Comment.Math.Univ.Carolin. 42,3 (2001)551–559 551

Complete ℵ0-bounded groups need not be R-factorizable

M.G. Tkachenko

Abstract. We present an example of a complete ℵ_0-bounded topological group H which is not R-factorizable. In addition, every G_δ -set in the group H is open, but H is not Lindelöf.

Keywords: R-factorizable group, ℵ_0-bounded group, P -group, complete, Lindelöf

Classification: Primary 54H11, 22A05; Secondary 54G10, 54D20, 54G20

1. Introduction

A topological group G is called R-factorizable ([5], [6]) if for every continuous function g: G → R, one can find a continuous homomorphism p: G → H onto a second countable topological group H and a continuous function h: H → R such that g = h ∘ p. The class of R-factorizable groups includes all totally bounded groups, all Lindelöf groups, arbitrary subgroups of Lindelöf Σ-groups ([5]), and many more.

By [6, Proposition 5.3], every R-factorizable group G is ℵ_0-bounded, i.e., G can be covered by countably many translates of any neighborhood of the identity. The notion of an ℵ_0-bounded group was introduced in [1] and since then it has been intensively studied. It is known that ℵ_0-bounded groups need not be Rfactorizable ([4]). However, all examples of ℵ_0-bounded not R-factorizable groups constructed so far are essentially incomplete, being proper dense subgroups of special ℵ_0-bounded groups.

In this note we present an example of a complete ℵ_0-bounded group H which fails to be R-factorizable. In addition, H is a P -group, i.e., every countable intersection of open sets in H is open.

1.1 Notation and terminology. If A is a subset of a group G, we use ⟨A⟩ to denote the subgroup of G generated by A. We say that A is independent in an Abelian group G if a linear combination k_1a_1 + · · · + k_na_n with k_1, . . . , k_n ∈ Z and pairwise distinct a_1, . . . , a_n ∈ A is equal to the neutral element of G iff k_1 = · · · = k_n = 0.

2. The example

Given a topological group L, we denote by (L)_ω the topological group with the underlying group L (and the same group operation) whose base consists of

G_δ-sets in L. It clear that the identity map id_L: (L)_ω → L is continuous, and id_L is a homeomorphism iff L is a P -group.

Our construction is based on three simple lemmas.

Lemma 2.1. Let H be an R-factorizable P -group. Then the image f(H) is countable for each continuous real-valued function f on H.

Proof: Consider a continuous function f: H → R. Since H is R-factorizable, one can find a continuous homomorphism π: H → K onto a second countable topological group K and a continuous function g: K → R such that f = g ∘ π. Denote by K_d the group K endowed with the discrete topology. Since H is a P - group, the homomorphism π: H → K_d remains continuous. In addition, the group H is ℵ_0-bounded by [6, Proposition 5.3]. Therefore, K_d is ℵ_0-bounded being a continuous homomorphic image of H. It is easy to see that every ℵ_0-bounded discrete group is countable, so f(H) = g(K_d) is also countable. □

Lemma 2.2. The following conditions are equivalent for a P -group H with w(H) ≤ ℵ_1:

(1) H is R-factorizable; (2) H is Lindelöf.

Proof: It is well known that (2) implies (1) for an arbitrary topological group (see [5, Assertion 1.1] or [3, Assertion 10]). Let H be a P -group of weight ℵ_1. Then H is zero-dimensional and paracompact ([7]). Suppose that H is not Lindelöf. Then there exists a disjoint cover γ = {U_α : α < ω_1} of H by non-empty open sets U_α. Let {r_α : α < ω_1} be a sequence of pairwise distinct real numbers. Define a function f: H → R by f(x) = r_α if x ∈ U_α, α < ω_1. Then f is continuous and |f(H)| > ω, so Lemma 2.1 implies that H is not R-factorizable. □

Lemma 2.3. Let G = ∏ i∈I G_i be the direct product of discrete groups endowed with the Tychonoff topology. Then the group (G)_ω is complete.

Proof: For every countable subset J of I, put G_J = ∏ j∈J G_j . Then the projection π_J : (G)_ω → G_J onto the discrete group G_J is continuous and open. Denote by e_J the neutral element of G_J .

