Comment.Math.Univ.Carolin. 33,1 (1992)97–112 97

Extremal and optimal solutions in the transshipment problem

Viktor Beneš

Abstract. The paper yields an investigation of the set of all finite measures on the product space with given difference of marginals. Extremal points of this set are characterized and constructed. Sets of uniqueness are studied in the relation to marginal problem. In the optimization problem the support of the optimal measure is described for a class of cost functions. In an example the optimal value is reached by an unbounded sequence of measures.

Keywords: transshipment problem, set of uniqueness, simplicial measure, optimal solution

Classification: Primary 60B05; Secondary 52A05

1. Introduction.

Let (Y, B_Y ) be a Polish space with the Borel σ-algebra and (X, B) = (Y ×Y, B_Y ⊗ B_Y ) the product space. Given two probability measures P_1 and P_2 on B_Y , in the transshipment problem (Kemperman, 1983) we shall study the set T (P_1, P_2) of finite nonnegative measures on B which have the difference of marginals equal to P_1 − P_2:

T (P_1, P_2) = {Q ∈ M(X), Q^1 − Q^2 = P_1 − P_2}, (1)

where Q^1(B) = Q(B × Y ), Q^2(B) = Q(Y × B), B ∈ B_Y , M(X) denotes the space of finite nonnegative measures on B.

If Q_1, Q_2 ∈ T (P_1, P_2) and Q = αQ_1 + (1 − α)Q_2, 0 < α < 1, then Q^1 − Q^2 = α(Q^1 − Q^2) + (1 − α)(Q^1_2 − Q^2) = P_1 − P_2, therefore Q ∈ T (P_1, P_2), which yields that T (P_1, P_2) is a convex set of measures.

Considering the product measure P = P_1 × P_2 on B, we can alternatively define T (P_1, P_2) by T (P_1, P_2) = {Q ∈ M(X), Q ∼ P } (2)

using the equivalence relation ∼ on M(X)

P ∼ Q ⇐⇒ ∫ X a dP = ∫ X a dQ for all a ∈ A, (3)

A = {a : X → R, a(x, y) = f(x) − f(y), f ∈ C(Y )}, (4)

I thank Prof. Štěpán, Charles University, Prague, for the manuscript of Štěpán (1991). I thank Prof. Rachev, University of California, Santa Barbara, for the related literature to the transshipment problem

C(Y ) being the space of bounded continuous functions on Y .

Indeed, if Q ∈ T (P_1, P_2) in (1) then Q^1 − Q^2 = P_1 − P_2 and ∫ a dQ = ∫ f dQ^1 − ∫ f dQ^2 = ∫ f d(Q^1 − Q^2) = ∫ f d(P_1 − P_2) = ∫ f dP for all a ∈ A. Conversely ∫ a dP = ∫ a dQ, a ∈ A, means ∫ f d(Q^1 − Q^2) = ∫ f d(P_1 − P_2) for all f ∈ C(Y ) and Q^1 − Q^2 = P_1 − P_2.

It is easy to see now that T (P_1, P_2) is a closed set with respect to standard weak topology. If Q_n → Q, Q_n ∈ T (P_1, P_2), then Q ∼ Q_n for all n as { ∫ a dQ_n} is a constant sequence converging to ∫ a dQ for each a ∈ A.

In Štěpán (1979), the properties of sets of the type (2) called solutions of a moment problem were studied for general linear set of functions A containing all constant functions. Then equivalent measures have the same norm and the problem can be reduced to probability measures. An example is the marginal problem, see Beneš, Štěpán (1991), Linhartová (1991), in which

M(P_1, P_2) ={Q ∈ M(X), Q^1 = P_1, Q^2 = P_2} = ={Q ∈ M(X), Q ∼ P }, (5) where the equivalence relation corresponds to (3) with A = A_M ,

A_M = {a : X → R, a(x, y) = f(x) + g(y), f, g ∈ C(Y )}. (6)

The set A in (4) is linear, however, it does not contain constant functions with the exception of the function identically equal to zero. Therefore T (P_1, P_2) is generally an unbounded set and our problem is over the scope of probability measures.

Nevertheless, in Section 2 the technique of Štěpán (1991) is used for the characterization of extremal points of T (P_1, P_2) called T -simplicial measures. Another characterization is given in Section 3 in the special case of discrete finite space Y . An important notion is that of the set of uniqueness (Letac, 1966). D ∈ B is the set of uniqueness if (D^c being the complement of D in X)

Q_1(D^c) = Q_2(D^c) = 0, Q_1 ∼ Q_2 =⇒ Q_1 = Q_2 whenever Q_1, Q_2 ∈ M(X). (7)

The set of uniqueness in the transshipment problem (A in (4)) and in the marginal problem (A_M in (6)) will be denoted here a T U-set and an MU-set, respectively. In Beneš and Štěpán (1987), MU-sets were studied and using the transfinite construction it was proved that each MU-set can be decomposed in a union of two graphs of functions f, g : Y → Y . Even if problems with measurability appear and counterexamples were constructed (Losert, 1982) of M-simplicial measures (extremal points of M(P_1, P_2)) which have zero measure on any measurable graph, for practical purposes it is desirable to look for simplicial measures supported by graphs. Trivial relations M(P_1, P_2) ⊂ T (P_1, P_2) and D is a T U-set ⇒ D is an MU-set, lead to the same intentions in the transshipment problem.

