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Commutative zeropotentsemigroups with few prime idealsJ. Je�zek, T. Kepka, P. N�emeAbstrat. We onstrut an in�nite ommutative zeropotent semigroup with onlytwo prime ideals.Keywords: semigroup, zeropotent, prime idealClassi�ation: 20M14The following remarkable problem has been standing open for some time: Doesthere exist an in�nite ommutative semigroup with only �nitely many endomor-phisms? We onjeture that if there is an example, then it an be found amongommutative zeropotent semigroups. In this paper we onstrut a ommutativezeropotent semigroup with only two prime ideals. Although this does not solvethe problem, we hope that an example of an in�nite ommutative semigroup withonly two endomorphisms ould be possibly obtained by means of a similar, moreompliated onstrution.We adopt the additive notation for ommutative semigroups. By a ommuta-tive zeropotent semigroup, shortly zp-semigroup, we mean a ommutative semi-group A satisfying x+ x = y + y + y for all x; y 2 A. Then x+ x = y + y for allx; y 2 A, the element x + x (for any x 2 A) is denoted by oA (or just by o) andx+ x = o, x+ o = o for all x 2 A.Natural examples of zp-semigroups an be obtained in the following way:Take an arbitrary set X and let A be the set of all subsets of X ; for a; b 2 A puta + b = a [ b if a; b are nonempty and disjoint; in all other ases put a + b = ;.Subsemigroups embeddable into suh semigroups A are alled representable.By an ideal of a zp-semigroup A we mean a subset I of A suh that o 2 I andx + y 2 I whenever x 2 I and y 2 A. By a prime ideal of A we mean an ideal Iof A suh that whenever x+ y 2 I then either x+ y = o or x 2 I or y 2 I .If I is a prime ideal of a zp-semigroup A then the mapping �I : A! A de�nedby �I (x) = o for x 2 I and �I (x) = x for x =2 I , is an endomorphism of A. Thusif A has only �nitely many endomorphisms then it has only �nitely many primeideals. It is easy to see that an in�nite representable zp-semigroup has alwaysin�nitely many endomorphisms.The work is a part of the researh projet MSM0021620839, �naned by M�SMT and partlysupported by the Grant Ageny of the Czeh Republi, grant #201/09/0296.



502 J. Je�zek, T. Kepka, P. N�emeThe aim of this note is to onstrut an in�nite zp-semigroup with only twoprime ideals. The problem whether there is an in�nite zp-semigroup with only�nitely many endomorphisms, remains open.Denote by X the absolutely free algebra with four unary operations�1; �1; �2; �2 and one binary operation , over an in�nite ountable set of vari-ables. Elements of X will be alled terms . Finite (non neessarily nonempty)sequenes of elements of f�1; �1; �2; �2g will be alled words . For a term x,the terms wx (where w is any word) are alled x-based . Every x-based termother than x an be uniquely expressed as �y for some x-based term y and some� 2 f�1; �1; �2; �2g; the term y is alled the hief subterm of �y.Denote by T the free zp-semigroup over (the underlying set of) X ; its elementsare all �nite subsets of X (we identify elements x of X with fxg), o = ;, andu+ v = (u [ v if u; v are nonempty and disjointo otherwiseDenote by R1 the set of the pairs hx; �1x + �1xi, by R2 the set of the pairshx; �2x+�2xi, and by R3 the set of the pairs h�1x+�2x; y+(x; y)i for x; y 2 X ,x 6= y.For u; v 2 T nfog and j = 1; 2; 3 write u!j v if there is a pair hp; qi 2 Rj suhthat p � u, q is disjoint with u and v = (u n p) [ q. Write