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Asymptotic properties
of a p-Laplacian and Rayleigh quotient

WALDO ARRIAGADA, JORGE HUENTUTRIPAY

Abstract. In this paper we consider the ¢-Laplacian problem with Dirichlet
boundary condition,
. Vu
div (| Vul) Tl
The term ¢ is a real odd and increasing homeomorphism, ¢ is a nonnegative
function in L>°(Q) and @ C R¥ is a bounded domain. In these notes an analysis
of the asymptotic behavior of sequences of eigenvalues of the differential equation
is provided. We assume conditions which guarantee the existence of stationary
solutions of the system. Under these rather stringent hypotheses we prove that
any extremal is both a minimizer and an eigenfunction of the ¢-Laplacian. It
turns out that if, in addition, a suitable As-condition holds then any number
greater than or equal to the minimum of the Rayleigh quotient is an eigenvalue
of the differential equation.

) =Xg()p(u) in Q, AER and ulpg = 0.
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1. Introduction

This paper is part of a vast program devoted to the study of solutions of dif-
ferential operators in the divergence form. We consider the ¢-Laplacian problem
with Dirichlet boundary condition

. Vu
*dW(sﬁ(IVUI)m

u=20 on Of).

(1.1) ):Ag(w)cp(u), r€Q, NER,

The domain © C RY is bounded and satisfies a segment condition, g # 0 is
a nonnegative function in L>*(2) and ¢: R — R is an odd, increasing and not
necessarily differentiable homeomorphism.

The space of solutions of (1.1) has been characterized in the article [3], only in
the case Q = RY. In the same article a classical Lagrange multipliers rule is em-
ployed to prove that under additional, stringent restrictions on g and ¢, nontrivial
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solutions of the Laplace operator exist and are nonnegative. Regularity (Holder
continuity), positivity and vanishing at infinity of the solutions have subsequently
been proved in [4]. In the article [2] the asymptotic properties of blow-up (large)
solutions of (1.1) have been treated, when the right-hand side satisfies particular
growth conditions and the left-hand side contains an additional nonlinear term
in |Vu|. In all these references we assume a Lieberman-like condition, see [22,
(1.1)], but the hypothesis of differentiability on ¢ is dropped. This is in striking
contrast with the classical case.

Several sources in the literature address the eigenvalue problem associated with
(1.1) in the particular case of the degenerate p-Laplacian equation with Dirichlet
boundary condition
(1.2) { —div(|Vul[P~2Vu) = A\g(z)|ulP~2u, reQ, NeR,

u=20 on 0f)

for which ¢(t) = [t[P~2t. Here, 1 < p < oo and the function g is locally integrable
or belongs to some Lebesgue space. In the case g = 1 it is known from [13], [21],
[23] that an infinite sequence {)\,} of eigenvalues exists if the associated sequence
of eigenfunctions belongs to a closed subspace of the Sobolev space W1?(Q2). The
supremum of the set of eigenvalues is oo and the infimum is equal to the first
eigenvalue \; of (1.2), also called the principal frequency.

In the nonhomogeneous case where q: Q — (1,00) is continuous (2 is the ad-
herence of Q) and ¢(t) = |t[9®)=2¢ for t # 0 and ¢(0) = 0, the eigenvalue problem
was analyzed in [11]. Using Ljusternik—Schnirelmann critical point methods the
authors proved that, also in this case, an infinite sequence of eigenvalues exists
and that the supremum of the set of all nonnegative eigenvalues is co. Only under
additional hypotheses the infimum of this set is positive, as in the homogeneous
case ¢(z) = p. Eigenvalue problems involving quasilinear nonhomogeneous oper-
ators in other spaces were studied in [14] but in a different context. Additional
resonance problems and existence of weak solutions under Landesman—Lazer con-
ditions are tackled in [9], [10]. A characterization of the spectra and of the eigen-
functions in the Neumann case are addressed in [8]. Further approaches can be
found in [25], [27].