In Section 4 two examples are given. First a generalized hairpin set (Kaminski et al., 1987) is studied which is not a T U-set and secondly a T -simplicial measure with given support is constructed using Theorem 2 from Section 2.

The last Section 5 is devoted to the optimization transshipment problem, to find inf ∫ c dQ, where Q ∈ T (P_1, P_2) and c is a given cost function. In Rachev, Shortt (1990), the optimal value was obtained for a class of cost functions using duality relations. Theorem 5 yields a necessary condition for the support of the optimal measure, i.e. the unknown measure for which the extreme is realized. Using this result we show in an example that the optimal value may be reached asymptotically by an unbounded sequence of measures from T (P_1, P_2).

2. Characterization of extremal solutions.

When investigating extremal points of a convex weakly closed set H of measures, the general approach is first to verify the validity of Choquet type integral representation property from which it follows that H has enough extremal points. However, the theorems on integral representation property for sets of solutions of a moment problem (Winkler, Weizsacker, 1980; Bican, Štěpán, 1985) depend on the assumption of boundedness of H which is not valid for T (P_1, P_2) in (1). Therefore we proceed to another way here: first a direct characterization of T -simplicial measures is given and an example how to use Theorem 2 to the construction of a T -simplicial measure is presented in Section 4. We start by proving the characterization of Douglas (1964) in the transshipment problem using a standard technique.

Theorem 1. Let Q ∈ M(X). Q is a T -simplicial measure if and only if the set A in (4) is dense in L_1(Q) (the space of Q-integrable functions).

Proof: If A is not dense in L_1(Q), we can find a function f ∈ L_∞(Q), f ≠ 0, such that ∫ af dQ = 0 for all a ∈ A. Assuming that 0 < ess sup |f| < 1 we define a measure S ∈ M(X) by dS = f dQ. Then Q_1 = Q + S, Q_2 = Q − S are different nonnegative measures equivalent to Q such that Q =^1_2 (Q^1 + Q^2) hence Q is not T -simplicial. Conversely, if Q is not T -simplicial, there exists a measure Q_1 ∼ Q, Q_1 ≠ Q and Q_1 ≤ 2Q. Hence 0 ≠ 1 − f ∈ L_∞(Q), where f =^{dQ1}_{dQ} and ∫ (1 − f)a dQ = 0 for all a ∈ A, i.e. A is not dense in L_1(Q). □

For the main characterization theorem we need the following notation (cf. Štěpán, 1991). Let M_0(X) be the space of bounded signed measures on X and for B ∈ B and Q ∈ M(X)

N_0(B) ={N ∈ M_0(X); N^1 = N^2, |N|(B^c) = 0}, N (Q, B) ={N ∈ M_0(X); |N|(B) ≤ bQ for a constant b ≥ 0}, (8) K ={K ⊂ X compact; N | K = 0 for any N ∈ N_0(X) ∩ N (Q, K^c)},

where |N| = |N^+|+|N^−| is the total variation of a signed measure N. Having finite measures N, Q on X and writing^{dQ′}_{dN} we mean by Q^′ the absolutely continuous part of Q with respect to the measure N.

Theorem 2. The following statements are equivalent:

(a) Q is a T -simplicial measure, (b) sup{Q(K), K ∈ K} = |Q|, (c) ess inf^{dQ′}_{d|N|} = 0 for each N ∈ N_0(X), 0 ≠ N ≪ Q. (9)

Proof: (a) ⇒ (b): X is a Polish space, we may choose a uniformity of the space which makes the set U(X) of bounded uniformly continuous functions on X separable. Assume that {g_i}^∞_{i=1} is a dense set in U(X). If Q is T -simplicial, Theorem 1 yields a sequence a^i_n ∈ A such that ∫ |a^i_n − g_i| dQ → 0 as n → ∞ for i integer.

Then there is a sequence of integers n_1 < n_2 < . . . for which Q({x; a^i_{nk} (x) does not converge to g_i(x) for k → ∞}) = 0. For given ε > 0 by Jegoroff’s theorem there are compact sets K_i ⊂ X with Q(K_i) = |Q| − ε2^{−i} such that a^i_n → g_i, n → ∞, uniformly on K_i for all i. Hence K = ⋂ i K_i is a compact set with Q(K) ≥ |Q| − ε for which a^i_n → g_i, n → ∞, uniformly on K for each i. The constructed set K is an element of K as for N ∈ N_0(X) ∩ N (Q, K^c) and corresponding b in (8) it holds |N(g_i)| = |N(g_i) − N(a^i_n)| ≤ |N|(I_K |a^i_n − g_i|) + bQ(|a^i_n − g_i|), denoting N(g) = ∫ g dN and I_K the indicator function of K. Hence N(g_i) = 0 for each i, which implies N = 0.