Let ξ be a Cauchy filter in (G)_ω . If J is a countable subset of I, then there exists an element F_J ∈ ξ such that F^{−1}_J · F_J ⊆ π^{−1}_J (e_J ). Pick a point a_J ∈ F_J . Clearly, π_J (x) = a_J for each x ∈ F_J . In addition, if K is a countable subset of I and J ⊆ K, then the corresponding point a_K ∈ F_K satisfies π^K_J (a_K ) = a_J , where π^K_J : G_K → G_J is the projection. Indeed, if F_K ∈ ξ and F^{−1}_K ·F_K ⊆ π^{−1}_K (e_K ), then π_K (x) = a_K for each x ∈ F_K . Choose a point z ∈ F_J ∩ F_K . Then π_J (z) = a_J and π_K (z) = a_K , whence it follows that

a_J = π_J (z) = π^K_J (π_K (z)) = π^K_J (a_K ).

We conclude, therefore, that there exists a point a ∈ G such that π_J (a) = a_J for every countable set J ⊆ I. It remains to verify that the filter ξ converges to a in (G)_ω.

Let U be a neighborhood of a in (G)_ω. Then there exists a countable set J ⊆ I such that V = π^{−1}_J π_J (a) ⊆ U. Note that π_J (x) = a_J = π_J (a) for each x ∈ F_J , so F_J ⊆ V ⊆ U. This proves that ξ converges to a. Thus, the group (G)_ω is complete. □

Let Q be the set of rationals. Denote by K the free Abelian group A(Q) endowed with the discrete topology. It is clear that the group K is countable. We shall use the additive notation for the group operations in K and K^{ω1} .

Theorem 2.4. There exists a closed ℵ_0-bounded subgroup H of (K^{ω1} )_ω which fails to be Lindelöf. In particular, H is a complete ℵ_0-bounded P -group which is not R-factorizable.

Proof: Our aim is to define a subgroup H of G = (K^{ω1} )_ω satisfying the following conditions:

(a) H is closed in G; (b) H is not Lindelöf;

(c) |π_α(H)| ≤ ω for each α < ω_1, where π_α: K^{ω1} → K^α is the projection. Suppose that the subgroup H of G satisfying (a)–(c) has been defined. Note that G is a P -group, and so is H. The group G is complete by Lemma 2.3, so (a) implies that H is also complete. Let us verify that ℵ_0-boundedness of H follows from (c). Suppose that U is a neighborhood of the neutral element of H. Then there exists α < ω_1 such that H ∩ π^{−1}_α (0_α) ⊆ U, where 0_α is the neutral element of K^α. By (c), there exists a countable subset A of H such that π_α(A) = π_α(H). Then U + A = H, and hence H is ℵ_0-bounded. In addition, (c) implies that w(H) ≤ ℵ_1. Indeed, the family

B = {H ∩ π^{−1}_α (y) : y ∈ π_α(H), α < ω_1}

is a base for H and |B| ≤ ℵ_1. Finally, H is P -group with w(H) ≤ ℵ_1, so (b) and Lemma 2.2 together imply that H is not R-factorizable.

Our first step is to define a closed non-Lindelöf subset X of Q^{ω1} which generates a closed subgroup H = ⟨X⟩ of G once Q^{ω1} is identified with the corresponding subset of K^{ω1} . Our method of defining X is a “reminiscence” of the construction of an Aronszain tree given in [2]. In what follows we use the symbol ≤ to denote the usual linear order on Q. For every α < ω_1, denote by In(α) the subset of Q^α consisting of all strictly increasing functions, that is,

In(α) = {x ∈ Q^α : x(ν) < x(μ) if ν < μ < α}.