In this work we determine the asymptotic behavior of subsequences of eigenval-
ues of problem (1.1) under stringent restrictions. The latter ensure the existence
of minimizing sequences formed by nontrivial and nonnegative solutions of (1.1).
We first take a sequence {\,} of eigenvalues and assume that the correspond-
ing sequence of eigenfunctions is uniformly bounded (in the precise sense of the
norm). In Theorem 3.1 we prove that A = 1in% inf \,, is itself an eigenvalue of

the equation. Next, we define the Rayleigh quotient R globally on a punctured
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Orlicz—Sobolev space and note that it is Fréchet differentiable there, provided
a suitable As-condition be fulfilled. This last property allows to compute min-
ima and maxima (local and global) and stationary solutions (extremals) of the
eigenvalue problem (1.1). We demonstrate that any minimizing sequence {v,,}
gives always birth to a minimizing sequence {u,} of nontrivial and nonnegative
eigenfunctions of (1.1) with the same asymptotic behavior. If the sequence {uy }
converges to an extremal @ of R then A = A;. In this case the stationary solu-
tion @ is both a minimizer and an eigenfunction of the problem with associated
eigenvalue Aj.

In Theorem 4.2 we prove the existence of a minimizer provided the Rayleigh
quotient be unbounded on sequences of eigenfunctions which tend to zero or infin-
ity in norm. (This asymptotic condition is a sort of coercivity.) In addition, in this
case we prove that any real number greater than or equal to the minimum value
A1 is an eigenvalue of the equation if a As-condition is fulfilled. These results im-
pose stringent constraints on the system (1.1) as the Rayleigh quotient might not
even admit any extremals at all. The problem whether further characterizations
are possible when the coercivity condition is dropped, is still open. A description
of the properties of the eigenvalues based solely on asymptotic assumptions on
the associated sequence of eigenfunctions is seemingly a difficult problem.

2. Orlicz and Orlicz—Sobolev spaces

This is a brief survey on Orlicz—Sobolev spaces. For further details we refer the
reader to [15], [19], [29] and, in the nonhomogeneous case of variable exponents,
to [26], [27], [30].

Orlicz—Sobolev spaces somewhat generalize the classical Sobolev spaces
WhP(Q): the role played by the convex map t + |t|P/p is assumed now by
a more general real map denominated an N-function. That is, a convex, even and
continuous function ®: R — [0, 00) satisfying ®(¢) = 0 if and only if ¢ = 0 and
such that

o(t) o(t)

T_>O as t— 0 and T—)oo as t — oo.

Equivalently, the N-function ® can be represented in the integral form

(2.1) @(t):/o w(s)ds

where ¢: R — R is an odd, nondecreasing, right-continuous function satisfying
©(t) = 0 if and only if ¢t = 0 and ¢(t) — oo as t — co. It is not hard to verify
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that such a map satisfies the estimate

—

(22) (el — el ) - =) >0

|0

for any pair of nonzero vectors @, v in RV [6, Lemma 3.2]. If the inverse !

exists then the integral

30 = [ o)

is an N-function as well, called the conjugate (or complementary) of ®. It is
known that Young’s inequality st < ®(¢) + ®(s) holds for s and ¢ € R and that
equality is attained if and only if ¢+ = p~!(s). Therefore, ®(p(t)) = tp(t) —®(t) <
tp(t). Since ®(2t) > jfttp(s)ds > jftgo(t) ds = ty(t), we obtain the useful
inequality

(2.3) D(p(1) < 2(21)

which will be repeatedly employed in these notes.
The Sobolev conjugate N-function @, of & is defined by

Lopl(s)
—1 _
O (t) = /0 TN ds

where ®~! denotes the inverse function of ®|g o). It is known, see (7], that the
Sobolev conjugate exists if and only if

1 5—-1 t H—1
D 1(s) . o '(s)
(24) \/O m ds < o and tlizgo o m ds = oo.

Let ® be an N-function. The Orlicz class L4(€2) is the set of (equivalence
classes of ) real-valued measurable functions u such that ®(u) € L1(£2). In general,
L5(2) is not a vector space, see [19]. The linear hull (span) Lg(€2) of the Orlicz
class Lg(Q) is called the Orlicz space generated by ®. It is known that Lg () is
a complete space with respect to the Luxemburg norm,

. |ul
= : — < .
[ mf{kz>0 /ch( k)dx_l

The usual (norm) convergence in Lg () is introduced as follows:
Up > u in Le(Q) if nhﬂn;o |t — ull(@) = 0.

