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On the number of binary signed

digit representations of a given weight

Jikf ToOwma, JIRf VABEK

Abstract. Binary signed digit representations (BSDR'’s) of integers have been
studied since the 1950’s. Their study was originally motivated by multiplication
and division algorithms for integers and later by arithmetics on elliptic curves.
Our paper is motivated by differential cryptanalysis of hash functions. We give
an upper bound for the number of BSDR’s of a given weight. Our result im-
proves the upper bound on the number of BSDR’s with minimal weight stated
by Grabner and Heuberger in On the number of optimal base 2 representations,
Des. Codes Cryptogr. 40 (2006), 25-39, and introduce a new recursive upper
bound for the number of BSDR’s of any given weight.
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1. Introduction

Binary Signed Digit Representations (BSDR’s) of integers were introduced in
1950’s in connection with multiplication and division algorithms for integers, par-
ticularly by Booth in [1]. Later, BSDR’s were studied by Reitwiesner in [2]. In
particular, he proved that each integer has a special BSDR called Non-Adjacent
Form (NAF) that is unique and minimal with respect to the number of non-zero
digits in the representation.

BSDR’s of minimal weight were also studied in connection with public-key
cryptography based on elliptic curves. They helped to speed up algorithms for
calculating products nP for a natural number n and a point P on an elliptic
curve, see e.g. [3], [4], [5], [11], [17]. It also motivated a generalization of BSDR’s
of integers using different digits and bases, see e.g. [12], [20].

Other authors applied BSDR’s to evaluate resistance of elliptic curve cryp-
tosystems against differential power analysis. They gave upper bounds for the
number of BSDR’s of a given integer and designed algorithms to generate them,
sec e.g. [7], [8], [9], [16]:

In 2004, Heuberger characterized BSDR’s of minimal weight in [10] and in
2006, Grabner and Heuberger proved an upper bound for the number of BSDR’s
of minimal weight of any given integer z in [14]. In 2010, the upper bound was
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improved by Wu et al in [19], their upper bound depended on the length of
NAF(2).

Our improved upper bound for the number of BSDR’s of minimal weight of z
depends on the number of non-zero digits of NAF(z). We further state a recursive
formula for the number of BSDR’s of any given (not only minimal) weight for any
integer z.

Our research is motivated by Stevens’ heuristic search algorithm for finding
differential paths in the hash function MD5 as described in [15]. We applied the
new upper bounds to optimize our implementation of Stevens’ algorithm that
found a new type of collisions for MD5, see [18].

2. Preliminaries

In this paper we study binary signed digit representations of integers. For us
a signed digit is a number from the set D = {—1,0,1}.

Definition 2.1. A Binary Signed Digit Representation (BSDR) of an integer
z € Z is a string

B=b_1...bibo

of elements of D such that

-1
=0

We will also use notation

-1
(B)2 = Z b2,
i=0

especially in the cases when concrete values of digits b; are not important.

First some terminology. The set of strings of elements of D will be denoted by
D*, the empty string by e. The concatenation of two strings §,v € D* will be
denoted by 3v. For any string 8 € D* and k > 1 we define 3% = B3*~1, and set

0 —e.

We define the length () of a string 8 =b;_1...b1by € D* as L.
The weight w(B) is defined as the number of nonzero elements of 3, i.e.

-1

w(B) =3 Ibil.

=0

Obviously w(fvy) = w(B) + w(y) for any 8,y € D*.

A string B =b;_1...b1bg € D* is called reduced if bj_1 # 0. The empty string
€ is reduced by definition.

A string 8 = bj_1...b1bg is called Non-Adjacent Form (NAF) if the product
of integers b;410; = 0 for any ¢ = 0,...,l — 2. Again € is NAF by definition.
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If 8 is a NAF of weight n, then it can be uniquely written in the form
(2.1) B =0"c, 01,1 - 201 e10%,

where ¢; = +1 foreach i =1,2,...,n.

Reitwiesner [2] proved that a reduced NAF exists for every z € Z, is uniquely
determined by z and with minimal weight among all BSDR’s of z. In this paper
we will denote it by NAF (z). He also gave an algorithm how to construct NAF (2)
from the unique standard binary representation (i.e. using only digits 0,1) of z.

Any NAF of z possibly differs from NAF (z) by some leading zeroes and can
be written as

(2.2) 0™ NAF (z) for some m > 0.

In [13] Heuberger and Prodinger presented a transducer ¢ that transforms any
BSDR of an integer into one of its NAF’s.
We will use the following slightly modified version §g of their transducer 6.