Let us construct a family {X_α : 0 < α < ω_1} satisfying the following conditions for all α, β, γ ∈ ω_1 \ {0}:

(1) X_α ⊆ Q^α and |X_α| = ω;

(2) X_α is an independent subset of K^α under the natural embedding Q^α → K^α;

(3) π^β_α(X_β) = X_α whenever α < β, where π^β_α: K^β → K^α is the projection; (4) x(α) ≤ x(β) whenever x ∈ X_γ and α < β < γ; (5) if x ∈ X_{α+1} and x(α) = q, then (x, q) ∈ X_{α+2};

(6) if α + 1 < γ, x ∈ X_γ and x(α) = x(α + 1), then x(β) = x(α) for each β satisfying α < β < γ;

(7) if α < β, x ∈ X_{α+1} ∩ In(α + 1), q, r ∈ Q and x(α) ≤ q < r, then there exists y ∈ X_{β+1} ∩ In(β + 1) such that y|_{α+1} = x and q < y(β) < r;

(8) if α < γ and γ is limit, then for every x ∈ X_{α+1} ∩ In(α + 1) and q ∈ Q satisfying x(α) < q, there exists y ∈ X_γ ∩ In(γ) such that y|_{α+1} = x and y(β) < q for each β < γ;

(9) if γ > 0 is limit, then every x ∈ X_γ is bounded, i.e., there exists q ∈ Q such that x(α) ≤ q for each α < γ.

Note that if x ∈ Q^α and q ∈ Q, then we write y = (x, q) instead of the usual x^⌢q to denote the element y ∈ Q^{α+1} defined by y|_α = x and y(α) = q.

Put X_1 = Q. Clearly (1)–(9) are fulfilled. Suppose that for some γ with 1 < γ < ω_1, we have defined a sequence {X_α : 0 < α < γ} satisfying (1)–(9). Let us consider the following three cases.

I. Suppose that γ = α + 2 for some α < ω_1. Put β = α + 1. By (1), the set X_β is countable, so we can find a disjoint family {S_x : x ∈ X_β} of subsets of Q such that each S_x is dense in Q with respect to the interval topology on Q. Then we put Z_β = X_β ∩ In(β) and

X_{β+1} = {(x, x(α)) : x ∈ X_β} ∪ {(x, q) : x ∈ Z_β, q ∈ S_x, x(α) < q}.

It is easy to see that the sequence {X_α : α ≤ β + 1} satisfies (1) and (3)–(9), so it remains to verify (2). Assume to the contrary that the set X_{β+1} contains elements satisfying a non-trivial linear relation in K^{β+1}, say,

(2.1) k_1(x_1, q_1) + k_2(x_2, q_2) + · · · + k_n(x_n, q_n) = 0_{β+1},

where k_1, . . . , k_n ∈ Z\{0} and (x_1, q_1), . . . , (x_n, q_n) are distinct elements of X_{β+1} (so that x_1, . . . , x_n ∈ X_β and q_1, . . . , q_n ∈ Q). We can assume without loss of generality that q_1 is minimal among q_1, . . . , q_n. It is easy to see that (2.1) must contain an expression

(2.2) (y_1, r_1) − (y_2, r_2) + (y_3, r_3) − (y_4, r_4) + . . . + (y_{2s−1}, r_{2s−1}) − (y_{2s}, r_{2s}) with (y_j , r_j) ∈ {(x_1, q_1), . . . , (x_n, q_n)} for each j ≤ 2s, such that (y_1, r_1) = (x_1, q_1), (y_j , r_j) ≠ (y_{j+1}, r_{j+1}) for j = 1, . . . , 2s − 1, and r_1 = r_2, y_2 = y_3, r_3 = r_4, . . . , r_{2s−1} = r_{2s}, y_{2s} = y_1. In particular, the sum (2.2) is equal to the neutral element of K^{β+1}.

Clearly, (y_i, r_i) ∈ X_{β+1}, so y_i(α) ≤ r_i for each i = 1, . . . , 2s. Since (y_1, r_1) ≠ (y_2, r_2) and r_1 = r_2, we have y_1 ≠ y_2. From S_{y1} ∩ S_{y2} = ∅ and our definition of X_{β+1} it follows that either y_1(α) = r_1 or y_2(α) = r_2. It suffices to consider the case y_2(α) = r_2 (one reduces the first case to the second one by changing the signs in (2.2) and the enumeration of summands). Then y_1(α) ≤ r_1 = r_2 = y_2(α). We claim that

(2.3) r_{2i} = y_{2i}(α) = y_{2i+1}(α) < r_{2i+1} for i = 1, . . . , s − 1.

