Comment.Math.Univ.Carolin. 33,1 (1992)43–44 43

When (E, σ(E, E′)) is a DF -space?

Dorota Krassowska, Wiesław Ṡliwa

Abstract. Let (E, t) be a Hausdorff locally convex space. Either (E, σ(E, E^′)) or (E^′, σ(E^′, E)) is a DF -space iff E is of finite dimension (THEOREM). This is the most general solution of the problem studied by Iyahen [2] and Radenovič [3].

Keywords: DF -spaces, countably quasibarrelled spaces

Classification: Primary 46A05

Throughout this paper, E = (E, t) denotes a Hausdorff locally convex space and E^′ its topological dual. The classical Grothendieck’s theorem asserts that (E^′, β(E^′, E)) is a complete DF -space (for definitions see below) provided that the topology t is metrizable ([1], [5, Ch. VI, Theorem 6.5, also p. 154]). The main result in this paper deals with the following natural question, first investigated in 1966 by Iyahen [2]: when (E, σ(E, E^′)) (or (E^′, σ(E^′, E))) is a DF -space? Iyahen’s result is that (c_0, σ(c_0, l_1)) is not a DF -space. In 1988, Radenovič [3] generalized this result and proved that if E is a Banach space of infinite dimension then neither (E, σ(E, E^′)) nor (E^′, σ(E^′, E)) is a DF -space.

In this note we give the full answer to the question stated above (THEOREM). Our approach is most elementary (we work on dual pairs only) and the result is most general (no assumptions concerning the structure of E are required; compare [3, Theorems 1, 3 and Corollaries 1, 2]). We follow [4] and [5] for definitions and notations. For the convenience of the reader recall that E is said to be countably quasibarrelled if every strongly bounded subset of E^′ which is a countable union of t-equicontinuous subsets of E^′ is t-equicontinuous; if, in addition, E possesses a fundamental sequence of bounded sets then it is called a DF -space.

Theorem. Let (E, E^′) be a dual pair. Then either (E, σ(E, E^′)) or (E^′, σ(E^′, E)) is a DF -space iff E is of finite dimension.

Proof (of the nontrivial case “only if”): Since both (E, E^′) and (E^′, E) is a dual pair, it is enough to consider the case (E, σ(E, E^′)). Let {B_n} be an arbitrary increasing fundamental sequence of bounded sets in (E, σ(E, E^′)). Then {B^0_n} is a base of neighbourhoods of zero in (E^′, β(E^′, E)). Let now {x^′_n : n ∈ N} be an arbitrary linearly independent sequence in E^′. Then for every n ∈ N there exists a real number α_n > 0, such that α_nx^′_n ∈ B^0_n. Therefore α_nx^′_n → 0 in β(E^′, E); in particular, the sequence {α_nx^′_n} is β(E^′, E)-bounded, and so it is

44 D. Krassowska, W.^˙Sliwa

σ(E, E^′)-continuous. It follows that there is a finite subset K of E^′ with {α_nx^′_n : n ∈ N} ⊂ (K^0)^0 ⊂ lin K; thus lin{x^′_n : n ∈ N} is of finite dimension and, consequently, dim E < ∞. □

The result stated in the corollary below indicates a large class of locally convex spaces which are not countably quasibarrelled. This problem was discussed in [3, p. 155, and Corollary 1] (for the Banach case only).

Corollary. If E is a metrizable and barrelled space, then (E^′, σ(E^′, E)) is countably quasibarrelled iff E is of finite dimension.

Proof: Since E^′ possesses a fundamental sequence of σ(E^′, E)-bounded sets, THEOREM is applied to complete the proof. □

References

[1] Grothendieck A., Sur les espaces (F ) et (DF ), Summa Brasil Math. 3 (1954), 57–123. [2] Iyahen O., Sunday, Some remarks on countably barrelled and countably quasibarrelled spaces, Proc. Edinburgh Math. Soc. 15 (1966), 295–296.

[3] Radenovič S., Some remarks on the weak topology of locally convex spaces, Publ. de l’Institut Math. 44 (1988), 155–157.

[4] Robertson A., Robertson W., Topological vector spaces, Cambridge Univ. Press, 1973. [5] Schaefer H., Topological vector spaces, Springer-Verlag, New York–Heidelberg–Berlin, 1971.

Institute of Mathematics, Pedagogical University, Pl. Słowiański 6, 65–046 Zielona Góra, Poland

(Received August 22, 1991)