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Abstract: Let R be a ring and let M be an R-module with S = EndR(M). Consider the

preradical Z for the category of right R-modules Mod-R introduced by Y. Talebi and N.
Vanaja in 2002 and defined by Z (M) =

⋂
{U ≤ M : M/U is small in its injective hull}.

The module M is called quasi-t-dual Baer if
∑

ϕ∈I
ϕ(Z

2

(M)) is a direct summand of M

for every two-sided ideal I of S, where Z
2

(M) = Z (Z (M)). In this paper, we show that

M is quasi-t-dual Baer if and only if Z
2

(M) is a direct summand of M and Z
2

(M) is a
quasi-dual Baer module. It is also shown that any direct summand of a quasi-t-dual Baer
module inherits the property. The last part of the paper is devoted to the comparison
of the notions of quasi-dual Baer modules and quasi-t-dual Baer modules. Also, right
quasi-t-dual Baer rings are investigated.
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[11] Keskin Tütüncü D., Orhan Ertaş N., Smith P.F., Tribak R., Some rings for which the

cosingular submodule of every module is a direct summand, Turkish J. Math. 38 (2014), no.
4, 649–657.

[12] Lee G., Rizvi S. T., Roman C. S., Dual Rickart modules, Comm. Algebra 39 (2011), no. 11,
4036–4058.

[13] Mohamed S.H., Müller B. J., Continuous and Discrete Modules, London Mathematical So-
ciety Lecture Note Series, 147, Cambridge University Press, Cambridge, 1990.

[14] Rizvi S. T., Roman C. S., Baer and quasi-Baer modules, Comm. Algebra 32 (2004), no. 1,
103–123.

[15] Smith P. F., Modules with many homomorphisms, J. Pure Appl. Algebra 197 (2005),
no. 1–3, 305–321.

[16] Talebi Y., Vanaja N., The torsion theory cogenerated by M-small modules, Comm. Algebra
30 (2002), no. 3, 1449–1460.

[17] Tribak R., Talebi Y., Hosseinpour M., Quasi-dual Baer modules, Arab. J. Math. (Springer)
10 (2021), no. 2, 497–504.

1



2

[18] Tribak R., Talebi Y., Hosseinpour M., Abdi M., Some results on t-lifting modules, Vietnam
J. Math. 46 (2018), no. 3, 653–664.

[19] Tribak R., Talebi Y., Hosseinpour M., Abdi M., On FI-t-lifting modules, Bol. Soc. Mat. Mex.
26 (2020), no. 3, 973–989.
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