10 0/0 1|0

FIGURE 1. The transducer &g

Formally, the transducer &g is a mapping
0g:QxD — Q x D",

where Q = {—2,—1,0, 1,2} is the set of states of dp, the state 0 is the initial state
of §p. Each particular instance of the mapping dg

50((15 L) - (Sa 7’)

is called a tramsition of dg. In the picture, the transitions are depicted as arrows

t € D is the input of the transition and n € D* is the output of it. We also use
the usual convention that 1 denotes —1.
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A state go € @ and an input string § = (;_1...0109, determine a unique
sequence of transitions, shortly called a path, in &g

Bolno Bilm Bi—2lmi—2 Bi—1lmi-1
q1 e q

We will denote the path by p(qo,3) and call qp the initial state of the path and
the state q; the terminal state of the path. The string 3 is the input of the path
p(qo, B) and the concatenation

n="m-1Mm-2.--M7o

of the output of the individual transitions in the path is its output.

Since the terminal state ¢; and the output 1 of the path p(go, 3) are uniquely
determined by the initial state gy and the input (3, we can extend the original
mapping dp : Q X D — @ X D* to a mapping

05 : Q@ x D" — @Q x D"

by defining

53((1056) - (‘Ilﬂ])

where ¢; is the terminal vertex of the path p(qo, 5) and 7 is its output.

Note that each nonzero digit in the output of any transition in dq is immediately
followed by the digit 0, so the output of any path in §g is a NAF.

Again, we will sometimes simplify notation and write paths in §y as

p=e€pe1---€—1,

especially when the concrete form of transitions e; are not important. We denote
by p(p) the initial state of p and by v(p) the terminal state of p. We also denote
t(p) the input string of p and n(p) the output of p.

We will also use the following straightforward lemma that is valid for any
transducer, not just for dg.

Lemma 2.2. If py and py are paths in 6y and v(p1) = p(p2), then pips is also a
path in 6y and its output n(pi1p2) = n(p2)n(p1).
If 63(q, B) = (r,n) and 65(r,y) = (s,£), then é5(q, v3) = (s,€n).

The following lemma was originally stated for the transducer § in [13] and
translates directly to the transducer dg.

Lemma 2.3. If $ =b;_1...bgp € D* is a BSDR of z and p = p(0, 8) has terminal
state ¢ = v(p) and output n = n(p), then

(B)2 =2"""q + (n)e-

In particular, n is a NAF of z if and only if ¢ = 0.
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One can easily see that for any given NAF 7 and the initial and terminal states
q,r € @, there are only finitely many input strings 3 such that

d0(q;3) = (r,n).

It follows for example from the fact that there are no two subsequent transitions
with output € in any path in Jy. This can be seen by inspection of §y. Only
transitions with an odd terminal state have output € and there are no transitions
with both initial and terminal states odd.

We are interested in the number of reduced BSDR'’s of an integer z with a given
weight. Since NAF(z) has minimal weight among all BSDR’s of z, any BSDR
of z has weight w(5) = w(NAF(z)) + j for some j € N.

Definition 2.4. For a BSDR f of z, the difference j = w(8) —w(NAF(z)) is called
the overweight of 8 and denoted by ow(/3). The BSDR’s 3 of z with overweight 0
are called optimal (BSDR’s of z).

For any z and j € N we denote
(2.3) B(z,5) ={p € D*; B is a reduced BSDR of z and ow(03) = j}.

Our aim is to give an upper bound on the cardinality of the sets B(z, j).

3. Overweights

We want to use the transducer dg to check if a given § € D* is a BSDR of
an integer z by checking if the output of p(0,3) is a NAF of 2. However, by
Lemma 2.3 this happens if and only if the terminal state of p(0, 3) is 0, i.e. if and
only if 65(0,8) = (0,7n) for a NAF 7 of z.

So if necessary, we need to add to a 8 € B(z, j) a number of leading zeroes to get
an input 0™/ such that the path p(0,0™() has terminal state 0, or equivalently
04(0,0™3) = (0,n). This can be done in a straightforward minimal way by the
following lemma.

Lemma 3.1. For every state q € Q, the terminal state of the path p(q,0!9!) is 0.
If 3 € B(z, j) and the path p(0, 3) has terminal state q, then the path p(0, 014 3)
has terminal state 0 and outputs a NAF of z.

PROOF: The first claim is directly checked from the definition of §y. Hence the
terminal state of p(0,019/3) is 0, by Lemma 2.2. By Lemma 2.3 we get that the
value of the output of p(0,0/9!3) is

0118), = (8)2 = =.
Finally, the output of any path in g is a NAF. O

In what follows we show that the overweight of a BSDR S of z can be calculated
from the path p(0, 8).
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- b
Definition 3.2. We define the weight of a transition e = q LR s as

w(e) = w(b) —w(n).
For a path p =eq...e;_1 we define the weight of the path p as

-1

wip) = 3 wle).