The space Lg(f2) is defined analogously (after replacing ® by ® in the defini-
tions above). It is known that if ® and ® are complementary N-functions, then
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the improved Holder’s inequality

(2.5) / juv] dz < 2ull@) 0],

holds for all u € Ly () and v € Lz(£2), see [19].

Let Eg(€2) be the closure (for the norm-topology) of L% () in Lg(2). The
space Fg(£) is separable and Banach for the inherited norm. In general, Eq(£2) C
L3(2) C Lg(Q) but it is known that Fe(2) = Le(Q) if and only if ® satisfies
a Ag-condition at infinity. This means that for » > 1 there exists a(r) > 0 such
that

(2.6) O(rt) < a(r)®(t)  for t>T

where T is also positive. If T'= 0 then ® is said to satisfy a global As-condition
and in this case we write ® € A,. It is known that if ® and @ satisfy a As-
condition at infinity then the spaces L (€2) and Lg(2) are reflexive and separable,
see [16]. It is also known that Ls(f2) can be identified with the dual space of
E5(2) and Lgx(Q) with the dual of E(Q), see [15].

Lemma 2.1 ([18]). Let ® be an N-function. Let {u,} be a sequence in Lg(2)
such that limy, oo un(z) = u(zx) for a.e. x € Q. Suppose that there exists r €
Eg () such that |u,(x)| < r(x) for a.e. x € Q and every n. Then u € Eg(Q2) and
Up, — u in Le(2).

The next proposition somewhat provides a converse to Lemma 2.1.

Proposition 2.1. Let u be a function and {u,} be a sequence in L () such
that u, — u in Ly(Y). Then there exists a subsequence {uy,} and h € Lg(Q)
such that

(a) un, () = u(x) for a.e. x € Q;

(b) |un, (z)| < h(zx) for a.e. x € Q.

PRrROOF: Since {u,} is a Cauchy sequence in Lg(€2) there exists a subsequence
{un,} such that [[un,,, — tn,|/(s) < &/2" for any integer k. Let us define f,, =
Yo Jtny = tn,| € Lo(£2). Hence,

m

1
- Z [Uniy = tng (@) < 1.
k=1

%1, <
e @) — €

Define f(z) = limy, 00 fm(z). Fatou’s lemma yields

1/ ()] . ()]
/Q‘I’(T)dz = 1;?3&%‘1’(7) dz <1
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and hence f € Ly(£2). On the other hand, note that if n,, > nj then

[Un,, (T) = un, (2)] < |un,, (¥) = Un,, ,(T)|+-+ |U’"k+1 () = un,, ()]

< f(l‘) - fnk71($)

and hence {uy, } is a Cauchy sequence which converges a.e. in € to a function @.
Taking m — oo in the inequality above produces [@(z) — un, (z)| < f(x) for a.e.
x € Q. Notice that ®(|u(x) — un, (z)]/e) — 0 for a.e. © € Q as k — oo and also
O([u(z) — un, (7)|/e) < ®(f(x)/e) € L*()). The dominated convergence thus

yields
lim @(—'“(x) — Une (x”) dz =0
k— o0 Q 9
and since ¢ is arbitrary, ||[@ — up, ||(3) — 0 as k — oo. The unicity of the limit
implies u = % and by the triangle inequality, |un, (7)| < |un, (z) —u(x)|+|u(z)] <
f(z) + |u(z)|. Finally, we set h(z) = f(x) + |@(x)| and the proposition is proved.
O

2.1 Orlicz—Sobolev spaces. The Orlicz—Sobolev space WL (Q) (W!Es(Q))
is the vector subspace of functions in Lg(Q2) (Eg(2)) with first distributional
derivatives in Le(Q2) (Eg(Q), respectively). The spaces W'Lg(2) and W!Eg ()
are Banach when endowed with the norm

lullre = llull@) + [Vull @)
where we have employed the notation ||[Vul/@) = Z'fil |0uz, || (#).  Usually,
WLe(2) and WLEg(Q) are identified with subspaces of the products I1Lg and
[IEs (we omit Q to lighten notations). The natural imbedding of W' Eg(£2) into
[IEg proves that W!Eg(Q) is separable since Fg((2) is itself separable. The
space W1Lg(Q) is not separable in general and is closed for the weak-* topology
o =o(IlLg,I1E5), see [15, page 167].

