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Representation of bilinear forms in non-Archimedean
Hilbert space by linear operators 11

Dobz1 ArTiMU, TOKA DIAGANA

Abstract. The paper considers the representation of non-degenerate bilinear forms on
the non-Archimedean Hilbert space E, x E, by linear operators. More precisely, upon
making some suitable assumptions we prove that if ¢ is a non-degenerate bilinear form
on E,, XE,,, then ¢ is representable by a unique linear operator A whose adjoint operator
A* exists.
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1. Introduction

Let K be a field, which is complete with respect to a non-Archimedean val-
uation denoted |- |. Classical examples of such a field include Qp, the field of
p-adic numbers, where p > 2 is a prime, C,, the field of p-adic complex numbers,
and the field of Laurent series. Fix once and for all a sequence w = (w;);eN
of nonzero elements of K and define E,, as the set of all sequences u = (u;);en
of elements of K such that the series >,y wiu% converges in K, equivalently,

lim; o0 (|ug] - [wi|}/2) = 0. A natural norm is defined on E,, as follows:
w=(wi)iery, ul = sup (Jui] - foi[/2)
1€EN
This norm is non-Archimedean in the sense that, for any u,v € E,,,
l[u+ vl < max ([ull, |[v])
with the equality holding if ||u|| # ||v||. An inner product (symmetric, bilin-

ear, non-degenerate form) is defined on E,, as follows: for all v = (u;);en,
v = (vi)ien € Ew,

o
(u,v) == Zwi U; ;.
=0
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The vector space E,, has a special base, denoted (e;);cn where e; is the sequence
whose j-th term is 0 if ¢ # j, and the i-th term is 1. This base satisfies the
following: (i) for every i, ||le;]| = |w;]*/2; (ii) (ei,e;) = 0if i # j; (iii) for every i,
(e5,€;) = wy; and (iv) every u € E,, can be written uniquely as

o
u = Zuiei, where u; € K, and lim (|ul| . |wi|1/2) =0.
=0 e

The base (e;);cn is called the canonical orthogonal base of Ey,.

In the literature, the space E,, endowed with its norm and inner product given
above, is called a p-adic or non-Archimedean Hilbert space. However, one should
point out that the norm on [E,, does not stem from the inner product. In addition
to that the space E,, contains isotropic vectors, that is, (u,u) = 0 while 0 # u €
E,.
A bilinear form ¢ : D(¢) x D(¢) — K with domain D(yp) is said to be rep-
resentable (Definition 3.7) whenever there exists a (possibly unbounded) linear
operator A: D(A) — E,, (D(A) being the domain of A) such that

o(u,v) = (Au,v), Yue D(A),v € D(p).

An unbounded bilinear form ¢ : D(p) x D(¢) — K whose domain D(y) con-
tains all elements of the canonical base (e;);cn is called stable. The subclass of
all these stable unbounded bilinear forms is denoted £g(E,, x E,). Similarly, the
subclass of all bilinear forms whose domains do not contain the above-mentioned
canonical base is called unstable and denoted X7 (Ey, X Ey).

In Diagana [3], it was shown that if ¢ is a non-degenerate, symmetric bilinear
form satisfying

(1.1) lim

1—00

(|<P(€z‘, e;)l

lleall

):0, VjeN,

then ¢ is uniquely representable. Moreover, if A denotes the (possibly unbounded)
linear operator associated with ¢, then its adjoint A* does exist with A = A*.