=0

Lemma 3.3. For a path p = eg...e;—1 with the input string t(p) = 8 and the
output string n(p) = n,

PRrROOF: We have

-1 -1
wp) = Y wle) = Y (wlle) - wlne)
-1 -1
= S wle) = 3 wlen) = w(B) ~ win)

Definition 3.4. For a state ¢ € QQ we define the potential of the state q as

m(¢q) = min{w(p); p a path in &y, u(p) =0, v(p) = q}.

The potential of a state ¢ is the lowest weight among all paths from the initial
state 0 to gq.

Lemma 3.5. In the transducer dy,
7(0) =0 and 7(1) =n(-1)=7(2) =n(-2) = 1.

PROOF: Partition the states of §y into two blocks {0} and {1,-1,2,—2}.
We directly check that 7(0) < 0 and 7(g) < 1 for ¢ # 0. The only transitions
with negative weight are

1 2% 0 and —1 2% 0,

both with weight —1. All other transitions of Jy have non-negative weight. In
particular the transitions 0 e, b with b # 0 have weight 1.

Thus whenever our path p leaves the block {0}, its weight increases by 1. It
can only increase when we use transitions with both initial and terminal states in
{1,—1,2,—2} and it decreases by at most one when it reaches the state 0 again.
Thus the weight of any path from 0 to 0 is at least 0 and the weight of any path
from 0 to a state of {1, —1,2,—2} is at least 1 as claimed. O
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Definition 3.6. We define the overweight of a transition e = q LR s by
ow(e) = w(q) — w(s) + w(e).

We define the overweight of a path p=eq...e;_1 as

-1
ow(p) = Z ow(e;).
=0

We directly check that each transition of §y has non-negative overweight and
that the set of transitions of §y with positive overweight is

1|01 1]01 1/0 1/0 1/0

(3.1) Agw=1{11%0, -1 1% g 2% o o104 o 1o

— 0, -2 —

9}

1l0 1/0
The transitions 2 LR 0, —2 LR 0 have overweight 2, the remaining four have

overweight 1.

bi|ni .
Lemma 3.7. For a path p = ey...e;_1, where e; = q; il Qi+1 for i =

0,1,...,1—1 with input string 3 = b;_1 ... b1by and output stringn = m,_1 ... Mo
ow(p) = 7(qo) — w(q1) + w(p)-

In particular, if go = ¢; = 0, then ow(p) = w(p) = w(B) — w(n) = ow(f).

PRrOOF: We have

-1 -1
ow(p) = Y ow(e) = Y (m(a:) —m(gis1) +wleler) —wln(ei)))
i=0 1=0
-1 -1
= ’/T(qo) — 7r(ql) + Zw(b(ez)) - U}(U(ez))
i=0 =0

= m(g0) — m(q) +w(B) —w(n) = m(q) — 7(q) +w(p)-

By Lemma 3.5 and by the first claim we obtain ow(p) = w(p). By Lemma 3.3
we get w(p) = w(B) —w(n). Since (B)2 = (n)2 = z for an integer z by Lemma 2.3
and the fact that 7 is a NAF of z, we obtain ow(p) = w(8) — w(n) = ow(8). O

The second claim of previous lemma is the basis of our approach. For a NAF
7, an integer j € Z and states ¢, s € Q we consider the set

Aqs(n,j) ={p; papathin do, u(p) =q, v(p) =s, n(p) =n, ow(p) =4}

We already know that the set A, s(n,7) is always finite. Its cardinality will be
denoted by

aq,s(1,J) = [Aq,s(n,J)-
Since each path has a non-negative overweight, the sets A, s(n,j) are empty for
j <0, hence aq s(n,7) = 0 whenever j < 0.

293
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There is a number of relations between the numbers a4 5(n, 7). The following
lemma contains a list of those that will be used later in the proof.

Lemma 3.8. For each Non-Adjacent Form n and an integer j € 7Z, the following
holds

(3:2) ao,0(n0,0) = ao,0(n,0),

(3.3) at1,0(n0,0) = 0,

(3.4) ap,0(n01,0) = a1,0(n01,0)+ a_1,0(n01,0),

(3.5) a1,0(n01,0) = aoo(n,0),

(3.6) a0,0(n01,0) = a1,0(n01,0) + a_1,0(n01,0),

(3.7) a1 0(n01,0) = az2,0(n,0),

(3.8) az,0(n,0) = a1,0(n,0),

(3.9) a—1,0(n01,0) = a—20(n,0),

(3.10) a-1,0(n01,0) = ago0(n,0),

(3.11) a-20(n,0) = a-1,0(n0),

(3.12) ai,0(n01,0) = aio0(n,0),

(3.13) a_1,0(n01,0) = a_1,0(n,0),

(3.14) ao 0(7701 0) = aoo0(n,0)+a-1,(n,0),

(3.15) ao,0(n01,0) = aoo(m, )+a1 0(n,0),

(3.16) ao, _1( ,0) = ago(01n,0

(3.17) 0,1(n,0) = ao,o(01n, )

(3.18) aoo( 01,7) = aoo(n,J )+a 2.0(n,7) +aoo(n,j — 1),
(3.19) aoo(n01,5) = ao0(n,7) +azo0(n,5) +aoo(n,j —1).