u �j v if either u!j vor v !j u. Thus �j is a symmetri relation on T n fog. Clearly, u �j v if andonly if there is a pair hp; qi 2 Rj [ R�1j suh that p � u, q is disjoint with u andv = (u n p) [ q.By a derivation we mean a �nite sequene u0; : : : ; un (n � 0) of elements ofT n fog suh that for any i = 1; : : : ; n, ui�1 �j ui for some j 2 f1; 2; 3g. Bya derivation from u to v we mean a derivation, the �rst member of whih is uand the last member of whih is v. Clearly, if u0; : : : ; un is a derivation thenun; un�1; : : : ; u0 is also a derivation.Denote by U0 the set of the elements u of T nfog for whih there are j 2 f1; 2; 3gand a pair hp; qi 2 Rj [R�1j suh that p � u and q is not disjoint with u. Denoteby U the set of the elements u 2 T n fog suh that there exists a derivation fromu to an element of U0. Thus if one member of a derivation belongs to U then allmembers belong to U .De�ne a binary relation � on T as follows: u � v if and only if either u; v 2U [ fog or there is a derivation from u to v. It is easy to hek that � is anequivalene on T .Lemma 1. Let u; v 2 T n fog, x 2 X and j 2 f1; 2; 3g. If u �j v then eitheru + x �j v + x or both u + x and v + x belong to U [ fog. If u 2 U thenu+ x 2 U [ fog.Proof: Let u �j v. We have v = (u n p) [ q for some hp; qi 2 Rj [ R�1j withp � u and q \ u = ;. If x =2 u [ q then evidently p � u [ fxg, q \ (v [ fxg) = ;and v [ fxg = ((u [ fxg) n p) [ q, so that u+ x = u [ fxg �j v [ fxg = v + x. If



Commutative zeropotent semigroups with few prime ideals 503x 2 unp then u+x = v+x = o. If x 2 p then u+x = o and v+x = v[fxg 2 U .If x 2 q then u + x = u [ fxg 2 U and v + x = o. The seond statement is alsoeasy to see. �Lemma 2. � is the ongruene of T generated by R1 [ R2 [R3.Proof: Using Lemma 1 one an easily hek that � is a ongruene. Clearly,R1 [ R2 [ R3 is ontained in � and if a ongruene ontains R1 [ R2 [ R3 thenit ontains �. �By a simple derivation we mean a derivation u0; : : : ; un suh that u0 2 X andfor all i 2 f1; : : : ; ng either ui�1 !1 ui or ui�1 !2 ui. Clearly, u1; : : : ; un arethen sets of at least two u0-based terms di�erent from u0.Lemma 3. Let u0; : : : ; un be a simple derivation; let fx;wxg � ui for somei 2 f0; : : : ; ng, some term x and some word w. Then w is empty.Proof: Suppose that some ui ontains both x and w�x where w is a word and� 2 f�1; �1; �2; �2g, and take the least index i with this property. We have i > 0,sine u0 ontains only one term. By the minimality of i, either x or w�x does notbelong to ui�1. Sine ui results from ui�1 by removing one term and adding twoother terms of the same length, preisely one of the terms x and w�x does notbelong to ui�1.Case 1: x =2 ui�1 and w�x 2 ui�1. Sine x belongs to ui but not to ui�1,the hief subterm of x belongs to ui�1. But then ui�1 ontains both this hiefsubterm and its proper extension w�x, a ontradition with the minimality of i.Case 2: x 2 ui�1 and w�x =2 ui�1. Sine w�x belongs to ui but not to ui�1,the hief subterm of w�x belongs to ui�1. By the minimality of i, w is empty andthe hief subterm is x. Thus x 2 ui�1, a ontradition. �Lemma 4. Let u0; : : : ; un be a simple derivation and i 2 f0; : : : ; ng. Then neitherfw�1x;w0�2xg � ui nor fw�1x;w0�2xg � ui for any x 2 X and any words w;w0.Proof: Suppose that i is the least index for whih this is not true. It is suÆientto onsider the ase when fw�1x;w0�2xg � ui. At least one of these two elementsdoes not belong to