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On meager funtion spaes, network haraterand meager onvergene in topologial spaesTaras Banakh, Volodymyr Mykhaylyuk, Lyubomyr ZdomskyyAbstrat. For a non-isolated point x of a topologial spae X let nw�(x) bethe smallest ardinality of a family N of in�nite subsets of X suh that eahneighborhood O(x) � X of x ontains a set N 2 N . We prove that� eah in�nite ompat Hausdor� spae X ontains a non-isolated point xwith nw�(x) = �0;� for eah point x 2 X with nw�(x) = �0 there is an injetive sequene(xn)n2! in X that F-onverges to x for some meager �lter F on !;� if a funtionally Hausdor� spae X ontains an F-onvergent injetivesequene for some meager �lter F , then for every path-onneted spae Ythat ontains two non-empty open sets with disjoint losures, the funtionspae Cp(X;Y ) is meager.Also we investigate properties of �lters F admitting an injetive F-onvergentsequene in �!.Keywords: network harater, meager onvergent sequene, meager �lter, meagerspae, funtion spaeClassi�ation: Primary 54A20, 54C35; Seondary 54E52This paper was motivated by a question of the seond author who asked if thefuntion spae Cp(!�; 2) is meager. Here !� = �!n! is the remainder of the Stone-�Ceh ompati�ation of the disrete spae of �nite ordinals ! and 2 = f0; 1g is thedoubleton endowed with the disrete topology. Aording to Theorem 4.1 of [13℄this question is losely related to the so-alled meager onvergene of sequenesin !�.A �lter F on ! is meager if it is meager (i.e., of the �rst Baire ategory) inthe power-set P(!) = 2! endowed with the usual ompat metrizable topology.The simplest example of a meager �lter is the Fr�ehet �lter Fr = fA � ! : ! nAis �niteg of all o�nite subsets of !. By the Talagrand haraterization [18℄,a free �lter F on ! is meager if and only if �(F) = Fr for some �nite-to-onefuntion � : ! ! !. A funtion � : ! ! ! is �nite-to-one if for eah point y 2 !the preimage ��1(y) is �nite and non-empty. A �lter F on ! is de�ned to be�-meager for a surjetive funtion � : ! ! ! if �(F) = Fr.We shall say that for a �lter F on !, a sequene (xn)n2! of points of a to-pologial spae X F-onverges to a point x1 2 X if for eah neighborhoodThe third author aknowledges the support of FWF grant P19898-N18.



274 T. Banakh, V. Mykhaylyuk, L. ZdomskyyO(x1) � X of x1 the set fn 2 ! : xn 2 O(x1)g belongs to the �lter F . Observethat the usual onvergene of sequenes oinides with the Fr-onvergene forthe Fr�ehet �lter Fr. The �lter onvergene of sequenes has been atively stud-ied both in Analysis [1℄, [4℄ and Topology [5℄. A sequene (xn)n2! will be alledmeager-onvergent if it is F-onvergent for some meager �lter F on !. A sequene(xn)n2! is alled injetive if xn 6= xm for all n 6= m.We shall prove that for a zero-dimensional Hausdor� spae X the funtionspae Cp(X; 2) is meager if X ontains an injetive meager-onvergent sequene.We reall that a topologial spae X is funtionally Hausdor� if for any distintpoints x; y 2 X there is a ontinuous funtion � : X ! I suh that �(x) 6= �(y).Here I= [0; 1℄ is the unit interval. For topologial spaes X;Y by Cp(X;Y ) wedenote the spae of