(b) ⇒ (c): Suppose that (b) holds for a Q ∈ M(X) and that there are N ∈ N_0(X), δ > 0 such that ess inf^{dQ′}_{d|N|} ≥ δ. As |N| | K^c ≤ δ^{−1}Q^′ ≤ δ^{−1}Q, we get Q^′(K) = 0 for any K ∈ K. Hence Q^′ = 0, a contradiction.

(c) ⇒ (a): Assume that Q is not T -simplicial, Q =^{Q1+Q2}_2 , Q_1 ≠ Q_2, Q_1 ∼ Q_2 ∼ Q. Put N = Q_1 − Q_2, |N| ≤ 4Q, N ∈ N_0(X). From (c) it holds ess inf^{dQ′}_{d|N|} = 0.

As Q^′ and N are equivalent measures, we may choose h_N =^{dQ′}_{d|N|} such that Q^′ = Q | [h_N > 0]. Then it follows Q[0 < h_N <^1_5 ] = Q^′[0 < h_N <^1_5 ] ≤^1_5 |N|[0 < h_N < 1 5 ] <^1_4 |N|[0 < h_N <^1_5 ], a contradiction. □

If P_1 = P_2, it holds T (P_1, P_2) ⊂ N_0(X) and the condition (c) in (9) cannot be fulfilled with the exception that Q is the zero measure, the only extremal point of T (P_1, P_2) in this trivial case.

A consequence of Theorem 2 is that the support of T -simplicial measures is built of T U-sets in the following sense:

Corollary 1. If Q is T -simplicial, then

sup{Q(K); K compact a T U-set} = |Q|, (10)

Proof: The set K constructed in the first part of the proof of Theorem 2 is a T Uset: If Q_1(K^c) = Q_2(K^c) = 0, Q_1 ∼ Q_2, Q_1, Q_2 ∈ M(X) then Q_1(g_i) = Q_2(g_i) for all i, therefore Q_1(f) = Q_2(f) for f ∈ U(X), which implies Q_1 = Q_2. □

Further properties of T U-sets can be obtained from its relation to the marginal problem. Let D = {(y, y), y ∈ Y } be the diagonal set.

Proposition 1. D ⊂ X is a T U-set if and only if D ∩ D = ∅ and D ∪ D is an MU-set.

Proof: Obviously the singleton {(y, y)}, y ∈ Y is not a T U-set. The nontrivial implication is proved as follows: Let D ∩ D = ∅. If D is not a T U-set, there exist P, Q ∈ M(X), P ≠ Q, (P − Q)^1 = (P − Q)^2. Define a measure ν on D by ν^1 = (Q − P )^1, ν = ν_+ − ν_− let be its Jordan decomposition. Then λ_1 = ν_+ + P , λ_2 = ν_− +Q are nonnegative measures on D∪D such that (λ_1 −λ_2)^1 = (λ_1 −λ_2)^2 = 0, i.e. D ∪ D is not an MU-set. □

The following necessary and sufficient condition will be of use in Section 4.

Proposition 2. D is a T U-set if and only if N_0(D) is a singleton containing the zero measure.

Proof: It holds 0 ∈ N_0(D). If 0 ≠ Q ∈ N_0(D), Q = Q_+ −Q_−, then (Q_+ −Q_−)^1 = (Q_+ − Q_−)^2, which implies Q_+ ∼ Q_− and D is not a T U-set. □

3. The discrete case.

Consider that Y = {1, 2, . . . , n} is a finite set, X = Y × Y . For D ⊂ X, card D = k, we construct the matrix H_D of the type n × k in the following way: to each point (i, j) ∈ D, i ≠ j, there corresponds a column (h_1, . . . , h_n) of H_D for which h_i = −1, h_j = 1, h_l = 0, l ≠ i, l ≠ j. Diagonal points (i, i) contribute a zero column to H_D. The range ran H_D is of interest only, therefore the columns may be arbitrarily ordered.

Theorem 3. D ⊂ X is a T U-set if and only if ran H_D ≥ k.

Proof: Let P, Q be finite nonnegative measures on D, P = {p_{ij}}, Q = {q_{ij}}, 1 ≤ i ≤ n, 1 ≤ j ≤ n, where p_{ij} = P ({(i, j)}), q_{ij} = Q({(i, j)}). Denote r_{ij} = p_{ij} − q_{ij}. Then P ∼ Q if and only if P^1 − P^2 = Q^1 − Q^2 ⇔ (P − Q)^1 = (P − Q)^2, which is equivalent to_n ∑ i=1 r_{il} = n∑ j=1 r_{lj} , 1 ≤ l ≤ n.

This is a system of n equations for k unknown r_{ij} with indices corresponding to the points (i, j) of D. The matrix of this system is H_D and a nontrivial solution exists if and only if ran H_D < k, in which case D is not a T U-set. □ Corollary 2. If D is a T U-set then card D ≤ n.

It follows immediately from Theorem 3. As an example take D = {(i, j), (j, i)}. Then

H_D =

0 0 −1 1 · · · · 1 −1 · · 0 0 i

j

and ran H_D = 1 which implies that D is not a T U-set.