PROOF: We prove only a few of the relations, the others can be proved in a similar
way.
To prove (3.2), observe that for any path p € Ag (70, 0), the first transition of

0[0
p must be 0 e, 0. Hence

e (02 0)p

is a bijection between Ag (1, 0) and Ag,o(n0,0), which proves (3.2).
To prove (3.4), observe that for each path p € Ag,(101,0) the first transition

of p is either 0 L, lor0 e, —1. The transition 0 e, 1 is then followed by a
Tle

path from 1 to 0 with output 701, the transition 0 — —1 is followed by a path
from —1 to 0 with the same output 701. Hence

| 40,0(101,0)| = [A1,0(n01,0)| + [A_1,0(n01,0)],

thus proving (3.4).
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To prove (3.3) it is enough to observe that there is no transition in § with the
initial state &1 and output 0.

Using (3.8) and (3.7) we get immediately (3.12), while (3.11) and (3.9) give
(3.13).

Similarly, using (3.4), (3.5) and (3.13) we get (3.14) and symmetrically also
(3.15).

To prove (3.16) (and symmetrically (3.17)) observe that for a path p €

A0,0(01n,0) the last transition of p must be —1 oo, 0. Hence

P (-1950)
is a bijection between Ay _1(n,0) and Ag (017, 0), which proves (3.17).
To prove (3.18) we first observe that the proof of (3.4) also proves ag (101, j) =

a1,0(n01, j)+a—1,0(n01, 7). In any path of Ay ¢(1n01, j) the first transition 1 20

of overweight 0 is followed by a path from 0 to 0 with output n and overweight

J, hence a1 ,0(n01,7) = ao0(n,7). In any path of A_; (101, j), the first transition

is either —1 o, 0 of overweight 1 followed by a path from Ago(n,j — 1) or

-1 BRI —2 of overweight 0 followed by a path of A3 o(n, 7). Hence

ao,0(n01,5) = a1,0(n01,5) +a_1,0(n01,j)
= a/0,0(naj) + a0,0(n)j - 1) + a2,0(n7j)7

thus proving (3.18). The equation (3.19) is proved symmetrically. O

4. A bound for the number of optimal BSDR’s

In this section we give an upper bound for the number of optimal reduced
BSDR’s of any integer z. All paths considered in this section have overweight 0,
so all transitions belong to the set

00 \ Aow -

These transitions are shown in Figure 2.

To simplify notation, in this section we write A4 s(n) for Ag s(n,0) and aq.s(n)
for aq s(n,0).

The next theorem gives an upper bound for numbers ag o(n) depending on the
weight w(n). The upper bound uses Fibonacci numbers defined by the recurrence

E) :0, F1 = 1, Fn+2 :FnJrl +Fn for n20
Theorem 4.1. For every Non-Adjacent Form n we have

a0,0(n) < Fw(n)Jrl .
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FI1GURE 2. Transitions of dg with overweight 0

The equality holds if and only if
(4.1) lp>1=1l, 1=---=11 =1, and ¢;¢;y1 = —1 for each i #n—2.

PRrROOF: First we prove the upper bound. We proceed by induction on w(n) and
prove not only that for every Non-Adjacent Form 7

a0,0(n) < Fy(m)+1, but also ax1,0(n) < Fyp) -

If w(n) = 0, then n = 0% for some ly. By repeated application of (3.2) we get
a0,0(0%) = ag o(€). Since the only path in Agg(e) is the empty path, we get

aoyo(Ol“) =1=F, forany lp€N.

Moreover, by (3.3), a+1,0(0%) =0 = Fp.
Now suppose that w(n) = n > 0. The induction hypothesis is that ago(n’) <
Fuyy+1 and ax1,0(n') < Fy ) for any Non-Adjacent Form " with w(n') < n.
To prove the induction step we deal with the case w(n) = 1 separately. In this
case 1 = 01 c0% for some ly,l; € N and ¢ = +1. We consider only the case ¢ = 1,

the case ¢ = 1 is symmetric.
Then by (3.2), (3.4), (3.13) and by (3.5),

a0.0(0"10%) = ago(0"1) = a_1,0(011) 4 a1 (0" 1)
o 0—’—0<FH7 1f llzoa
 as10(0n ) 4 age(0n ) =04+1=F,, if I; >0.