Let D(£2) denote the space of infinitely-differentiable functions with compact
support in Q. We define the spaces Wi La(2) and Wi Es(Q) to be respectively
the o-closure and the norm-closure of D(Q2) in W' Lg(Q):

o

Wy La(Q) = D(Q) and Wy Es(Q) =D(Q)

11, @

The space Wy La(f2) is Banach with the norm |-||1,¢ inherited from WL (Q).
The following Poincare’s inequality [15]

(2.7) /QCID(u)dzg/QtI)(quDdx
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(where d is twice the diameter of 2), ensures that the norm
lullo = IVull (@)

is an equivalent norm on W} Le(£2). To ease notations in this manuscript, we will
write

Y = Wy La(Q) and Yo = Wi Es(9).
The domain € satisfies a segment condition, see [1, Section 3.21], if every z € 99
has a neighborhood %, and a nonzero vector y, € RY such that if z € QN
then z + ty, € Q for 0 < t < 1. It is well-known, see [15], that if Q satisfies
a segment condition then Yy = Y NIIFEg. Let us consider the following Banach
spaces of distributions

00;
83%

N
Zo={0€D(Q):0=0—_ with 6o, 0; € E5(Q)}
i=1

and
00,
8:51-

N
Z={0eD(Q):0=0—> with 6p,60; € L$(Q)}

i=1
endowed with the quotient norms. If Q satisfies a segment condition then the
dual of Zy can be identified (algebraically and topologically) with ¥ under the
natural pairing (-,-): Y x Zy — R,

N
ou
2. 0) = [ ubpd —— 0, d,
(2.8) (u.0) /u x+zi_1/gaxi z

see [17]. Therefore Y can be viewed as the dual of a separable Banach space [16,
Sections 2.1 and 2.2]. Similarly the dual of Y; can be identified with Z. The
tuple (Y,Y0; Z, Zy) is called a complementary system, see [15].

Lemma 2.2 ([5, Corollary III.26]). Any bounded sequence in the dual of a sepa-
rable Banach space admits a subsequence which converges in the weak-x topology:.

3. The asymptotic limit of the eigenvalues

In this paper, the function ¢ defining the ¢-Laplacian in (1.1) is to be a real,
odd, increasing and not-necessarily differentiable homeomorphism of the real line
and @ is the N-function generated by ¢ via (2.1). In the sequel, if r € (0, N)
then r* = Nr/(N —r) and 7 = r/(r — 1) will denote the Sobolev and Hélder con-
jugate exponents, respectively. To guarantee some regularity on the functionals
associated with our problem, we will hereafter assume the following hypotheses:

(H1) the domain Q satisfies a segment condition;



352 W. Arriagada, J. Huentutripay

(Hz2) the function g on the right-hand side of (1.1) is nontrivial and nonnegative

in €;
(H3) there exist two numbers 1 < p < g < N such that
. te(t) . to(t)
1 lim —= = d lim /2% =
(3.1) o ey P o ()

Remark 3.1. The three requirements above imply the following properties.

(i) Since t — tp(t)/P(t) is continuous, conditions (3.1) imply that there exist
two positive numbers pg and qg, which depend only on p and g, such that
to(t)
3.2 <2< for ¢ # 0.
(3.2) P = 0) > g9 or ¢ #
In particular, ® € Ag. It is known [12, Lemma 2.5] that ps > 1 if and
only if ® € As.

(ii) The requirement q < N in (H3) ensures that estimates (2.4) are met [18,
Proposition 6.1], i.e., the N-function @, exists. In turn, Theorem 3.2
in [7] guarantees that the imbedding ¥ — Ep(f2) is compact for any
N-function P which verifies

. P(t)
tlggo Bokt) 0 for all k£ > 0.
For example, the N-function P = & satisfies this condition [14, Proposi-
tion 2.1] and hence the embedding Y < Lg(2) is compact.

Since ® € Ay we have Lg(Q2) = Lg(2). In addition, by (2.3) the functions
¢(u) and (|Vul) belong to Lg(2) provided u € W'Lg(Q2). Holder’s inequality
(2.5) thus implies that the following definition is consistent (i.e., the integrals on
both sides of the equality are finite).

Definition 3.1. A function w € Y is called a solution of (1.1) if there exists
A € R such that

\Y

/ g0(|Vu|)—u -Voda = )\/ g(z)p(u)v dzx
Q [Vl Q

for all v € Y. If w is a solution of (1.1) and v # 0 we call A the eigenvalue of

(1.1) with associated eigenfunction u and vice-versa.