The characterization given by Theorem 3 lacks a geometrical interpretation. Using Proposition 1 we obtain another characterization. Further let Y = {1, 2, . . . } be a countable set, X = Y × Y endowed with discrete topology. A finite sequence (x_i, y_i)^{2n}_{i=1} of points in X is called a cycle if it can be rearranged in such an order that x_1 = x_2, y_2 = y_3, x_3 = x_4, . . . , y_{2n} = y_1.

Proposition 3. D ⊂ X is a T U-set if and only if D ∩ D = ∅ and there is no cycle in D ∪ D.

Proof: Follows from Letac (1966) and Proposition 1. □

Concerning the characterization of T -simplicial measures we obtain a similar result as in the marginal problem (Letac, 1966), valid in the discrete case only.

Corollary 3. Q is a T -simplicial measure if and only if its support supp Q is a T Uset.

Proof: If supp Q is a T U-set, then obviously Q is a simplicial measure. The converse implication follows from Corollary 1, there exists a nondecreasing sequence {K_n} of compact T U-sets such that Q(K) = |Q|, K =

⋃_∞ n=1 K_n. It holds K ∩D = ∅ and if K contains a cycle C then for some n it holds C ⊂ K_n, a contradiction. By Proposition 3, K is a T U-set. □

4. Special results.

In this section, we consider X = Y_1 × Y_2, Y_1 = Y_2 = Y = ⟨0, 1⟩ is the closed unit interval. At first we answer the question whether the set D = graph(f), where f : Y → Y is a measurable function and graph(f) = {(y, f(y)), y ∈ Y } its graph in X, is a T U-set. Q ∈ M(Y ) is an f-invariant measure if Q(f^{−1}(B)) = Q(B) for all B ∈ B_Y .

Proposition 4. D = graph(f) is a T U-set if and only if D ∩ D = ∅ and there does not exist an f-invariant measure on Y .

Proof: If there exists an f-invariant measure Q ∈ M(Y ), then define a measure P on D by P^1 ∈ N_0(D) and D is not a T U-set. Conversely, let D ∩D = ∅ and D be not a T U-set. Then D ∪D is not an MU-set and according to Beneš, Štěpán (1987), there exists a nontrivial (g ∘ f)-invariant measure on Y , where graph(g) = D. This measure is f-invariant. □

Further a union of two graphs is studied,

D = graph(f) ∪ graph(g), (11)

where f : Y_1 → Y_2, g : Y_2 → Y_1 are measurable functions. When investigating if D is a T U-set, we always suppose that D does not contain the trivial points (0, 0), (1, 1), these points are released from the graphs. The work by Seethoff, Shiflett (1978) and Sherwood, Taylor (1988) yields special negative results here, because if there exists a doubly stochastic measure on D then according to Proposition 2, D is not a T U-set. D will be called a generalized hairpin set if

(a) f, g are increasing homeomorphisms onto Y , (12) (b) (f ∘ g)(x) < x, (g ∘ f)(x) < x for all 0 < x < 1.

The condition (b) says that the graph(f) (and graph(g)) is always below and to the right (above and to the left) of the diagonal, see Figure 1.

According to Seethoff, Shiflett (1978), a generalized hairpin such that f, g are differentiable and there is a one-sided neighborhood of 0 in which^{df}_{dy} < 1,^{dg}_{dy} < 1, supports a signed measure with uniform marginals and again by Proposition 2 is not a T U-set.

We shall not proceed in characterizing T U-sets, the attention will be paid now to T -simplicial measures. From Proposition 2 and Theorem 2, the key role of the set N_0(D) in (8) becomes evident:

(a) if N_0(D) is a singleton, then D is a T U-set and each measure supported by D is T -simplicial;

(b) if N_0(D) is not a singleton, we must verify (9) for each N ∈ N_0(D) to decide whether the measure supported by D is T -simplicial or not.

Therefore a full description of N_0(D) is desirable. Theorem 4 yields conditions for Q ∈ N_0(D) on a generalized hairpin set D.

For a measure N ∈ M_0(Y ) its mass-spreader h_N is a function defined on Y by

h_N (x) = N(⟨0, x⟩). (13)

The mass-spreader of a probability measure coincides with the distribution function. Let D be a generalized hairpin and Q ∈ M_0(D). We denote r_f (x) = Q | f(⟨0, x⟩×Y ) and r_g(x) = Q | g(Y × ⟨0, x⟩) the mass-spreaders corresponding to the marginals of Q restricted to graph(f) and graph(g), respectively. Further f^i(x) denotes the i-th composition f ∘ f ∘ . . . ∘ f(x).

Theorem 4. Let D be a generalized hairpin and r_g(x) a mass-spreader on graph(g). Put r_f (x) = ∞∑ i=1 ( r_g(g^{−1} ∘ f^i(x)) − r_g(f^i(x)) ) . (14)

Then r_f , r_g define a measure Q ∈ N_0(D) if and only if

m(x) = ∞∑ i=−∞ ( r_g(g^{−1} ∘ f^i(x)) − r_g(f^i(x)) ) (15)

is constant for 0 < x < 1.