Indeed, from y_2 = y_3 it follows that r_2 ≠ r_3, and by the minimality of r_1 = r_2, r_2 < r_3. So, r_2 = y_2(α) = y_3(α) < r_3, which implies (2.3) for i = 1. Further, from r_3 = r_4 it follows that y_3 ≠ y_4, and since S_{y3} ∩ S_{y4} = ∅, we conclude that either y_3(α) = r_3 or y_4(α) = r_4. The first case is impossible, so we have y_4(α) = r_4. Again, from y_4 = y_5 it follows that r_4 ≠ r_5. Combining this with r_4 = y_4(α) = y_5(α) ≤ r_5, we infer that r_4 < r_5, that is, (2.3) holds for i = 2. Continuing this way, one proves (2.3) for each i ≤ s − 1.

Finally, r_{2s−1} = r_{2s} implies that y_{2s−1} ≠ y_{2s}. Since S_{y2s−1} ∩ S_{y2s} = ∅, we have either y_{2s−1}(α) = r_{2s−1} or y_{2s}(α) = r_{2s}. The first case is impossible in view of (2.3) with i = s − 1, so y_{2s}(α) = r_{2s}. Then the equality y_{2s} = y_1 implies that y_{2s}(α) = y_1(α) ≤ r_1, and hence r_{2s} ≤ r_1. However, (2.3) and the equalities r_{2i−1} = r_{2i} for i = 1, . . . , s together imply that

r_1 = r_2 < r_3 = r_4 < · · · < r_{2s−1} = r_{2s} ≤ r_1,

which is a contradiction. This proves that the set X_{β+1} is independent.

II. Suppose that γ = α+1, where α is a limit ordinal. In this case the definition of X_γ is a little bit more complicated. Let Y_α = X_α \ In(α). If x ∈ Y_α, then there exists μ < α such that x(μ) = x(μ + 1). Then by (6), x(ν) = x(μ) for each ν satisfying μ < ν < α. Denote this special value x(μ) of x by c(x).

As in the previous case, there exists a disjoint family {S_x : x ∈ X_α} of dense subsets of the space Q endowed with the interval topology. We put Z_α = X_α ∩ In(α) and

X_{α+1} = {(x, c(x)) : x ∈ Y_α} ∪ {(x, q) : x ∈ Z_α, q ∈ S_x, x(ν) < q for each ν < α}.

A routine verification shows that the family {X_ν : ν ≤ α + 1} satisfies (1) and (4)–(9). Since every x ∈ X_α is bounded by (9), we also have (3) at the step α + 1.

Therefore, we only have to check (2). If (2) fails to hold at step α + 1, we can find, as in case I, an expression

(2.4) (y_1, r_1) − (y_2, r_2) + (y_3, r_3) − (y_4, r_4) + . . . + (y_{2s−1}, r_{2s−1}) − (y_{2s}, r_{2s})

with (y_i, r_i) ∈ X_{α+1} for each i ≤ 2s, such that (y_i, r_i) ≠ (y_{i+1}, r_{i+1}) if 1 ≤ i ≤ 2s − 1 and r_1 = r_2, y_2 = y_3, r_3 = r_4, . . . , r_{2s−1} = r_{2s}, y_{2s} = y_1. In particular, the sum in (2.4) is equal to the neutral element of K^{α+1}. Again, we can assume that r_1 ≤ r_i for each i ≤ 2s.

If i ≤ 2s and y_i /∈ In(α), there exists μ_i < α such that y_i(μ_i) = y_i(μ_i + 1), and hence (6) implies that y_i(μ_i) = c(y_i) = r_i. Choose an ordinal ν < α such that μ_i < ν for each i ≤ 2s with x_i /∈ In(α) and z_i = π^α_{ν+1}(y_i) ≠ π^α_{ν+1}(y_j) = z_j whenever y_i ≠ y_j, 1 ≤ i, j ≤ 2s. Our choice of ν implies that the following conditions hold for each i ≤ 2s:

(i) if z_i /∈ In(ν + 1), then z_i(ν) = r_i; (ii) if z_i ∈ In(ν + 1), then z_i(ν) < r_i;