ontinuous funtions endowed with the topology of pointwiseonvergene.Theorem 1. Let X be a funtionally Hausdor� spae and let Y be a topologialspae that ontains two open non-empty subsets with disjoint losures. Assumethat X is zero-dimensional or Y is path-onneted. If X ontains an injetivemeager-onvergent sequene, then the funtion spae Cp(X;Y ) is meager.Proof: Let (xn)n2! be a sequene in X that F-onverges to x1 2 X for somemeager �lter F in !. Then there is a �nite-to-one surjetion � : ! ! ! suh that�(F) = Fr. By our assumption, Y ontains two non-empty open subsets W0;W1with disjoint losures. For every n 2 ! onsider the subset Cn = ff 2 Cp(X;Y ) :8 i 2 f0; 1g (f(x1) =2 W i ) 8m � n 9k 2 ��1(m) (f(xk) =2W i))g.The fat that Cp(X;Y ) is meager will follow as soon as we hek that Cp(X;Y )= Sn2! Cn and eah set Cn is nowhere dense in Cp(X;Y ).To show that Cp(X;Y ) = Sn2! Cn, �x any ontinuous funtion f 2 Cp(X;Y ).Sine Y = (Y nW 0) [ (Y nW 1), there is i 2 f0; 1g suh that f(x1) =2 W i. Sine(xn) is F-onvergent to x1 and f�1(Y nW i) is an open neighborhood of x1, theset F = fn 2 ! : f(xn) =2 W ig belongs to the �lter F and thus the image �(F ),being o�nite in !, ontains the set fm 2 ! : m � ng for some n 2 !. Thenf 2 Cn by the de�nition of the set Cn.Next, we show that eah set Cn is nowhere dense in Cp(X;Y ). Fix any non-empty open set U � Cp(X;Y ). Without loss of generality, U is a basi open setof the following form:U = ff 2 Cp(X;Y ) : 8 z 2 Z f(z) 2 Uzgfor some �nite set Z � X and non-empty open sets Uz � Y , z 2 Z. We anadditionally assume that x1 2 Z. We need to �nd a non-empty open set V �Cp(X;Y ) suh that V � U nCn. If U \Cn is empty, then put V = U . So we assumethat U \ Cn ontains some funtion f0. For this funtion we an �nd i 2 f0; 1gsuh that f0(x1) =2 W i. Sine f0(x1) 2 Ux1 , we lose no generality assumingthat Ux1 � Y nW i.



On funtion spaes and onvergene in topologial spaes 275Sine the sequene (xn)n2! is injetive, we an �nd m � n suh that the setXm = fxk : k 2 ��1(m)g does not interset the �nite set Z. Choose any funtiong : Z [ Xm ! Y suh that g(z) = f0(z) for all z 2 Z and g(x) 2 W1�i for allx 2 Xm.We laim that the funtion g has a ontinuous extension �g : X ! Y . By ourassumption, X is zero-dimensional or Y path-onneted. In the �rst ase we an�nd a retration r : X ! Z [ Xm and put �g = g Æ r. If Y is path-onneted,then take any injetive funtion � : g(Z [ Xm) ! I and extend the funtion� Æ g : Z [Xm ! I to a ontinuous map � : X ! Iusing the funtional Hausdor�property of X . Sine Y is path-onneted, the map ��1 : (� Æ g)(Z [Xm) ! Yextends to a ontinuous map  : I! Y . Then the ontinuous map �g =  Æ � :X ! Y is a required ontinuous extension of g.In both ases the setV = ff 2 Cp(X;Y ) : 8 z 2 Z f(z) 2 Uz; and 8x 2 Xm f(x) 2W1�igis an open neighborhood of �g that lies in U n Cn, witnessing that the set Cn isnowhere dense in Cp(X;Y ). �Theorem 1 motivates the problem of deteting topologial spaes that ontaininjetive meager-onvergent sequenes. This will be done for spaes ontainingpoints with ountable network harater.A family N of subsets of a topologial spae X is alled a �-network at a pointx 2 X if eah neighborhood O(x) � X of x ontains some set N 2 N . If eah setN 2 N is in�nite, thenN will be alled an i-network at x. An i-network at x existsif and only if eah neighborhood of x in X is in�nite. In this ase let nw�(x;X)denote the smallest ardinality jN j of an i-network N at x. If some neighborhoodof x in X is �nite, then let nw�(x;X) = 1. If the spaeX is lear from the ontext,then we write nw�(x) instead of nw�(x;X) and all this ardinal the networkharater of x in X . If X is a T1-spae, then nw�(x) � �0 if and only if the pointx is not isolated in X . The ardinal hnw�(x) = supfnw�(x;A) : x 2 A � Xg isalled the hereditary network harater at x. Points x 2 X with hnw�(x) � �0are alled Pytkeev points , see [11℄.Theorem 2. If some point x of a topologial spae X has nw�(x) = �0, thenfor eah �nite-to-one funtion � : ! ! ! with limn!1 j��1(n)j = 1 there is aninjetive sequene (xn)n2! in X that F-onverges to x for some �-meager �lter F .Proof: Let (Ni)i2! be a ountable i-network at x. Sine eah set Ni is in�nite,we an hoose an injetive sequene (xk)k2! in X suh that for every n 2 ! and0 � i < j��1(n)j the set Ni meets the set fxk : k 2 ��1(n)g.It is lear that the sequene (xn)n2! F-onverges to x for the �lterF = �fn 2 ! : xn 2 O(x)g : O(x) is a neighborhood of x in X	:It remains to hek that the �lter F is �-meager. Given any neighborhood O(x) �X of x we need to �nd n 2 ! suh that for every m � n there is k 2 ��1(m)



276 T. Banakh, V. Mykhaylyuk, L. Zdomskyywith xk 2 O(x). Sine (Ni)i2! is a network at x, there is i 2 ! suh thatNi � O(x). Taking into aount that limn!1 j��1(n)j =1, �nd n 2 ! suh thatj��1(m)j > i for all m � n. Now the hoie of the sequene (xk) guarantees thatfor every m � n there is k 2 ��1(m) with xk 2 Ni � O(x). �Theorem 2 shows that it is important to detet points x with ountable networkharater nw�(x). Let us reall that the harater �(x) (resp. the �-harater��(x)) of a point x in a topologial spae X is equal to the smallest ardinalityof a neighborhood base (resp. a �-base) at x. A �-base at x is any �-network at xonsisting of non-empty open subsets of X . These de�nitions imply the followingsimple:Proposition 3. For any non-isolated point x of a T1-spae X ,(1) nw�(x) � �(x);(2) nw�(x) � ��(x) provided that x has a neighborhood ontaining no iso-lated point of X ;(3) nw�(x) = �0 if x is the limit of an injetive Fr-onvergent sequene in X .The following simple example shows that the usual onvergene of the injetivesequene in Proposition 3(3) annot be replaed by the meager onvergene. Italso shows that Theorem 2 annot be reversed.Example 4. Let F be the meager �lter on ! onsisting of the sets F � ! suhthat limn!1 jF \ [2n; 2n+1)j2n = 1:On the spae X = ! [ f1g onsider the topology in whih all points n 2 ! areisolated while the sets F [ f1g, F 2 F , are neighborhoods of 1. It is lear thatthe sequene xn = n, n 2 !, F-onverges to1 in X . On the other hand, a simplediagonal argument shows that nw�(1;X) > �0.Theorem 5. Eah in�nite ompat Hausdor� spae X ontains a point x 2 Xwith nw�(x) = �0.Proof: Theorem trivially holds if X ontains a