Moreover,

0 < Fi, if lp >0 or 11 =0,

0110%) =
aLO( ) {a070(0l1_1) =1= Fl, if ZO =0 and ll > 0,



On the number of binary signed digit representations of a given weight
and

0< Fi, if lp >0 or I =0,

_1,0(07110%) =
a-10( ) {a_170(0l1_1):0<F1, if lo=0 and I, >0.

Now suppose that w(n) = n > 2 and write = 7'0c;0'%. Again we consider
only the case ¢; = 1. By (3.2) and (3.14) we get

(4.2) a0,0(n) = a0,0(1'010) = ag,0(n'01) = ao,0(n') +a—1,0(1')
and by the induction hypothesis we obtain
(4.3) ao,0(n) = aoo(n') +a—10(n') < Fp+ Foo1 = Fuyr

This verifies the induction step for the inequality ag,o(n) < Fy(m)+1- Moreover,
we also get

(4.4)  apo(n) = Fuy1 ifand only if ago(n’) =F, and a_1,0(n) = Fu,—1.

To complete the proof of upper bounds it remains to prove the induction step
also for the inequalities aﬂ,o(n) < Fw(n) in case w(n) > 2. We have

0<F,, if 1o>0 by (3.3),
a1,0(n'01) = ago(n') < F,, if lo=0 by (3.5),

aro(n) = ai,0(n'010) = {
by the induction hypothesis. We also obtain
(4.5) ajo(n) =F, ifand only if lp =0 and ago(n') = F, .
And finally, by another application of the induction hypothesis we get

0 < Fy, if ip > 0 by (3.3),

a— =a_1,0(n'010") =
Lo() = a-10(7010%) {alyo(n’Ol)al,o(n’)anl, if I =0 by (3.13).

This completes the proof of the upper bound apo(n) < Fym)41. As for the
equality, we obtain

(46) a,170(7]) = Fn if and only if lo =0 and a,lyo(n’) = Fn,1 = Fn .

To characterize those n for which the equality ago(n) =
again proceed by induction on w(n) and prove also that for

w(n)+1 holds, we

n= OZ"CHOZ"*lcn_l . -020l1010l°

297
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the equality a1 0(n) = Fy(y) holds if and only if either w(n) = 0, or n = 02101
with l2 > 0, or 7 satisfies

(4.7) >0y 1= =lo=1, lg=0,
(4.8) c1 =1, and c¢jcip1 = —1 foreach i #£1,n—2.

And symmetrically, the equality a_1,0(n) = Fy holds if and only if either
w(n) = 0, or n = 02101 with Iy > 0, or 7 satisfies

(4.9) I >lyr = =lo=1, lg=0,
(4.10) c1 =1, and cicip1 = —1 foreach i#1,n—2.

We have already checked the cases w(n) < 1 when proving the upper bounds.

Now suppose that w(n) = n > 1 and assume by induction that for any n’ such
that w(n’) < n the equalities ao,0(n) = Fuy@y)+1 and ax1,0(n’) = Fyeyy hold if
and only if 7’ is in one of the corresponding lists of NAF’s.

We write again = 7/0c;0%° for some Iy € N and ¢; = 1. Thus we have
n' = 0c,0"1¢,_1--- 0" ~1. Because of symmetry we consider only the case
Cc1 = 1.

By (4.4) we know that ago(n) = Fn41 if and only if ago(n’) = F, and
a_10(n') = Fn-1.

Using the induction hypothesis (and the fact that w(n’) =n —1 > 0) we get
that ag0(n') = F, if and only if 7 satisfies

ln>lp1=---=1la=1 and c¢ic;41 =—1 for i#£n—2.

And by induction hypothesis on a_1 (') we get moreover that a_; o(") = Fj,—1
if an only if either ’ = 0101 or

In>lp1=--=Il3=1,11—1=0, co=1, ciciy1 =—1 if i #£2,n—2.

Putting the last two lists of conditions together we obtain that ago(n) = Fp41 if
and only if either n = 1/010% = 03701010% or n = 1’010% satisfies

anln_lz"':ll:l, CQZT, CiCH_l:—l if i;én—Q,

which is equivalent to (4.1) if ¢; = 1.

It remains to prove the induction step also for the equalities a11,0(n) = Fym
in case w(n) > 2. Again we consider only the case n = 1/010%.

By (4.5) we already know that a; o(n) = a1,0(n'010%) = F, if and only if [ = 0
and ag,0(n’) = F,. From the induction hypothesis on 7" we obtain that this is
true if and only if 7’ satisfies

anln_lz"':lQ:l, and CiCH_l:—l if i;«én—Q,

thus a10(n) = a1,0(n010%) = F, if and only if it satisfies conditions (4.7)
and (4.8).
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Finally by (4.6), a_10(n) = a_1,0(n010%) = F, if and only if I = 0 and
a_10(n) < F,—1 < F,. However, F,,_1 = F, if and only if n = 2 and by
the induction hypothesis, a_1(n') = F» = 1 if and only if 7/ = 021, hence
a_10(n) = a_10(n010%) = F, if and only if n = 02101, which is the only
exceptional case not covered by (4.9) and (4.10).