Proof: Let r_f , r_g define a measure Q ∈ N_0(D), then from the properties of a generalized hairpin it is r_f (1) = lim_{y→1−} r_f (y) = lim_{k→−∞}

∑_∞ i=k(r_g(g^{−1} ∘ f^i(x)) − r_g(f^i(x))) = m(x) constant for 0 < x < 1. Conversely, if m(x) is constant, then r_f , r_g define a measure Q ∈ M_0(D). According to (14) it is r_f (x) − r_f (f(x)) =

∑_∞

i=1(r_g(g^{−1} ∘ f^i(x)) − r_g(f^i(x))) −

∑_∞ i=2(r_g(g^{−1} ∘ f^i(x)) − r_g(f^i(x))) = r_g(g^{−1}(f(x))) − r_g(f(x)) which is a necessary and sufficient condition for h_1(f(x)) = h_2(f(x)), x ∈ Y , h_i being the mass-spreader of Q^i, i = 1, 2, see Figure 1. Therefore Q^1 = Q^2. □

In Example 1 below, Theorem 4 is used for the description of the set N_0(D). This knowledge is used in Example 2 for a construction of a T -simplicial measure with a prescribed support.

Figure 1 Example 1. Let for 0 < k < l < 1, such that

ln l ln k is an irrational number, (16)

f(x) = kx, x ≤ 1 k + 1

, f(x) = x + k − 1 k , x > 1 k + 1 , g(y) = ly, y ≤ 1 l + 1

, g(y) = y + l − 1 l , y > 1 l + 1 , (17)

see Figure 2.

Figure 2

We look for r_g satisfying (15). Due to periodicity it is enough to study x ∈ I_1∪I_2∪I_3, where

I_1 = ⟨ 1 k + 1 , l − k + 1 l + 1 ⟩, I_2 = ⟨ l − k + 1 l + 1 , l − lk + 1

l + 1 ⟩, I_3 = ⟨ l − lk + 1 l + 1 , 1 + k − k^2

k + 1 ⟩. Transforming graph (g) linearly to a segment S = ⟨−^1_{l+1} ,^1_{l+1} ⟩ such that 0 ∈ S corresponds to the point Z in Figure 2, our problem is reformulated as follows: Does there exist a measure μ on S such that μ(S_x) = const., where

S_x = ∞⋃ i=0 ⟨k^i(x + k − 1) − 1 l + 1 , k^i l (x + k − 1) − 1 l + 1 ⟩∪

∪ ∞⋃ i=0 ⟨ 1 l + 1

− (1 − x) k^i l , 1 l + 1

− (1 − x)k^i⟩ ∪ T_x,

T_x = ⟨ x + k − 1 k − 1 l + 1 , x + k − 1 lk − 1 l + 1

⟩ for x ∈ I_1,

T_x = ⟨ x + k − 1 k − 1 l + 1 , 1 l + 1 − 1 − x k ⟩ for x ∈ I_2,

T_x = ⟨ 1 l + 1 − 1 − x lk , 1 l + 1 − 1 − x k ⟩ for x ∈ I_3,

see Figure 3.

Figure 3 Notice that the Lebesgue measure λ on S is not a solution. It is λ(S_x) =

k(1−l) l(1−k) + λ(Tx), but λ(Tx) = (x + k − 1) 1−l kl , x ∈ I_1, λ(T_x) =^{(1−l)(1−x)}_{lk} , x ∈ I_3, and λ(S_x) = const. for x ∈ I_2 only, as λ(T_x) =^{1−l}_{1+l} for x ∈ I_2.

A lot of solutions yields the logarithmic transformation

L : ⟨− 1 l + 1 , 1 l + 1

⟩ → ⟨−∞, ∞⟩,

L(x) = ln(lx + x + 1), x ∈ ⟨− 1 l + 1

, 0⟩,

L(x) = − ln(−lx − x + 1), x ∈ ⟨0, 1 l + 1 ⟩, (18) which transforms subintervals of S_x to intervals of constant length − ln l (with the exception of T_x for x ∈ I_2) and constant period − ln k, i.e. of type

J_{i,x} = ⟨i ln k + ln(x + k − 1) − ln 1 l + 1

, i ln k + ln(x + k − 1) − ln l l + 1

⟩ . (19)

Now choosing the Lebesgue measure on the interval

J_k = ⟨0, − ln k⟩ ⊂ L(S), (20)

we obtain after the inverse transformation to (18) finally the desired mass-spreader

r_g(x) = 0, x < 1 l + 1

, r_g(x) = 1, x > 1 − lk l + 1 , r_g(x) = ln((1 − x)(l + 1)) ln k − ln l ln k

, x ∈ ⟨ 1 l + 1

, 1 − lk l + 1 ⟩, and using (14),

r_f (x) = 0, x < 1 − k l + 1

, r_f (x) = ln l ln k

, x > 1 − lk l + 1 , r_f (x) = ln((1 − x)(l + 1)) ln k

− 1, x ∈ ⟨1 − k l + 1

, 1 − lk l + 1 ⟩. The corresponding measure Q is supported by D^′ = (graph(f) ∪ graph(g)) ∩ X^′, where X^′ is the square ⟨^l_{l+1} , 1 −^{lk}_{l+1} ⟩^2, see Figure 4.