non-trivial onvergent sequene.So we assume that X ontains no non-trivial onvergent sequene. Then X on-tains a losed subset C � X that admits a ontinuous map g : C ! I onto theunit interval I= [0; 1℄, see [7, p.172℄. Replaing C by a smaller subset, we anassume that the map g : C ! I is irreduible, whih means that g(C 0) 6= I forany proper losed subset C 0 � C. Fix any ountable base B of the topologyof I. The irreduibility of the map g : C ! I implies that the spae C has noisolated points. Also the irreduibility of g implies that the ountable familyN = fg�1(U) : U 2 Bg of open in�nite subsets of C is an i-network at eah pointx 2 C. Consequently, nw�(x) = �0 for eah point x 2 C. �Theorems 1{5 imply:



On funtion spaes and onvergene in topologial spaes 277Corollary 6. For eah in�nite zero-dimensional ompat Hausdor� spae X andeah topologial spae Y ontaining two non-empty open sets with disjoint lo-sures the funtion spae Cp(X;Y ) is meager. In partiular, the funtion spaeCp(!�; 2) is meager.Also Theorems 2 and 5 implyCorollary 7. Let � : ! ! ! be a �nite-to-one funtion with limn!1 j��1(n)j =1. Eah in�nite ompat Hausdor� spae X ontains an injetive F-onvergentsequene for some �-meager �lter F on !.In fat, the ondition limn!1 j��1(n)j =1 in Corollary 7 annot be weakened.Let us reall that an in�nite subset A is alled a pseudointersetion of a familyof sets F if A �� F for all F 2 F where A �� F means that A n F is �nite. Ifa sequene (xn)n2! in a topologial spae F-onverges to a point x1 for some�lter F with in�nite pseudointersetion A � !, then the subsequene (xk)k2Aonverges to x1 in the standard sense.Lemma 8. Let I be a ountable set and C = Si2I Ci, where the sets Ci arenonempty and mutually disjoint, and supi2I jCij < !. If H is a �lter on C allof whose elements interset all but �nitely many Ci's, then H has an in�nitepseudointersetion.Proof: The proposition will be proved by indution on n = supi2I jCij. In asen = 1 there is nothing to prove. Suppose that it is true for all k < n and let I ,fCi : i 2 Ig, H be as above with maxfjCij : i 2 Ig = n. If for every H 2 Hthe set fi 2 I : jCi \ H j < ng is �nite, then C itself is a pseudointersetion ofH. So suppose that J = fi 2 I : jCi \ H0j < ng is in�nite for some H0 2 H.In this ase we may use our indutive hypothesis for J , fCi \ H0 : i 2 Jg,G = H � (Si2J Ci \ H0), and n � 1. Thus G has an in�nite pseudointersetion,and hene so does H. �Proposition 9. If F is a �-meager �lter on ! for some surjetive funtion � :! ! ! with limn!1j��1(n)j < 1, then any sequene (xn)n2! in a topologialspae X that F-onverges to a point x1 2 X ontains a subsequene (xnk )k2!that onverges to x1.Proof: Choose an in�nite set I � ! suh that supi2I j��1(i)j < !. Let Ci =��1(i) for every i 2 I , C = Si2I Ci and H = fF \ C : F 2 Fg. Aording toLemma 8 there exists an in�nite set D � C suh that D �� H for every H 2 H.Then the subsequene (xi)i2D onverges to x1. �Now let us ompare two fats:(1) the ompat Hausdor� spae �! ontains no injetive Fr-onvergent se-quenes;(2) eah in�nite ompat Hausdor� spae X ontains an injetive F-onver-gent sequene for some meager �lter F .



