such that g¢(A) is
connected and g is not continuous.

Proor: (1) If f is continuous, then its range f(A) is connected. To prove the
reverse implication suppose that the conditions in (1) are satisfied. Then H =
bd P C R™ is a hyperplane contained in P, and R™ = H & Rw holds for some
w € P\ {0}. Since @ is pointed, this implies that an order-preserving function
f:A— R"is constant on (H + tw) N A for each fixed t € R. Observe that the
subset

Ao={teR:(H +tw)NA#0}

of R is connected, and define fy: Ag — R™ by
folt) = flz+tw), te Ay, x€ H, z+tweE A.

Then fy is order-preserving with respect to the usual order in Ag C R, and has
the same range as f. Note also that if fp is continuous, then f is continuous as
well. Therefore, it suffices to show that the discontinuity of fy implies that fo(Ap)
is disconnected.

Let fo be discontinuous at some point tg € Ag. Then at least one of the
numbers

dy = inf {|| fo(t) — fo(to)| : t € Ao, t > to},
d— = inf {{|fo(t) — fo(to)|| : t € Ao, t < to}

is strictly positive. Suppose that d4+ > 0, put

F={yeR":y< fo(to)},

and observe that fo(tg) € fo(Ap N (—o0,tp]) € F. Since @ contains no affine
line, there exists a > 0 such that 0 < w < v implies ||u|| < a||v||. Suppose that
fo(t) = y + z for some t € Ag satisfying ¢ > ¢, and for some y € F. Then
z = fo(t) —y = fo(t) = fo(to) = 0, and therefore ||z|| > al| fo(t) = fo(to)|| = ad+.
It follows that

Jo(Ag N (to, +00)) N (F + Bag, (0)) = 0.
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Since fo(Ao N (to, +00)) is nonempty and since F' + Bqq, (0) is open and contains
cl F, the range fo(Ap) is disconnected. If d4y = 0, then d_ > 0, and the proof is
similar.

(2) is a part of Theorem 4.

(3) Using a translation and a homothety in R™ (to construct the appropriate
function g : A — R™) we may suppose that A contains the unit ball B1(0).
Consider now four cases.

For the first case suppose that P is not generating. Denote by p : R™ — R™
the orthogonal projection on the nontrivial subspace P, take a nonzero w € R™,
and define g : R™ — R" by g(z) = ||p(z)||w if z ¢ P — P, and g(x) = w if
x € P— P. It can be seen easily that g is order-preserving and discontinuous at 0.
The subset {|[p(z)|| : © € A} of R is connected and contains the open interval
(0,1), hence the range g(A) is connected.

For the second case suppose that ) is not pointed. Take a nonzero w €
QN (—Q), and define g : R™ — R" by g(x) = ||z|jw if  # 0, and ¢g(0) = w.
Evidently ¢ is order-preserving and discontinuous at 0. Similarly as in the previous
case we can see that the range of ¢ is connected.

For the third case suppose that P is a closed halfspace, and that @) is pointed
containing an affine line. Then H = bd P is a hyperplane in R™ and R™ =
H @ Rw for some w € P\ {0}. Take an affine line v + Rv contained in @, such
that w« and v are linearly independent. Define g : R™ — R™ by

1
g(x—|—tw):tu—|—(sin;)v if xe H,teR\ {0},

and by g(x) = 0 if € H. Since r > 0 implies ru + sv > 0 for all s € R, g is
order-preserving. It is easy to see that g is discontinuous at 0, and that the range
g(A) is connected.
For the last case suppose that P is generating, P # R™, and that P is not
a closed halfspace. Denote by L = P N (—P) the linearity space of P, and by
p: R™ — R™ the orthogonal projection on Lt. Observe that k = dim L+ > 1,
and that Py = PN L't is a pointed and generating cone in Lt. It follows that
Py is contained in a maximal pointed cone P in LL. Since L= is totally ordered
by Py, there exists an isomorphism ¢ of Lt (ordered by P;) onto the space RF
ordered by the lexicographic order. For each € > 0 define g : RF — R by
sgn xr; if x1 #0,
ge(x1, ... ,xp) = < sgnzy if x1 =0, |xa] > ¢,
6_11'2 if 21=0, |z2| <e,
and note that g. is order-preserving. Since ¢ is a homeomorphism, there exists
an € > 0 such that the open e-ball B¢(0) of R* is contained in ¢(p(A)). Take a
nonzero w € @, and define g : A — R by

9(z) = ge(¢(p(x))w, = € A
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Observing that p(P) C Py, and using the fact that ¢ and g are order-preserving,
we see that g is order-preserving as well. Since ¢(p(A)) contains B¢(0) C RF, it
follows easily from the definition of g that the range g(A) equals {tw : |t| < 1} and
is therefore connected. Since ge is discontinuous at every point # € R¥ satisfying
x1 = 0, g is discontinuous. (]
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