Figure 4

By Theorem 4, it is Q^1 = Q^2, the mass spreader h_i of Q^i being h_i(x) =

ln((l+1)(1−x))

ln k , l l+1 ≤ x ≤ 1 −^{lk}_{l+1} , i = 1, 2. Moreover, from the construction it follows that up to a scaling factor Q is the only signed measure on D^′ satisfying Q^1 = Q^2, i.e.

N_0(D^′) = {bQ, b ∈ R}, (21) see (8). Indeed, under the condition (16), the Lebesgue measure chosen on J_k in (20) was the only measure invariant with respect to the sets

⋃_∞

i=−∞ Ji,x ∩ Jk,

x ∈ I_1 ∪ I_2 ∪ I_3.

Example 1 is related to the marginal problem. As D = graph(f) ∪ graph(g), see (17), is not a T U-set, according to Proposition 1 the union of three graphs D ∪ D is not an MU-set. Moreover, B^′ = D^′ ∪ D is not an MU-set. However, B^′ can be expressed as the union of two graphs only, see Figure 4. Our situation confirms to the conjecture, still not proved in the marginal problem: If B is not an MU-set, then there exists B^′ ⊂ B, B^′ not being an MU-set, B^′ being the union of two measurable graphs.

Figure 5 Example 2. In the situation of Example 1 put l =^3_4 , k =^5_{12} . Then f(x) =^{12x−7}_5 , g(y) =^{4y−1}_3 , X^′ is the square in Figure 5, we denote I^1_x = ⟨^3_7 ,^{16}_{21} ⟩, I^2_x = (^{16}_{21} ,^{23}_{28} ⟩, I^1_y = ⟨^3_7 ,^4_7 ⟩, I^2_y = (^4_7 ,^{23}_{28} ⟩. We shall study measures supported by D^′ = (graph(f) ∪ graph(g)) ∩ X^′. Consider the probability measure P uniformly distributed on D^′. It is described by the density^{dP 1}_{dλ} of its marginal P^1 with respect to the Lebesgue measure λ :^{dP 1}_{dλ} (x) =^{35}_{16} for x ∈ I^1_x,^{dP 1}_{dλ} (x) =^{91}_{20} for x ∈ I^2_x. Let κ = P^1 − P^2 be the difference of marginals of P , then^{dκ}_{dλ} (x) =^7_{24} , x ∈ I^1_y ,^{dκ}_{dλ} (x) = −^{35}_{48} , x ∈ I^1_x ∩ I^2_y ,^{dκ}_{dλ} (x) =^{49}_{30} , x ∈ I^2_x. Having described the set N_0(D^′) in (21), we can construct a T -simplicial measure (extremal point of T (P^1, P^2)) supported by D^′. According to the Theorem 2 such measure Q is given by the condition ess inf^{dQ′}_{d|N|} = 0 for all N ∈ N_0(X), 0 ≠ N ≪ Q, i.e. N ∈ N_0(D^′). It follows from Example 1 that^{dN 1}_{dλ} (x) =^c_{1−x} for any N ∈ N_0(D^′) and some constant c. Especially ess inf^{d|N 1|}_{dλ} > 0 on I^1_x ∪ I^2_x. Therefore a sufficient condition for T -simpliciality of Q is ess inf dQ^1 dλ = 0. (22)

We construct Q by subtracting suitable N ∈ N_0(D^′) from P to obtain a nonnegative measure satisfying (22). As^{d|N 1|}_{dλ} is increasing, it may hold^{dQ1}_{dλ} (x) = 0 in the right endpoint of either I^1_x or I^2_x only. The result is

dQ^1 dλ (x) = 5 16 ( 7 − 5 3(1 − x) ) , x ∈ I^1_x, = 1 4 ( 91 5 − 25 12(1 − x) ) , x ∈ I^2_x.

This marginal density defines a T -simplicial measure Q supported by D^′ having the same difference of marginals as P .

5. Optimal solutions in the transshipment problem.

Throughout this section, we assume that X = R^2 is the real plane and c(x, y) is a measurable cost function on X. Given probability measures P_1, P_2 on R = Y , the Kantorovich and Rubinstein (1958) problem consists in the evaluation of the extreme e(P_1, P_2) = inf

Q∈T (P_1,P_2) ∫ c(x, y) dQ(x, y). (23)

Under suitable assumptions, the duality theorem holds which says that

e(P_1, P_2) = sup ∫ f d(P_1 − P_2),

where the supremum is taken over the set {f : Y → R; f(x) − f(y) ≤ c(x, y) for all x, y ∈ R}. Remember that in the case when c(x, y) is a metric on X, it holds

e(P_1, P_2) = inf

Q∈M(P_1,P_2) ∫ c(x, y) dQ(x, y),

i.e. the problem coincides with the optimization marginal problem.

The question is when we can write min instead of inf in (23) and if so, what is the optimal measure Q^′ for which ∫ c d(Q^′) = min

Q∈T (P_1,P_2) ∫ c dQ. (24)

We shall call c a quasi-monotone function if for all x ≤ x^′, y ≤ y^′,

μ_c{(x, x^′⟩ × (y, y^′⟩} = c(x, y) + c(x^′, y^′) − c(x, y^′) − c(x^′, y) ≥ 0; (25)

c is quasi-antitone if −c is quasi-monotone.