It completes the inductive proof of the characterization of those 7, for which
a0,0(n) = Fw(n)Jrl- O

Corollary 4.2. For any integer z the number of optimal BSDR’s of z is
IB(2,0)| < Fuy(NAF(2)+1)
and the equality holds if and only if NAF(z) = ¢,0~1¢, 1 --- 301 ¢,0% satisfies
lpe1=---=lo=11 =1, and c¢;ciy1 = —1 foreach i #n—2.

PrOOF: We prove that |B(z,0)| = ago(0NAF(z)) by establishing a bijection F
between B(z,0) and Ago(0 NAF(z)).
If 5 € B(z,0) and the terminal state of p(0, 3) is ¢, then we define

F(B) = p(0,0!43).
By Lemma 3.1, the path p(0,0/%3) has terminal state 0. Since § is reduced,

the last transition of p(0,0/93) is different from 0 olo, 0. Hence the output of
p(0,00918) has exactly one leading 0 and since it is a NAF of z by the same
Lemma 3.1, it is equal to 0 NAF(z). It proves F(3) € Ao,0(0NAF(z)).

To prove that the mapping F' is injective, take another 8 # v € B(z,0) and
denote by 7 the terminal state of the path p(0,7). Then F(y) = p(0,0"l5). If
the length I(8) = I(7), then 01913 # 0"l thus p(0,048) # p(0,0/"ly). And
if, say, I(8) > I(v), then the leftmost non-zero bit in 0!93 is different from the
corresponding bit with the same position in 01y, which is 0. Hence again 019/ #
0!l thus proving F(3) # F(v) also in the case I(8) > I(7).

It remains to verify that F' is onto Ao o(ONAF(z)). Let p = ege1---€; €
Ap,0(0NAF(2)) and denote by § the input of p. We write § = 093, where J is
reduced. It means that ¢ is the number of leading 0’s in S.

Since the output of p is 0NAF(z), the last transition e; of p is different from

0[0 . o|oT 0]01 .
0 *la 0. Thus either ¢, = —1 |—> Oore =1 |—> 0. We consider only the
0/01 .
case e = 1 Slot, 0, the other one follows once again from symmetry. Then the
transition e;_; must have terminal state 1 and it again gives two possibilities.

Either e, =0 45 1 or e)_; =2 2% 1

In the first case, the input § equals OB, the path p(O,B) has terminal state
q=1and F(3) = p(0,078) = p(0, B) = p.

0 .. .
In the case ej_1 = 2 L 1, the transition e;_s must have terminal state 2 and

1/01
it leaves only one possibility e;_s, namely ¢;—o = 1 Lot 2. Thus the input of
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epey - - - €j—g is reduced and the input of p is 023. The path p(O,B) has terminal
state ¢ = 2 and also in this case F(B) = p(0, O’JB) = p(0,3) = p. It completes the
proof that F' is a bijection.

By the first part of Theorem 4.1 we obtain that

1B(2,0)] < ag,0(0NAF(2)) = FuNar(z)+1) -
The second part of corollary follows from the second part of the theorem. O

It is easy to check that the upper bound F,(xaF(z))+1 for the number of opti-
mal BSDR’s of an integer z improves the earlier upper bounds mentioned in the
introduction. For a non-zero integer z the upper bound for the number of optimal
BSDR’s of z given in [14] is Fyi3, where t = |log, |z|], while the upper bound
given in [19] is Fy, 41, where m = [Ww . Recall that I(n) denotes the length
of a BSDR 7.

Since the Fibonacci sequence is non-decreasing, the following straightforward
lemma establishes the relationship between the three upper bounds.

Lemma 4.3. For any integer z # 0 the following holds:
[(NAF
wiNaF(:) < [T < g, )+ 2

PROOF: We denote n = w(NAF(z)). Since NAF(z) contains at least one digit 0
between any two non-zero digits, we immediately get {(NAF(z)) > 2n — 1, hence

I[(NAF 1 [(NAF
W(NAF(2) = n (NAFG) 1 _ [UNAF()]
2 2 2
To prove the other inequality, let ¢ = log, |z|. Then |z| € (4¢,4!1) = (22t 221+2),
By the condition on the length [(NAF(2)) (see e.g. [6]) we get [(NAF(z)) < 2t+3,
and
I(NAF(2)) 3
AT V) g 2
2 st 2’

which proves

I(NAF(2))
R

]guazu%um+z- O

5. Number of BSDR’s with positive overweight

In this section we will estimate the number of BSDR’s of z € Z with positive
overweight 7 € N. As in the previous section, first we estimate the cardinality of
the set Ag,0(n,j) of paths in §p with a given output

n=mn(p) =0"c,0" e, 10,0 € D

and overweight j > 1.
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For a path p = ep---e1-1 € Ago(n,j) with overweight ow(p) > 1 there
exists a transition e; with positive overweight ow(e;) by Definition 3.6. Let
k € {0,1,...,1 — 1} be the minimal index such that ow(ey) > 0. In this sec-
tion we reserve the index k for the first transition e with positive overweight. In
fact, k > 1 since all transitions of g with initial state 0 have overweight 0. Hence
the path egey, ..., ex—1 is always non-empty and has overweight 0.