(iii) for every j ≤ s, either z_{2j−1}(ν) = r_{2j−1} or z_{2j} (ν) = r_{2j} . Indeed, if z_i /∈ In(ν + 1), then y_i /∈ In(α), and hence z_i(ν) = y_i(ν) = c(y_i) = r_i by the choice of ν. This gives (i). Similarly, if z_i ∈ In(ν + 1), then y_i ∈ X_α ∩ In(α) = Z_α. Since (y_i, r_i) ∈ X_{α+1}, our definition of X_{α+1} implies that z_i(ν) = y_i(ν) < r_i. This proves (ii). To verify (iii), assume that z_{2j−1}(ν) ≠ r_{2j−1} and z_{2j} (ν) ≠ r_{2j} for some j ≤ s. Then (i) implies that z_{2j−1}, z_{2j} ∈ In(ν + 1), which in turn gives y_{2j−1}, y_{2j} ∈ In(α) ∩ X_α = Z_α. Since (y_{2j−1}, r_{2j−1}) and (y_{2j} , r_{2j} ) are elements of X_{α+1}, our definition of X_{α+1} implies that r_{2j−1} ∈ S_{y2j−1} and r_{2j} ∈ S_{y2j} . By assumption, r_{2j−1} = r_{2j} and (y_{2j−1}, r_{2j−1}) ≠ (y_{2j}, r_{2j} ), so y_{2j−1} ≠ y_{2j}. However, r_j ∈ S_{y2j−1} ∩ S_{y2j} ≠ ∅, which is a contradiction. This proves (iii).

Finally, consider the sum

(z_1, r_1) − (z_2, r_2) + (z_3, r_3) − (z_4, r_4) + . . . + (z_{2s−1}, r_{2s−1}) − (z_{2s}, r_{2s})

and apply the same argument as in case I along with (i)–(iii) to show that

r_1 = r_2 < r_3 = r_4 < · · · < r_{2s−1} = r_{2s} ≤ r_1,

which gives a contradiction and finishes the verification of (2).

III. Suppose that γ is a limit ordinal. Consider the family

F_γ = {(x, q) : x ∈ X_{α+1} ∩ In(α + 1), q ∈ Q, α < γ, x(α) < q}.

For every pair (x, q) ∈ F_γ with x ∈ X_{α+1}, we shall define a function y ∈ Q^γ satisfying the following conditions for each β < γ:

(iv) y ∈ In(γ) and π^γ_{α+1}(y) = x; (v) π^γ_β (y) ∈ X_β; (vi) y(β) < q.

For a given pair (x, q) ∈ F_γ , choose a strictly increasing sequence {β_n : n ∈ ω} ⊆ γ such that β_0 = α and γ = lim_{n∈ω} β_n. Let also {q_n : n ∈ ω} be a strictly increasing sequence in Q such that q_0 = x(α) and q_n < q for each n ∈ ω. Using (7), we define by induction a sequence {y_n : n ∈ ω} such that y_0 = x, y_n ∈ X_{βn+1} ∩ In(β_n + 1), q_n < y_n(β_n) < q_{n+1} and π^{βn+1}_{βm+1}(y_n) = y_m whenever m < n < ω. Then there exists a unique element y ∈ Q^γ such that π^γ_{βn+1}(y) = y_n for each n ∈ ω. An easy verification shows that y satisfies (iv)–(vi). Denote this element y ∈ Q^γ by y(x, q). In addition, if α < γ and x ∈ X_{α+1}, denote by x̃ the element of Q^γ defined by x̃|_{α+1} = x and x̃(ν) = x(α) for each ν satisfying α < ν < γ. It remains to put

X_γ = {y(x, q) : (x, q) ∈ F_γ } ∪ {x̃ : x ∈ X_{α+1} for some α < γ}.

A direct verification that the family {X_β : β < γ} satisfies (1)–(9) is left to the reader. This finishes our recursive construction of the family {X_α : α < ω_1}.