278 T. Banakh, V. Mykhaylyuk, L. ZdomskyyThese two fats suggest a problem of �nding the borderline between �lters F thatadmit an injetive F-onvergent sequene in �! and �lters that admit no suhsequenes. We hope that this borderline passes near analyti �lters. Let us reallthe de�nitions of some properties of �lters.A �lter F is analyti (resp. an F�-�lter , F�Æ-�lter) if F is an analyti sub-set (resp. F�-subset, F�Æ-subset) of the power-set P(!) = 2! endowed with thenatural ompat metrizable topology.A �lter F is measurable (resp. null) if is it measurable (resp. has measurezero) with respet to the Haar measure on the Cantor ube 2! onsidered as theountable produt of 2-element groups. It is well-known that a �lter is measurableif and only if it is null. The relations between meager and null �lters are not trivialand were investigated in [18℄ and [2℄. Sine eah analyti �lter is meager and null,we get the following hain of properties of �lters:F� ) analyti ) meager & null:We are going to show that some meager and null �lter F admits an injetiveF-onvergent sequene in �! while no F�-�ler F admits suh a sequene. Thelatter fat holds more generally for analyti P+-�lters.A �lter F on ! is alled a P -�lter (resp. a P+-�lter) if eah ountable subfamilyC � F has a pseudointersetion A that belongs to F (resp. to F+). HereF+ = fA � ! : 8F 2 F A \ F 6= ;goinides with the union of all �lters that ontain F . It is lear that eah P -�lteris a P+-�lter. In partiular, the Fr�ehet �lter F is both a P -�lter and P+-�lter.For a �lter F on ! by �(F) we denote its harater . It is equal to the smallestardinality jBj of the base B � F that generates F in the sense that F = fF �! : 9B 2 B B � Fg. It is well-known that the harater of eah free ultra�lter on! is unountable. The unountable ardinal u = minf�(U) : U 2 �! n!g is alledthe ultra�lter number , see [3℄, [20℄. The dominating number d is the smallestardinality jDj of a o�nal subset D in the partially ordered set (!!;�), see [3℄,[20℄. By Ketonen's Theorem [10℄, eah �lter F on ! with harater �(F) < d isa P+-�lter .Now we an establish some properties of �lters F admitting injetive F-onver-gent sequenes in �!.Theorem 10. Assume that a �lter F admits an injetive F-onvergent sequene(xn)n2! in �!.(1) If F is a P+-�lter, then for some set A 2 F+ the �lter FjA = fF \ A :F 2 Fg on A is an ultra�lter.(2) �(F) � minfd; ug;(3) F is not an analyti P+-�lter;(4) F is not an F�-�lter.



On funtion spaes and onvergene in topologial spaes 279Proof: 1. Assume that F is a P+-�lter. Let x1 be the F-limit of the F-onvergent sequene (xn)n2! in �!. Sine the sequene (xn) is injetive, there ism 2 ! suh that for every n � m xn 6= x1 and hene we an �x a neighborhoodUn of x1 whose losure does not ontain the point xn. Sine the sequene (xk) F-onverges to x1, for every n � m the set Fn = fk 2 ! : xk 2 Ung belongs to the�lter F . Sine F is a P+-�lter, the sequene (Fn)n�m has a pseudointersetionA 2 F+. It follows from the hoie of the neighborhoods Un that the set fxngn2Ais disrete in �! and the sequene (xn)n2A is FjA-onvergent to x1. By Rudin'sTheorem [16℄, the map f : A ! �!, f : n 7! xn, has injetive Stone-�Cehextension �f : �A! �!, whih implies that the �lter FjA is an ultra�lter.2. If �(F) < minfd; ug, then �(F) < d and by the Ketonen's Theorem [10℄F is a P+-�lter. By the preeding statement, FjA is an ultra�lter for some setA 2 F+. Consequently, u � �(FjA) � �(F) < uand this is a desired ontradition.3. If F is an analyti P+-�lter, then by the �rst statement, FjA is an ultra�lterfor some subset A 2 F+. On the other hand, the �lter FjA is analyti being aontinuous image of the analyti �lter F . So, FjA annot be an ultra�lter.4. Assume that F is an F�-�lter. In order to apply the preeding statement,it suÆes to show that F is a P+-�lter. This is done in the following lemma. �Lemma 11. Eah F�-�lter F on ! is a P+-�lter.Proof: Aording to a result of Mazur [12℄ (see also [17℄), for the F�-�lter Fthere exists a lower semi-ontinuous submeasure � on P(!) suh that F = fA �! : �(!nA) <1g. Sine F 6= P(!), �(!) =1 and the subadditivity of � impliesthat �(F ) =1 for all F 2 F . It follows from F = fA � ! : �(! nA) <1g thata set A � ! belongs to F+ if and only if �(A) =1.To show that F is a P+-�lter, �x any dereasing sequene of sets (Ak)k2! inF . Let n0 = 0 and by indution onstrut an inreasing sequene of positiveintegers (nk)k2! suh that �([nk ; nk+1) \ Ak) > k for every k 2 !. Then the setA = Sk2! [nk; nk+1) \ Ak is a pseudointersetion of (Ak)k2! and belongs to thefamily F+ as �(A) =1. �Let us remark that Lemma 11 annot be generalized to F�Æ-�lters. The fol-lowing example was suggested to the authors by Jonathan Verner.Example 12. The �lterFr 
 Fr = �A � ! � ! : �n 2 ! : fm 2 ! : (n;m) 2 Ag 2 Fr	 2 Fr	on ! � ! is an F�Æ but not P+.Looking at Theorem 10, it is natural to ask the followingQuestion 13. Does �! ontain an injetive F-onvergent sequene for someanalyti �lter F?