By (3.1), ex € Aow. Another important parameter of the path p = eg---e;—1
is the weight 7 of the output w(ege; ---e). For i =1,2,...,n = w(n) we define

(5.1) A o(n,5) ={p € Aoo(n.5) : wnleo---ex)) =i} .
Since the output n(eg - - - ex) has always positive weight < n, the set Ag o(n,7) is
a disjoint union of the sets A&O(n,j) fori=1,2,...,n, and
(5.2) ao.0(n,5) = [Ao0(n, )| =Y |4bo(n, )]
i=1

The following theorem gives a recursive upper bound for the number ag (7, 7).

Theorem 5.1. Let j > 0 andn = 0l c, 0 —1cp_1 - - c20¢10% € D* with weight
w(n) =n>1. Fori=1,...,n we write

n = Bi0civi
and denote
(5.3) &= .
61'61' if lz >1.
Then
(5.4) ao,0(n,J) < Zao,O(OEi%') ~ao0(&i,j—1).

=1

PROOF: Take any p = eg---ej—1 € Ao o(n,j). Then for i = w(nleg---ex)) we
have p € A(i),o (n,7). We split the path p into p = p;q; depending on the transition
ek, the first one in p with positive overweight. Since ey has positive overweight,

1|01 1/01 1/0 1/0 1/0 1/0

er € Aoy ={1—0, -1—0,2—2,2—0, —2—0, -2 — —2}.
. . . 1|01 1]01 .
We split A,y into two subsets, one is {1 —— 0, —1 —— 0}, the other is

X% 9 1% g 910 o 9 1% 91 and define

(5.5) i = {eoel~~~ek1 if eke{luﬁ»(), 71%0},

€0e1 " Ek_2 otherwise
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and also

(5.6) ¢ = {€k€k+1~.~ell if eke{lﬂ,o 71%0}’

CL_1€k " €11 otherwise.

We denote ¢ = ¢;. In case ej, € {1 0 -1 — 1ot —— 0}, the output n(egper - - - ex)
is Oc7y;, hence the output of the path p; = egey - - - ex_1 is ; and its terminal state
is —c = —¢;.

10 110 10

If e, € {2 1o, 2,2 —0, -2 — 0, —2 — —2}, then its initial state is £2.
So the terminal state of the preceding transition e;_; is also +2 and because the

01 1|01
overweight of ej_1 is 0, it must be one of {1 — ‘ 2, -1 — |

possibilities for the pair of transitions ej_1eg:

—— —2}. So we get four

c|0c clo

¢|0c c|0
—2c —

(6.7)  eg—1ex € {—c — —2¢, —¢c—— —2¢c—0:c=¢; = £1}.

Hence the output of the path egey - - - ex is 00¢y;. So the output of p; =egeq -+ - ex_o
is again «; and its terminal state is —c = —¢;.
So we proved

(5.8) p; € Ao —c(7i,0), where c=¢;
and also (since p = p;q;)
(5.9) qi € A_c0(Bi0c, j), where c=¢;.

By (3.16) or (3.17) we get

(5.10) |Ao,—c(7i,0)] = ao,—c(7i, 0) = ao,0(0;,0) .
If [; = 1, then by the discussion preceding (5.8) there is only one possibility
for eg, namely e = — loe, 0. By (5.6), gi = er---e;—1, and by (5.9), ¢; €

A_c0(Bi0c, 7). So we get that exy1---e1-1 € Aoo(Bi,j — 1), because ow(ey,) = 1.
Thus the set of all possible ¢;’s (in the case [; = 1) is

c|0c

{=c——= 0} x Ao o(Bi,j — 1)

and therefore its cardinality is ag 0(8i,J — 1) < a0,0(8:0¢,j — 1) = ao,0(&,j — 1),
by (3.14) or by (3.15). Together with (5.8) and (5.10) we obtain that

(5.11) |A8,0(77,j)| < a0,0(0¢v;,0) - ag0(&, 5 — 1), if l; =1.