ui�1. Without loss of generality, w0�2x =2 ui�1. Sine ui resultsfrom ui�1 by removing one term and adding two other ones, the removed termis the hief subterm of w0�2x. The other added element annot be w�1x, sow�1x 2 ui�1. Thus if w0 is nonempty then ui�1 ontains two terms ontraditingthe minimality of i. We get that w0 is empty. Thus ui�1 ontains the terms xand w�1x, a ontradition with Lemma 3. �Lemma 5. No member of a simple derivation belongs to U0.Proof: Let u0; : : : ; un be a simple derivation and suppose that un 2 U0. Thereare j 2 f1; 2; 3g and hp; qi 2 Rj [ R�1j suh that p � un and q has a ommonelement with un. If p = f�1x; �2xg, we get a ontradition by Lemma 4. Weannot have p = fy; (x; y)g, sine un does not ontain a term starting with 



504 J. Je�zek, T. Kepka, P. N�eme(unless n = 0, but this is not the ase sine u0 ontains only one term). Thusj 6= 3. If p = fxg and q = f�jx; �jxg then un ontains x and one of the terms�jx; �jx, a ontradition by Lemma 3. Finally, if p = f�jx; �jxg and q = fxgthen un ontains all these three terms, again a ontradition by Lemma 3. �Lemma 6. Let u0; : : : ; un be a derivation suh that u0 2 X . Then un =2 U0 andif un is a singleton then un = u0.Proof: Suppose that there is a derivation ontraditing this assertion, and letu0; : : : ; un be one with the least possible n. Clearly, n > 0. Let i be the largestindex suh that u0; : : : ; ui is a simple derivation.Suppose that i = n, so that u0; : : : ; un is a simple derivation. If un 2 U0, weget a ontradition by Lemma 5. Clearly, un annot be a singleton if n > 0, andfor n = 0 we have un = u0. Thus i < n.If ui !3 ui+1 then ui ontains both �1x and �2x for some x 2 X , a ontradi-tion with Lemma 4.If ui+1 !3 ui then ui has more than one element and ontains a term startingwith , whih is evidently not possible sine u0; : : : ; ui is simple.If ui !j ui+1 for some j 2 f1; 2g then u0; : : : ; ui+1 is a simple derivation, aontradition with the maximality of i.Thus ui+1 !j ui for some j 2 f1; 2g. We have ui = (ui+1 n fxg) [ f�jx; �jxgfor some x 2 ui+1 and f�jx; �jxg \ ui+1 = ;. Let k be the least index suhthat either �jx or �jx belongs to uk; thus k � i. Clearly, k > 0. It follows thatx 2 uk�1 and both �jx and �jx belong to uk. Now it is easy to see that thesequene u0; : : : ; uk�1; vk+1; : : : ; vi; ui+2; : : : ; unwhere vl = (ul n f�jx; �jxg) [ fxg for l = k + 1; : : : ; i is a derivation from u0 toun, a ontradition with the minimality of n. �Theorem. T= � is an in�nite zp-semigroup with only two prime ideals. (Thetwo prime ideals are T= � and foT=�g).Proof: It follows easily from Lemma 6 that the elements x= � of T= �, with xrunning over X , are pairwise di�erent and di�erent from o0 = oT=�. (We haveo0 = U [ fog.) Let I be a prime ideal of T= � di�erent from T= �. Clearly,there is an element x of X suh that x= � =2 I . Take any element y of X di�erentfrom x. Sine x � �1x+�1x, we have �1x= � =2 I . Sine x � �2x+�2x, we have�2x= � =2 I . Thus (�1x + �2x)= � =2 I . Sine �1x + �2x � y + (x; y), we havey= � =2 I . Thus the omplement of I ontains all elements z= � with z 2 X andI = fo0g. �Referenes[1℄ El Bashir R., Kepka T., Commutative zeropotent semigroups with few invariant ongruenes,Czehoslovak Math. J. 58 (2008), 865{885.[2℄ Fla�ska V., Jan�a�r��k A., Kala V., Kepka T., Trees in ommutative nil-semigroups of indextwo, Ata Univ. Carolinae 48 (2007), 81{101.
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