In this paper we are interested in studying representation theorems for bounded
and stable unbounded bilinear forms not necessarily symmetric. Namely, it is
shown that a non-degenerate (stable) bilinear form ¢ on E,, x E,, is representable
whenever

(1.2) lim (M) = lim (M) =0, VjeN.

i—oo \ [lei i—oo \ [les

Moreover, if A denotes the linear operator on E,, associated with the form ¢, then
the adjoint A* of A does exist.
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Beside of the above-mentioned representation results for bilinear forms, we also
establish a non-Archimedean version of the Riesz’s representation theorem for a
subclass of linear functionals on E,,. Namely, it is shown that if F': E, — K is a
linear functional such that

[F(ed)l _
i—oo e ’
then there exists a unique vector ug € E, such that F(u) = (u,ug) for each
u € Ey,. Furthermore, || F||| = ||uol|, where ||| - ||| is the natural norm on E¥,, the

(topological) dual of E,,.

Representing (un)bounded bilinear forms by linear operators in the classical
setting is a topic that arises in several fields such as quantum mechanics through
the study of form sums associated with the Hamiltonian, mathematical physics,
symplectic geometry, and the study of weak solutions to some linear partial differ-
ential equations, see, e.g., [2], [7], [11], [12]. In the non-Archimedean realm, one
may expect some related applications in: (i) the study of weak solutions to some
p-adic partial differential equations; and (ii) the study of a non-Archimedean ver-
sion of the square root problem of Kato, which is of a great interest to the second
named author.

To deal with the above-mentioned issues we shall make extensive use of the
formalism of unbounded linear operators on non-Archimedean Hilbert spaces E,,
[4], [5], [8] and that of (un)bounded bilinear forms on E,, x E,,, recently introduced
in [6] while studying non-Archimedean counterparts of the convergence in the
sense of quadratic forms of bilinear forms defined on a Hilbert space.

3. Preliminary results

Let K be a complete non-Archimedean valued field and let w = (w;);en be a
sequence of nonzero elements in K. Throughout the rest of the paper, E,, denotes
the non-Archimedean Hilbert space associated with the sequence w = (w;);en,
and (e;);en stands for the canonical orthogonal base associated with E,,. Define
83— € E¥ for each j € N by

T = inei e E,, e;-(:zr) = x;.
1€N
Definition 2.1 ([4], [5], [8]). A stable unbounded linear operator A from E,, into
E,, is a pair (D(A), A) consisting of a subspace D(A) C E, (called the domain
of A) and a (possibly not continuous) linear transformation A : D(4) C E,, —
E,. Namely, the domain D(A) contains the basis (e;);eny and consists of all
u = (uj)ieN € Ew such Au = ), u;Ae; converges in Ey, that is,

D(A) := {u = (us)ien € By : Z.l_i{go|uz'| | Ae;| = 0},

Au = Z a;j e;-(u) e; for each u e D(A).
1,5€EN
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Definition 2.2 ([4], [5], [8]). A stable linear operator
D(A) = {u=(u)ien € B Jim Jug] | de;]| = 0},

Au = Z ajj e;-(u) e; for each u € D(A),
1,JEN

is said to have an adjoint A* if and only if

(2.1) im (%) 2o vien
Jj—00 |Wj|1/2

In this case the adjoint A* of A is uniquely expressed by

D(A) = {v=(0)ien € Eut Jim [ | A% = 0},
A¥u = Z a;; e}(u)ei for each u € D(AY),
1,JEN

w;aj;
w;

*
where a;; =

Remark 2.3. (i) In contrast with the classical context, in the non-Archimedean
setting, there are linear operators, which do not have adjoint operators.

(ii) In the classical setting, if A is a closable unbounded linear operator on
a Hilbert space, then A** = A, where A is the closure of A. However, in the
non-Archimedean setting, if the adjoint A* of a stable unbounded linear operator
A exists, then A™ = A.

2.1 Continuous linear functionals on E,

Definition 2.4. A linear functional F' : E, — K is said to be continuous if there
exists K > 0 such that

|F(u)] < K .||u|| for each u € E,,.