280 T. Banakh, V. Mykhaylyuk, L. ZdomskyyOn the other hand, we have the following fat:Theorem 14. Eah in�nite ompat Hausdor� spae X ontains an injetiveF-onvergent sequene for some meager and null �lter F .Proof: Choose any �nite-to-one funtion � : ! ! ! suh thatlimn!1 j��1(n)j =1 and Yn2!(1� 2�j��1(n)j) = 0:By Corollary 7, any in�nite ompat Hausdor� spae X ontains an injetive F-onvergent sequene for some �-meager �lter F . It is lear that F is meager. Itremains to hek that F is null. The �lter F , being �-meager, lies in the unionSn2! Fn where Fn = fA � ! : 8 k � n A \ ��1(k) 6= ;g. It suÆes to prove thateah set Fn has Haar measure zero. Observe that the set Fn an be identi�edwith the produt Qk�n(P('�1(k)) n f;g), whih has Haar measureYk�n 2j'�1(k)j � 12j'�1(k)j = Yk�n(1� 2�j'�1(k)j) = 0: �Remark 15. After writing this paper the authors learned from V. Tkahukthat the meager property of the funtion spae Cp(!�; 2) was also establishedby E.G. Pytkeev in his Dissertation [15, 3.24℄. Game haraterizations of topolo-gial spaes X with Baire funtion spae Cp(X;R) were given in [9℄, [19℄ and [14℄.Aknowledgments. The authors would like to express their thanks to Alan Dowand Jonathan Verner for very stimulating disussions and to Vladimir Tkahuk forthe information about Pytkeev's results on the Baire ategory of funtion spaes.Referenes[1℄ Aviles Lopez A., Casales S., Kadets V., Leonov A., The Shur l1 theorem for �lters, Zh.Mat. Fiz. Anal. Geom. 3 (2007), no. 4, 383{398.[2℄ Bartoszynski T., Goldstern M., Judah H., Shelah S., All meager �lters may be null, Pro.Amer. Math. So. 117 (1993), no. 2, 515{521.[3℄ van Douwen E., The integers and topology, in: Handbook of Set-Theoreti Topology(K. Kunen, J.E. Vaughan, eds.), North-Holland, Amsterdam, 1984, pp. 111{167.[4℄ Ganihev M., Kadets V., Filter onvergene in Banah spaes and generalized bases, inGeneral Topology in Banah Spaes (T. Banakh, ed.), Nova Si. Publ., Huntington, NY,2001, pp. 61{69.[5℄ Gar��a-Ferreira S., Malykhin V., A. Tamariz-Masar�ua A., Solutions and problems on on-vergene strutures to ultra�lters, Questions Answers Gen. Topology 13 (1995), no. 2,103{122.[6℄ Engelking R., General Topology, Heldermann Verlag, Berlin, 1989.[7℄ Hart K.P., E�mov's problem, in: Open Problems in Topology II (E. Pearl, ed.), Elsevier,Amsterdam, 2007, 171{177.[8℄ La�snev N., On ontinuous deompositions and losed mappings of metri spaes, Dokl.Akad. Nauk SSSR 165 (1965), 756{758 (in Russian).
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