Hypothesis (H2) means g > 0 and the positive part g™ # 0 in Q. The latter
implies existence of nonnegative solutions of (1.1), see Theorem 4.1 below. The
core result in this section is provided in the following theorem.
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Theorem 3.1. Let {u,} C Y be a sequence of eigenfunctions of (1.1) and let
{A\n} denote the corresponding sequence of eigenvalues. If sup,, ||un|lo < 0o then

(3.3) A = liminf A,

n—oo

is itself an eigenvalue of (1.1).

PROOF: Inequality (2.2) (with @ = Vu and ¥ = Vu,) yields the estimate

Q

(3.4) / (|Vu|) |V | - (Vu — Vuy,)dz > )\n/ g(z)p(un)(u — up) dz

for any integer n and uw € Y. Note that {u,} is bounded in Y which is the dual
of a separable space. Lemma 2.2 implies u,, — ¢ in o(Y, Zy) where ¢ € Y. Item
(ii) in Remark 3.1 and Proposition 2.1 yield, up to a subsequence, u,(x) — {(x)
for a.e. € Q and u,(x) < h(x) for a.e. z € Q with h € Ly(). It follows that
(tn,0) = (¢, 0) for all € Zy where (-, -) is the pairing (2.8). The remark above
Definition 3.1 implies ¢(|Vu|) € E5(€2). Thus, if we choose 6y = 0 and

ol 7ul) B
’ [Vu| Oz,

for all indices ¢ = 1,..., N, then the dual convergence (u,,8) — ((,0) yields

Vu Vundz%/ (IVul) V({dzx
[ etvunge (Vi) -

for any u € Y. On the other hand, ¢(u,) = ¢(¢) a.e. in Q. Inequality (2.3)
implies p(un) < @(h) € L3(2) and then Lemma 2.1 and Hoélder’s inequality (2.5)
produce

/Qg(x)cp(un)udac —>/Qg(x)<p(§“)udac and /g( Yo (i) tn dz %/ O)C da.

If we let n — oo in (3.4)

Vu
[ evul) o (Vu= VO d 2 A [ 90 6(0) (- s
Q |Vl Q
for any u € Y, where A = liminf,,_,o, A,. We write u = (+t v where t is a nonzero
real number and v € Y. If ¢ > 0 then

V(¢ +tv)

/Q AT+ DT

-Vodz > A/Qg(:r)go(()v dx
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and the reversed inequality is obtained for ¢ < 0. Since t is arbitrary and as ¢ is
increasing, taking the limit ¢ — 0 yields

C = Xz var
[ el - Tods =2 [ tale(cod

for all v € Y. The conclusion follows. O

4. Connection with the Rayleigh quotient

Let us denote by Ry the set of nonnegative real numbers. Definition 3.1 mo-
tivates the introduction of the operators J,G: Y — Ry U {oco}

J(u):/Qq)(|Vu|)d:r and G(u)z/ﬁg(m)@(u)dx.

It is known that J is finite since ® € Ay (the converse is also true). The compact
embedding in item (ii) of Remark 3.1 ensures that G is finite as well [28, Re-
mark 3.1]. It is also known [14, Lemma 3.4] that if ® € Ay then J is of class C!
with Fréchet derivative

J'(u)(v) = / (|Vu|) -Voudz, u,v €Y.
0 |V |
On the contrary, G is always of class C! [17, page 898] with Fréchet derivative

G (u)(v) = / g(z) p(u)v dz, u,v €Y.
Q

Integration of (3.2) and the definition of the Luxemburg norm yield the useful
estimates
(4.1)  min{[Ju|[g?, [lufg*} < J(u) < max{[Jul|g?, [[u]g*}  for any ueY.
Lemma 4.1 ([28, Lemma 3.2]). Let u, — u in Y for the weak-+ topology
(Y, Zy). Then:

(a) the operator J is o(Y, Zy)-lower-semi-continuous: J(u) < liminf J(uy);

(b) the operator G is o(Y, Zy)-continuous: G(uy) — G(u).

The next theorem is proved in [17]. In the unbounded case Q = R this result
remains true only if additional conditions on the right-hand side of (1.1) are met,
see [3].