It is less straightforward to estimate the cardinality of the set of possible ¢;’s
in the case [; > 1. In this case

e € {—c— cloe — 0, —2¢ =, —2¢, —2c—>0}
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c|0c

We write 8 = 3'0. If e, = —¢ —— 0, then ex11 =0 oo, 0, since I; > 2. So in
this case

c|Oc o]0 3
(5.12) qi = exery1---€—1 € {—c— e, o 20, 0} x Aoo(B,5—1),
since ow(eg) = 1.
If e, = —2¢ 2o, —2¢, then

¢|0c \O

(5.13) Qi = €p_1€p---€e_1 € {fc—> —2c —2¢} X A_aco(B',7— 1),

since again ow(ey) = 1.

And if e, = —2c¢ <0, 0, then

c|0c

(5.14) gi = ep—1€ - -e—1 € {—c— —2¢ o, 0} x Aoo(B,5—2),

since this time ow(eg) = 2.
Putting together (5.12), (5.13) and (5.14) we get that the number of possible
q;’s is at most

|[A0,0(B',7 — 1) +|A—2c,0(8", 5 — 1) + |Aoo (6,5 — 2)]
(5.15) =a00(B',j — 1)+ a_2c0(8,5—1)+aoo(B,j—2)

=a0,0(8'0c,j — 1) = apo(Be,j — 1) = ao,0(&,j — 1)
by (3.18) or (3.19).

And since the number of possible p;’s is at most ag o (0¢7;,0) by (5.8) and (5.10),
we get also in the case [; > 1 that

|AG o(1,7)| < a0,0(027;,0) - ag,0(&,j — 1)

So by (5.2) we finally obtain

n

ao.0(n,3) = Y 1A60(m,4)] <D a0.0(0%,0) - ag0(&i 5 — 1) - 0

=1 =1

To establish the connection between the set B(z,j) of reduced BSDR’s of z
with overweight j and the set Ag o(n, ) for some n we prove the next lemma.

Lemma 5.2. Forevery j > 0 and an integer z # 0, |B(z, j)| = ao,0(0? NAF(2), 7).

PROOF: We establish a bijection between B(z,j) and Ag (07 NAF(z), j).

If 3 € B(z,j), then we denote the terminal state of the path p(0, 8) by ¢g. Then
by Lemma 3.1, the terminal state of the path p = p(0, 0l93) is 0 and its output
is 0™ NAF(z) for some m. By Lemma 3.7, ow(p) = ow(0!93)) = ow(3).

So if we set F(B) = p(0,0!43), then F(3) € Ago(0™ NAF(z), ;) for some m.
We prove that always 1 <m < j.
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Let p = egey - - - e;—1. Since every transition with terminal state 0 outputs one
leading 0, there must be m > 1. Similarly as in the proof of Corollary 4.2, we

observe that the last transition ¢;—1 # (0 oo, 0). If e;—; has initial state +1,

then the output of p has exactly one leading 0, i.e. m = 1. If the transition

e—1 = 2c LN 0 for ¢ = £1, then the final part of p is

2¢ 4%

c|0c c|0 c|0

2c — 2¢---2¢c —

n transitions

(5.16)

.10 <|0
for some n > 0. Since the transition 2c <o, 2c¢ has overweight 1 and 2¢ =, 0

has overweight 2, we get n + 2 < ow(p) = j, thus n < j — 2. The output of the
final part (5.16) has exactly n + 2 leading 0’s, so also the output of p has exactly
n+ 2 < j leading 0’s. It completes the proof of F() € Ag,0(0"™ NAF(z), j).

We set

(5.17) G(B) = p(0,0°~™048) if F(p) € Ago(0™ NAF(z),5).

Thus G(8) equals F(3) = p(0,0/43) followed by j — m transitions 0 o, 0. It fol-

lows that G(f3) has exactly j leading 0’s and therefore G(8) € Ag (07 NAF(z), 7).
We easily observe that the mapping G : B(z,j) — Ao,0(0? NAF(z), j) is injec-

tive and similarly as in the proof of Corollary 4.2 we prove that it is onto. (|

From Lemma 5.2 and Theorem 5.1 we immediately obtain the following recur-
sive relation.

Corollary 5.3. For every j > 0 and any nonzero integer z with NAF(z) =
cn0tn=1c, q---c0hc 0% = B,0c;iv;, and any i = 1,2,...,w(NAF(z)) we denote
zi = (0¢;7;)2 and 2! = (&)2. Then

(518) B i)l < D2 180 1B~ 1)
i=1
We can define recursively “generalized Fibonacci numbers” F,, ; for n,j € N
as
Fn ,0 — Fn+1 3
Foj = > Fi-Fu g, if 5>0.
i=1

Then Corollary 5.3 states that for every non-zero integer z and every overweight
jeN
1B(2,5)| < Fu(NAF(2)) 5 5
since w(NAF(2])) =i and w(NAF(z])) =n—i+ 1.
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