Let X be the inverse limit of the system {X_α, π^β_α : α < β < ω_1}. In other words, X consists of all x ∈ Q^{ω1} such that π_α(x) ∈ X_α for each α < ω_1. From (4) it follows that every x ∈ X is a non-decreasing function from ω_1 to Q. Since Q is countable, (6) implies that x is eventually constant, that is, there exists an ordinal α < ω_1 such that x(β) = x(α) for each β with α < β < ω_1. In what follows we identify Q^{ω1} with the corresponding subspace of K^{ω1} . We claim that X has the following properties:

(d) π_β (X) = X_β for each β < ω_1;

(e) X is a linearly independent subset of K^{ω1} ; (f) X is closed in (K^{ω1} )_ω; (g) X is not Lindelöf.

First, we check (d). Suppose that β < ω_1 and x ∈ X_β. By (3), π^{α+1}_α (X_{α+1}) = X_α for each α < ω_1, so we can assume that β = α + 1. Use (5) and (6) to conclude that the function y ∈ Q^{ω1} defined by y(ν) = x(ν) if ν ≤ α and y(ν) = x(α) if α < ν < ω_1, belongs to X. Clearly, π_β (y) = x, which gives (d).

If x_1, . . . , x_n is a finite subset of pairwise distinct elements of X, one can find α < ω_1 such that the elements π_α(x_1), . . . , π_α(x_n) of X_α are also pairwise distinct. By (2), the set X_α is independent, so (e) is immediate.

Since Q^{ω1} is closed in (K^{ω1} )_ω, (f) will follow if we show that X is closed in (Q^{ω1} )_ω, where Q carries the discrete topology. Suppose that x ∈ X for some x ∈ (Q^{ω1} )_ω. Note that the projection π_α: (Q^{ω1} )_ω → (Q^α)_ω onto the discrete space (Q^α)_ω is continuous for each α < ω_1. Therefore, π_α(x) ∈ X_α = X_α for all α < ω_1. Since X is the inverse limit of the sets X_α’s, we conclude that x ∈ X. This proves (f).

Finally, for every x ∈ X take the minimal ordinal α = α(x) < ω_1 such that x(α) = x(α + 1), and define

U_x = {y ∈ Q^{ω1} : y(α) = y(α + 1)}.

Then U_x is an open neighborhood of x in the Tychonoff topology on Q^{ω1} (we recall that Q is discrete). Clearly, U = {U_x : x ∈ X} is an open cover of X in (Q^{ω1} )_ω, but no countable subfamily of U covers X. Indeed, let V = {U_x : x ∈ C} be a subfamily of U, where C ⊆ X is countable. Then there exists a limit ordinal γ < ω_1 such that α(x) < γ for each x ∈ C. By (8), we can find y ∈ X_γ ∩ In(γ), and (d) implies the existence of an element z ∈ X such that π_γ (z) = y. It is clear that z ∈ X \ ⋃ V, so (g) holds.

Our final step is to show that the subgroup H of K^{ω1} generated by X is closed in (K^{ω1} )_ω. Suppose that y ∈ H for some y ∈ K^{ω1} \ {0}. Since the projection π_α: (K^{ω1} )_ω → (K^α)_ω onto the discrete group (K^α)_ω is continuous, we have π_α(y) ∈ π_α(H) = π_α(H) = ⟨X_α⟩ for each α < ω_1. Therefore, if α < ω_1 and π_α(y) ≠ 0_α, we can find non-zero integers k_{α,1}, . . . , k_{α,nα} and pairwise distinct elements x_{α,1}, . . . , x_{α,nα} ∈ X_α such that

(2.5) π_α(y) = k_{α,1}x_{α,1} + · · · + k_{α,nα} x_{α,nα} .

Suppose that α < β < ω_1 and let

(2.6) π_β (y) = k_{β,1}x_{β,1} + · · · + k_{β,nβ} x_{β,nβ}

be the representation of π_β(y) corresponding to the ordinal β. Then

(2.7) k_{α,1}x_{α,1} + · · · + k_{α,nα} x_{α,nα} = k_{β,1}π^β_α(x_{β,1}) + · · · + k_{β,nβ} π^β_α(x_{β,nβ} ).