Theorem 4.1. Let p be a positive number. The optimization problem

(4.2) inf{J(u): vey, G(u) = u}
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has a nontrivial solution u, € Y. Moreover, define the nonzero number

_ Jo e(IVuu))|Vuy,| dz
Jo9(@) e(uy)u, dz

(4.3) A

Then u,, is a nonnegative eigenfunction of problem (1.1) with associated eigenvalue
A=A

Observe that bounds (3.2) imply

| st@retuundo = o [ g@)b(u,)de=pap>0
and therefore the quantity A, is well defined.

4.1 Rayleigh quotient. In the sequel we denote by Y* = Y\{0}. Define the
Rayleigh quotient R: Y* — R by the formula R(u) = J(u)/G(u). Inequality (2.7)
and the As-condition on ® imply

1
R(u) > ———— >0
a(d) [|gllo
where a(d) is the constant in (2.6), d is twice the diameter of Q and ||| is the

norm in L*°(Q). In particular, the number A; = inf {R(u): u € Y*} is positive.
Definition 4.1. A nonzero sequence {v,} CY with

lim R(’Un) = A1

n—oo
is called R-minimizing. A sequence {v,} C Y is bounded if sup, ||vn]o < o0.
The sequence is asymptotic to zero if ||v,|lo — 0 and is asymptotic to infinity if
lvnllo = oo

Lemma 4.2. Let {v,} C Y be an R-minimizing sequence. There exists a se-
quence {u,} CY satisfying the following properties:

(a) the element w,, is a nontrivial and nonnegative eigenfunction of (1.1) for
every integer n;

(b) the sequence {u,} is R-minimizing and the associated sequence of eigen-
values {\,} is bounded;

(c) the sequence {u,} is either asymptotic to zero, asymptotic to infinity or
bounded if and only if {v,} is asymptotic to zero, asymptotic to infinity
or bounded, respectively.

PRrROOF: For each nonnegative integer n we define the number y,, = G(vy,). Since
A is positive it must necessarily be that u, > 0 as well for n sufficiently large.

355
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Then we let u,, € Y be the (nontrivial, nonnegative) solution to (4.2) with g = iy,
Formula (4.3) provides an eigenvalue \,, € R with corresponding eigenfunction u,,.
On the other hand, by definition we have J(uy,) < J(v,) and G(uy,) = G(vy,) =
tn > 0 for n sufficiently large. Hence, there exists a real sequence €, — 0 such
that A1 < R(u,) < R(v,) < Aq + &, and this proves that {u,} is R-minimizing.
Note that this chain of inequalities yields
Ay R(uyn)  J(up) 1 1

o) = Ry~ T Y N S Roow

for every positive integer n. Merging together the latter estimates produces

Ay

- < .
e J(vn) < J(un)

Since J(uy,) < J(v,) the statement (b) is thus a simple consequence of estimates
(4.1). On the other hand inequalities (3.2) yield

2 Run) < Mo < 22 R(uy)
dyp Py

and hence the sequence of eigenvalues is bounded. (I

4.2 The energy operator. Let A be a positive number. The functional T :
Y - R,

(4.4) Ta(u) =J(u) — AG(u)
is called the energy operator associated with equation (1.1). Define
ro(A) = inf{Th(u): u e Y}.

By analogy, a nonzero sequence {v,} C Y satisfying limy, oo Ta(vy) = ro(A) is
called TA-minimizing. Minor modifications to the proof of Lemma 4.2 yield the
following result.

Lemma 4.3. Let {v,} CY be a T)-minimizing sequence. If A > Ay then there
exists a sequence {u,} CY satisfying the following properties:

(a) the element u,, is a nontrivial and nonnegative eigenfunction of (1.1) for
every integer n;

(b) the sequence {u,} is Th-minimizing;

(c) the sequence {u,} is either asymptotic to zero, asymptotic to infinity or
bounded if and only if {v,} is asymptotic to zero, asymptotic to infinity
or bounded, respectively.
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PRroOF: For each n we define the number u,, = G(v,). Notice that u, > 0 for
all n since @ is even and increasing. It is obvious as well that G(v,) = 0 only
for a finite number of integers n because otherwise there would exist an infinite
subsequence {vy, } for which 79(A) = limp_ oo Ta(vn,) = limg_yoo J(vn,) > 0.
However, since A > Ay, there exists T € Y such that Ay < R(7) < A and this
implies TA(T) < 0. Therefore, we can assume that u, is strictly positive for
all n. We define u,, € Y to be the (nontrivial, nonnegative) solution to (4.2) with
H= fn.