Theorem 5. Let c be a quasi-antitone right continuous function, c(x, y) = c(y, x) for all x, y and there exists an optimal measure Q in (23), the extreme being finite. Then the support of Q is a graph of an increasing function f : Y → Y satisfying the functional equation

h^1_Q(x) − h^1_Q(f^{−1}(x)) = F_1(x) − F_2(x), (26)

where h^1_Q(x) is the mass-spreader of Q^1 and F_1, F_2 given distribution functions of P_1, P_2, respectively.

Proof: From (25), −c may be viewed as a “distribution function” corresponding to a nonnegative measure μ_c on X. It is T (P_1, P_2) = {αP , P probability measure; α(P^1 − P^2) = P_1 − P_2 for α ≥ 0}. For Q ∈ T (P_1, P_2), Q = αP , let U, V be random variables with joint distribution P and distribution function F (x, y). Then it holds 2 ∫ c dQ = −α[Ec(U, U) + Ec(V, V )− (27) − ∫ X (H(x ∧ y) + G(x ∧ y) − F (x ∨ y, x ∧ y) − F (x ∧ y, x ∨ y)) dμ_c(x, y)],

see Cambanis et al. (1976), where x ∨ y = max{x, y}, x ∧ y = min{x, y} and H, G are marginal distribution functions of U, V , respectively. Let Q be an optimal measure. As for given marginals of Q (27) is a monotone functional of the joint distribution function F , P must correspond to the upper Fréchet bound with F (x, y) = min{H(x), G(y)}. The support of this measure is a graph of an increasing function f : Y → Y . Therefore the mass-spreader h^2_Q of Q^2 is equal to h^2_Q(x) = h^1_Q(f^{−1}(x)), putting this into (1) we obtain the condition (26). □

The condition (26) is not sufficient. In fact, any Q ∈ T (P_1, P_2) supported by a graph of an increasing function f satisfies it.

The explicit solution of the problem (23) was obtained by Rachev and Shortt (1990) for cost functions of type

c_p(x, y) = |x − y| max{1, |x − b|^{p−1}, |y − b|^{p−1}}, (28)

p ≥ 1, x, y, b ∈ R, and it was evaluated as

e(P_1, P_2) = ∫ Y max(1, |x − b|^{p−1})|F_1(x) − F_2(x)| dx. (29)

Notice that even this result does not guarantee the existence of an optimal measure. Example 3. Let Y = ⟨0, 1⟩, X = Y × Y the unit square, F_1(x) = x, x ∈ Y , F_2(x) = ax, x ∈ ⟨0, c⟩, F_2(x) =^{1−ac}_{1−c} x +^{c(a−1)}_{1−c} , x ∈ ⟨c, 1⟩, c ∈ Y , a < 1. Consider the function c_p in (28) with p = 2, b = 2, then

c_p(x, y) = |x − y|(2 − min(x, y)), (x, y) ∈ X, (30) c_p is not a metric but it is quasi-antitone. From (29), it holds

e(P_1, P_2) = (1 − a) ( c^2 − c^3 3 + c 1 − c ( 5 6 − 2c +

3c^2 2 − c^3 3 )) . (31)

By differentiation of (26) we obtain a necessary condition for an optimal measure

g(x) − g(f^{−1}(x)) f^′(f^{−1}(x))

= κ(x), (32)

where f^′ =^{df}_{dx} , g is the density of h^1_Q and κ(x) = 1 − a, x ∈ ⟨0, c⟩, κ(x) =^{c(a−1)}_{1−c} , x ∈ (c, 1⟩ is given. Intuitively, we look for the support of the optimal measure Q in a parametric form f(x) = bx, x ∈ ⟨0,^c_b ⟩, f(x) =^{b(1−c)}_{b−c} x +^{c(b−1)}_{b−c} , x ∈ (^c_b , 1⟩, b > 1, see Figure 6, with the marginal density g(x) = d, x ∈ Y .

Figure 6 From (32) we obtain two conditions for the unknown parameters b, d: d − d b = 1 − a, d − d(b − c) b(1 − c) = c(a − 1) 1 − c

(33)

which are linearly dependent. Putting the first condition d =^{b(1−a)}_{b−1} into the evaluation of ∫ c_p dQ we obtain ∫ c_p(x, y) dQ(x, y) = ∫ |x − f(x)|(2 − min(x, f(x)))g(x) dx =

= b(1 − a) [ c^2 b^2 − c^3 3b^3 + c b − c ( 5 6 − 2c b + 3c^2 2b^2 − c^3 3b^3 ) ] . (34)

For fixed a, c, (34) is a decreasing function of b for b → 1_+ (b ≤ 1 are excluded due to (33)) which tends to the optimal value (31). Taking a sequence b_n → 1_+ the corresponding d → ∞ (33) form an unbounded sequence of measures Q_n such that lim_{n→∞} ∫ c_p dQ_n = e(P_1, P_2). The supports of Q_n converge to the diagonal.

The presented results may be generalized in the following way.