Since x_{α,i} and π^β_α(x_{β,j} ) with i ≤ n_α and j ≤ n_β are elements of the independent set X_α, we conclude that some of π^β_α(x_{β,j} ) are equal to 0_α while the non-trivial part on the right-hand part of (2.7) coincides (after possible cancellations) with its left-hand part up to a permutation. This implies, in particular, that k_α = ∑_{nα}

i=1 |k_{α,i}| ≤

∑_{nβ} j=1 |k_{β,j} | = k_β. Therefore, the sequence {k_α : α < ω_1} stabilizes, i.e., there exist an ordinal ν < ω_1 and a positive integer k such that k_α = k for each α with ν ≤ α < ω_1.

Suppose now that the ordinals α and β in (2.7) satisfy ν ≤ α < β < ω_1. Then k_α = k = k_β . Since X_α is independent, we have n_α = n_β = n and, in addition, there exists a permutation σ = σ_{β,α} of the set {1, . . . , n} such that π^β_α(x_{β,i}) = x_{α,σ(i)} and k_{β,i} = k_{α,σ(i)} for each i = 1, . . . , n. Since the representation (2.5) is unique for each α < ω_1, we must have

(2.8) σ_{β,α} ∘ σ_{γ,β} = σ_{γ,α} whenever ν ≤ α < β < γ < ω_1.

For every α > ν, use σ_{α,ν} to renumerate the elements x_{α,1}, . . . , x_{α,n} in order to have x_{ν,i} = π^α_ν (x_{α,i}) and k_{ν,i} = k_{α,i} for each i = 1, . . . , n. Then (2.8) implies that x_{α,i} = π^β_α(x_{β,i}) and k_{α,i} = k_{β,i} = k_i whenever ν ≤ α < β < ω_1 and 1 ≤ i ≤ n. Since X is the inverse limit of X_α’s, for every i = 1, . . . , n there exists x_i ∈ X such that π_α(x_i) = x_{α,i} for all α < ω_1. We conclude, therefore, that y = k_1x_1 + · · · + k_nx_n ∈ H. This proves that H is closed in (K^{ω1} )_ω. In other words, H satisfies (a) announced in the beginning of the proof.

From (f) it follows that X is closed in H and by (g), the group H is not Lindelöf. This implies (b). In addition, by (d) and (1), the group

π_α(H) = π_α(⟨X⟩) = ⟨π_α(X)⟩ = ⟨X_α⟩

is countable for each α < ω_1, which gives (c). So, H satisfies (a)–(c), and hence it is a complete ℵ_0-bounded P -group which fails to be R-factorizable. □ Note that the complete group H in Theorem 2.4 cannot be embedded as a subgroup into a Lindelöf topological group — otherwise H would be closed in such a group, hence Lindelöf. We conjecture that R-factorizability has a stronger impact on topological groups:

Problem 1. Is every R-factorizable P -group G topologically isomorphic to a subgroup of a Lindelöf group?

The combination of R-factorizability and completeness looks even more promising:

Problem 2. Must every complete R-factorizable P -group be Lindelöf?

We do not know the answer to the following question related to Lemma 2.3: Problem 3. Let G be a complete topological group. Is then the group (G)_ω necessarily complete?

References

[1] Guran I., On topological groups close to being Lindelöf, Soviet Math. Dokl. 23 (1981), 173–175.

[2] Jech T., Lectures in set theory, Lectures Notes in Math. 217, Berlin, 1971. [3] Tkachenko M.G., Generalization of a theorem of Comfort and Ross, Ukrainian Math. J.

41 (1989), 334–338; Russian original in Ukrain. Mat. Zh. 41 (1989), 377–382. [4] Tkachenko M.G., Subgroups, quotient groups and products of R-factorizable groups, Topology Proc. 16 (1991), 201–231.

[5] Tkachenko M.G., Factorization theorems for topological groups and their applications, Topology Appl. 38 (1991), 21–37.

[6] Tkachenko M.G., Introduction to topological groups, Topology Appl. 86 (1998), 179–231. [7] Williams S.W., Box products, in Handbook of Set-Theoretic Topology, K. Kunen and J. Vaughan, eds., Chapter 4, North-Holland, Amsterdam, 1984, pp. 169–200.

Departamento de Matemáticas, Universidad Autónoma Metropolitana, Av. Michoacán y Purísima s/n, Iztapalapa, C.P. 0934, Mexico E-mail: mich@xanum.uam.mx

(Received October 19, 2000)