The smallest constant K such that the previous inequality holds is called the
norm of the continuous linear functional F' and is defined by

(P
'”F"‘i‘;%< Tl )

Let us remind that the space of all continuous linear functionals on E, is
denoted by E¥ and called the (topological) dual of E,,. The space (EY, ||| - |||) is
a Banach space over K.
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Proposition 2.5. Let F' € E},. Then its norm ||| F||| can be explicitly expressed

as
7] = sup <'F(ei>'> |

ien \ [leil

The next theorem constitutes a non-Archimedean version of the well-known
Riesz representation theorem [12].

Theorem 2.6. Let I : E, — K be a linear functional such that

(2.2) lim (lF(ei)l) = 0.

i—oo \ |legl|

Then there exists a unique ug € E,, such that
F(u) = (u,uq), forall ueR,.

Moreover, [[|F|[| = [|uol|-

PRrROOF: Obviously, (2.2) yields F' is continuous, as |||F[|| = sup;cn uﬂfﬁ)‘ < 0.

Let u = ) ;cnuie; € Ew. Now, F(u) = > ;o uiF(e;) is well-defined. Indeed,
since u € B, that is, lim; .o |usl|le;|| = 0, we have

F .
lim |u;F(e;)| < ||ul|. lim [F(eq)l -0,

by using assumption (2.2).

Now, set ug = ZieN(Fieii))ei. Again using assumption (2.2), one can easily
see that ug € E,,. Moreover, F(u) = (u,ug) for each u € E,,.

Suppose that there exists another vy € E,, such that F(u) = (u,vg) for each
u € Ey. Then, (ug — vg,u) = 0 for each u € E, that is, ug — vgL E,. In
particular, (ug — vg,e;) = 0 for each i € N, that is, all coordinates of ug — vg in
the canonical base (e;);en of E,, are zero, and hence ug = vy.

Now (e) F(e:)
Fle; Fl(e;
i)l = sup ZE _ ey
7 €N ”eZ” |

[luol| := sup
ieN

€

3. Bilinear forms on E , x E,

Definition 3.1. A mapping ¢ : E, x E,, — K is said to be a bilinear form
whenever u — ¢(u,v) is linear for each v € E,, and v — ¢(u,v) linear for each
u € K.
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Note that if ¢ : E,, x E, +— K is a bilinear form over E,, x E,,, then the sum

o
(3.1) o(u,v) = Z Qij u; vj
4,j=0

may or may not be convergent. However if both u = (u;);en and v = (v;);en are
taken in E_, with

Jim (gl [9452) =0 andTim(Juy].1945]Y2) =0,

1,]—0Q 1,]—00
where Q;; = ¢(e;,e;) for all 4,j € N, then the sum in (3.1) converges.
3.1 Bounded bilinear forms

Definition 3.2. A non-Archimedean bilinear form ¢ : E, x E,, — K is said to
be bounded if there exists M > 0 such that

(3.2) lo(u,v)] < M. ||lu||.|jv]| for all u,v € E,.

The smallest M such that (3.2) holds is called the norm of the bilinear form ¢
and is defined by
U,V
lell = sup (12020
w0 \ |zl - |2l

Proposition 3.3. Let ¢ : E,, x E,, — K be a bounded bilinear form. Then its
norm ||¢|| can be explicitly expressed as

loll = sup (2.

ijen \lleill - lle;ll

PRrROOF: The inequality, |¢|| > SuPi,jeN(%)» is a straightforward conse-

quence of the definition of the norm ||¢]|| of .
Now suppose u,v # 0. In view of the above, one has

oo

p(u,0) = | Y pleief) uwiv;
i2j=0
< sup (Joleq, )] - ug] - [vs])
2,JEN
eisei)|(luil - |leill) (Jvs| - |les
— swp (|<P( irei)|(Juil - lleqll) (Jvg |- |l ]||)>
i,jEN lleill - lle;ll
lp(ei, e5)]
<l ol sup (TR
ijen \ el - el
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lell < sup (M) |

ijen \lleill - [lejl

and hence

One completes the proof by combining the first and the last inequalities. [

Definition 3.4. A bounded bilinear form ¢ : E, x E,, — K is said to be rep-
resentable whether there exists a bounded linear operator A : E, — E, such
that

o(u,v) = (Au,v), Yu,v € E,.