Theorem 6. Let the support of P_1 − P_2 be a compact interval I ⊂ R and for the corresponding distribution functions F_1, F_2, κ = F_1 − F_2, there is a K ∈ R such that for all x ∈ I, |κ^′(x)| < K, κ^′ =^{dκ}_{dx} . Let c(x, y) be a function of the type c(x, y) = |x − y|ξ(x, y), where for any x < t < y, ξ(t, t) ≤ ξ(x, y), ξ(x, y) = ξ(y, x), ξ(x, y) is continuous in x and t → ξ(t, t) is locally bounded. Then

e(P_1, P_2) = ∫ ξ(t, t)|κ(t)| dt (35)

and there exists an unbounded sequence Q_n ∈ T (P_1, P_2) such that e(P_1, P_2) = lim_{n→∞} ∫ c dQ_n.

Proof: For the first part, i.e. the validity of (35), see Rachev, Ruschendorf (1991). Further for an integer n > K put f^{−1}(x) = x −^{κ(x)}_n and h^1_n(x) = nx + b, x ∈ I, h^1_n(x) = 0 elsewhere, where b is a constant such that h^1_n is nonnegative. Then f is increasing and (26) is satisfied, it follows that Q_n ∈ T (P_1, P_2) for the measure Q_n supported by f and defined by h^1_n being the mass-spreader of its first marginal. It is c(f^{−1}(y), y) =^1_n |κ(y)|ξ(y −^{κ(y)}_n , y) and ∫ c dQ_n = ∫ c(x, f(x))dh^1_n(x) = n ∫ c(f^{−1}(y), y)(1 − κ^′(y) n ) dy = = ∫ I |κ(y)|ξ(y − κ(y) n , y) dy − 1 n ∫ I κ^′(y)|κ(y)|ξ(y − κ(y) n , y) dy.

Obviously, for n → ∞, ∫ c dQ_n → e(P_1, P_2) in (35) while |Q_n| → ∞. □

References

[Beneš V., Štěpán J. (1987)] The support of extremal probability measure with given marginals, In: M.L. Puri et al. eds., Mathematical Statistics and Probability Theory, Vol. A, D. Reidel Publ. Comp., 33–41.

[Beneš V., Štěpán J. (1991)] Extremal solutions in the marginal problem, In: G. Dall’Aglio et al. eds., Advances in Probability Measures with Given Marginals, Kluwer Acad. Publ., 209–227. [Bican L., Štěpán J. (1985)] Choquet theorem for compact measures, Statistics and Decisions 3, 363–377.

[Cambanis S., Simons G., Stout W. (1976)] Inequalities for Ek(X, Y ) when the marginals are fixed, Z. Wahrsch. Verw. Geb. 36, 285–294.

[Douglas R.G. (1964)] On extremal measures and subspace density, Michigan Math. J. 11, 243–246.

[Kantorovich L.V., Rubinstein G.S. (1958)] On the space of completely additive functions (in Russian), Vestnik LGU, Ser. Mat. Mekh. i Astron. 7, 52–59.

[Kaminski A., Sherwood H., Taylor M.D. (1987)] Doubly stochastic measures with mass on graphs of two functions, Real An. Exch. 13, 253–267.

[Kemperman J.H.B. (1983)] On the role of duality in the theory of moments, In: Proc. Semi- Infinite Programming and Applications 1981. Lecture Notes in Economics and Math. Systems 215, Springer Verlag, 63–92.

[Letac G. (1966)] Représentation des mesures de probabilité sur le produit de deux espaces denombrables, de marges données, Ann. Inst. Fourier 16, 497–507.

112 V. Beneš

[Linhartová P. (1991)] Extremal solutions in the general marginal problem, Comment. Math. Univ. Carolinae 32, 743–748.

[Losert V. (1982)] Counter-examples of some conjectures about doubly stochastic measures, Pacific J. Math. 99, 387–397.

[Rachev S.T., Shortt R.M. (1990)] Duality theorems for Kantorovich–Rubinstein and Wasserstein functionals, Dissertationes Mathematicae CCXCIX, Warsawa.

[Rachev S.T., Ruschendorf L. (1991)] Solution of some transportation problems with relaxed and additional constraints, to appear.

[Seethoff T.L., Shiflett R.C. (1978)] Doubly stochastic measures with prescribed support, Zeitsch. Wahrscheinlich. Verw. Geb. 41, 283–288.

[Sherwood H., Taylor M.D. (1988)] Doubly stochastic measures with hairpin support, Probab. Theory and Related Fields 78, 617–626.

[Štěpán J. (1979)] Probability measures with given expectations, Proc. of the 2nd Prague Symp. on Asympt. Statistics, North Holland, 315–320.

[Štěpán J. (1991)] Simplicial measures and sets of uniqueness in marginal problem, to appear in Statistics and Decision.

[Weizsacker H. von, Winkler G. (1980)] Integral representation in the set of solutions of a generalized moment problem, Math. Ann. 246, 23–32.

Department of Mathematics, Faculty of Mechanical Engineering, Czech Technical University, Karlovo nám. 13, 121 35 Prague, Czechoslovakia

(Received November 1, 1991)