Theorem 3.5. Let ¢ : E, X E, — K be a non-degenerate bounded bilinear form
on E, x E,. Then ¢ is representable whenever (1.2) holds. In this case, if A
denotes the linear operator associated with o, then the adjoint A* of A exists.

PROOF: Define the linear operator A on E,, associated with ¢ as follows:

Au:= Y [M] ei(u) e;

= Wi
i,jEN

for each u € E,,.
We first check that the linear operator A given above is well-defined on E,,.
For that, it suffices to see that, for all j € N|

lim

1—00

€5,€6;
PG oy = o 1205
Wy 1—00 HGZH

by using assumption (1.2). Furthermore, it is routine to see that ¢(u,v) = (Au,v)
for all u,v € E,. Of course, the linear operator A given above is unique since ¢
is non-degenerate.
Now
‘90(63'761')

S o
jAl = sup [ ) (M) ~ el
i,jEN el ijen \ el - lleill

and hence A is bounded.
It remains to show that A*, the adjoint of A exists. Indeed,

A foleg el

7 e‘ue' .
lim [ 1| =— lim (u) =0, Vi€eN,
j—o0 llesll |w;i| ~ j—o0 lle;ll

by using assumption (1.2), and hence the adjoint A* of A exists. O
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Example 3.6. Let (K,|-|) = (Qp, |- |) equipped with the p-adic absolute value
and let w; = p~* for each i € N. Let Ng € N with Ng > 1 (fixed) and set

N .. 1 1 1
Ty =t ot st
for all 7,5 € N.
] 5|
Now, Vj € N, lim;_, ”e T = lim; 00 ”e T = 0, since |7r o = |7T %=1 and

llesl| = p’/2 for all i € N. For all u = (u;)ieN, v = (v;)ien € Ew, define the bilinear
form as follows:
o0
= Z N0
- i VN
i,j=0

Obviously, ¢ is well-defined since, Vj € N,

1
tim (fui] - [5°1/%) < ] =0.
i—00 €5
: oo Tl
Moreover ¢ is non-degenerate and its norm ||| = 1. Therefore, the only

bounded linear operator on E, associated with ¢ is the one defined by

Vo

Au = Z [Zj ‘|63-(u)ei
i,jEN ¢

Lol

for each u € E,, with ||A] = SuPi,jeN(m) =
It is also clear that A*, the adjoint of A exists.

3.2 Stable unbounded bilinear forms

In this subsection we present with a representation theorem for some un-
bounded bilinear forms. More precisely, we consider those unbounded bilinear
forms whose domains contain all elements of the canonical base (e;);cn of Ey, as
such a base plays a key role in the present setting. The subclass of all those types
of unbounded bilinear forms will be called stable and denoted by Y g(E, x E).

Similarly, the subclass of all unbounded bilinear forms whose domains do not
contain elements of the above-mentioned canonical base will be called unstable
and denoted by Xy (E, x E,). Note that a representation theorem similar to
Theorem 3.9 for elements of X7 (E, x E) will be left as an open question.

Definition 3.7. A mapping ¢ : D(p) X D(¢) C Ey, x E, — K is said to be
a stable unbounded bilinear form if u — ¢(u,v) is linear for each v € D(yp),
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v +— @(u,v) is linear for each u € D(p), where D(y) is a vector subspace of E,,
that contains the base (e;);cn, and

D(yp) :

{u=(u;)jeny € Eu ¢ lim (|ui| |Qz’j|1/2)
1,]— 00

= lim (|Ui| |jS|1/2) =0},

1,j—00

(o]
o(u,v) = Z Q5 uvj, forall u,v e D(p),
i.j=0

where Q;; = ©(e;, e;).
The space D(p) defined above is called the domain of the bilinear form .
Definition 3.8. A bilinear form ¢ : D(¢) x D(¢) — K (D(y) being its domain)

is said to be representable whenever there exists a (possibly unbounded) linear
operator A : D(A) — E,, (D(A) being the domain of A) such that

o(u,v) = (Au,v), Yue D(A),v € D(p).

Theorem 3.9. Let ¢ : D(p) x D(p) — K be a non-degenerate stable unbounded
bilinear form. Then ¢ is representable whenever assumption (1.2) holds. In this
case, if A denotes the linear operator associated with o, then the adjoint A* of
A exists.

Proo¥: For all u = (u;)ien, v = (vj)jen € D(p), write p(u,v) = 3750 Qij uiv;
and define the linear operator A on E,, associated to it as follows:

D(A) := {u = (u;)jen € Ew : Zli{go lui| [|Ae;|| =0},

p(ejs €i)
Au = .»XE:N {#] ¢j(u)e; for each u = (uj)ien € D(A).
Z7J

Obviously, A is well-defined. Indeed, for all j € N,

€, e; . ei,e; . €;,€;
lim ’90( j i) lesl| = lim |o( j i)l — lim lp(e; j)| —0,
i—00 i i—

oo leil imoo e

Wy

by using assumption (1.2).
Now

1
Au=3 w5 < > ujeles, ei)) ej for each u = (u;)ien € D(A),

ieN ' NjeN
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and hence (Ae;, e;) = ¢(ej,e;) for all i,j € N.
Moreover, D(A) C D(p). Indeed, if u = (u;);en € D(A), then using the
Cauchy-Schwartz inequality it follows that, Vi,j € N,

[ui| - Juj| - lp(es, e5)| = lugl - |ujl . [(Aej, e;)]
< (lugl - [[Aesll) - (el - fugl),

and hence

2
(il tes )2 < tim (gl el (sl )

2,]— 00

:0,

that is, u € D(y).
Note that u;vpe(e;, ex) — 0 as i,k — oo, by using the fact that (u € D(A) C
D(p) and v € D(y)):

usvplers ex)| = (uilleer er)M72) - (Ie(ei ex)|2Jogl) =0, as ik — oo,

and hence

ZZuzvkgo €y €k) ZZUUkSD € €k)-

keNieN 1€EN keN

Consequently, the following successive equalities are justified:

Au ’U Zwkvk—<zuz@ €4, Ck )

keN ieN
=) e ( > uip(es, €k))
keN  “ieN
= > olei ex)uivy
ikeN
= p(u,v)

for all u = (u;);en € D(A) and v = (v;);en € D(p).

Furthermore, the uniqueness of A is guaranteed by the fact that ¢ is non-
degenerate. It remains to show that A*, the adjoint of A exists; however, this can
be done as in the bounded case. (Il
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Example 3.10. This example is a generalization of Example 3.6. Consider the
bilinear form defined by

p(u,0) = > mjuwy, Yu= (u;)ien, v = (v3)ien € D(p),
i,jeEN

where (7;;); jen C K is an arbitrary sequence, and the domain D(yp) of ¢ is
defined by

D(9) = {u= e € B s tim_(jui- gl 2) =t (ful %) =0 .
i,j—00 i,j—00

Note that ¢(e;,ej) = m;; for all 4,7 € N and hence an equivalent of assump-
tion (1.2) is:

)

(3.3) i il g Il

i—o0 [legl| oo [lei

Upon making assumption (3.3), the unique (possibly unbounded) linear ope-
rator associated with ¢ is given by

=
Au= " wiz ei(u) e, Yu=(ui)ien € D(A),
i,jEN

where D(A) = {u = (ug)ien € Eo : limj_oo([|Aes]| - [ui]) = 0}
In addition to the above, the adjoint A* of A does exist under assumption (3.3).
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