On the other hand, there exists a real sequence £, — 0 such that ro(A) <
Ta(un) < Ta(vn) < ro(A) + &, and then {u,} is Ty-minimizing. Moreover, since
J(uy) < J(vy), estimates (4.1) imply that if {v,} is asymptotic to zero then so
is {u,} and if the latter is asymptotic to infinity then so is {v,}. Further, simple
rearrangement of the terms in the inequalities above yields in this case

To (A)

En
AN < J(un
o (A) +en (U )

J(vg) < J(up) — AG(un)m <

for any natural n. It is thus clear that if {v,} is asymptotic to infinity then so is
{u,} and if the latter is asymptotic to zero then so is the former sequence. (Il

4.3 Extremals. Let ® € A,. It is easy to see that the energy functional (4.4)
is Fréchet differentiable with Fréchet derivative T4 (u)(v) = J'(u)(v) — A G (u)(v)
for all u,v € Y. The differentiability of the functionals J and G ensures that
the Rayleigh quotient is Fréchet differentiable as well at any u € Y such that
G(u) # 0. The Géateaux variations of J and G exist in any directions and thus

0R

7J+5J7i7<]+5]<1 5_G)—17£
T GriG GG G G

exists as well in any direction. A first-order Taylor expansion for the term (1 +
5G/G)~! produces

5] J6G
4. =2 _
(4.5) oR=5 -5

(again, to first order). Formula (4.5) hence yields the Fréchet derivative R’ of the
Rayleigh quotient. (The Fréchet-differentiability of R is easily obtained as well
from the product and chain rules, see [20, Chapter XIII, Section 3].) Therefore,
R’ =0 if and only if J'— RG’' = 0.

Consider an R-minimizing sequence {u,} C Y of eigenfunctions of (1.1) and
let {\,} denote the associated sequence of eigenvalues. Suppose that {u,} con-
verges to an extremal or stationary function u € Y* of the Rayleigh quotient (i.e.
R'(w)(v) = 0 for all v € Y). Since G(u,) > 0 for n sufficiently large, formula
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(4.5) yields

G (un)(v)

(4.6) R un)(v) = (An = Rlun)) =zcs

where v € Y, provided ® € A,. Since @ is nontrivial the continuity of G implies
G(u) > 0 and it is clear that G'(@w)(-) # 0 on Y. Otherwise, hypotheses (3.2)
would imply

0 = G'(W)(T) = /Qg(:c)go(ﬂ)ﬂdac > po G(7) > 0.

Taking n — oo in (4.6) produces A = A; (by the continuity of the derivative) and
then A; is an eigenvalue of (1.1) with associated eigenfunction @. It is evident as
well that w minimizes the Rayleigh quotient: A; = R(w). Hence, the existence
of extremals yields a characterization of the quantity (3.3). This condition is
automatically verified if an asymptotic hypothesis on the Rayleigh quotient is
fulfilled.

Theorem 4.2. Let ® € Ay. Suppose that the following asymptotic condition

(4.7) lim R(uy) = o0

n—oo
is fulfilled on any subsequence {u,} C Y of eigenfunctions of (1.1) which is
either asymptotic to zero or infinity. Then there exists a global minimum w € Y*
of the Rayleigh quotient. In this case, A1 is an eigenvalue of the system with
corresponding eigenfunction u. Moreover,

(a) any A > Ay is an eigenvalue of (1.1);
(b) there exists 0 < Ao < Aj such that (0, \g) contains no eigenvalue of (1.1).

PROOF: We first take an R-minimizing sequence {u,} in Y*. Without loss of
generality, by Lemma 4.2 we can assume that u,, is a nontrivial and nonnegative
eigenfunction of (1.1) for any natural number n. It is clear that sup,, ||uns|o < 00
(otherwise condition (4.7) yields a contradiction). Since Y is the dual of a sepa-
rable space, Lemma 2.2 implies that there exists @ € Y such that u, — @ in the
weak-* topology o(Y, Zy). Lemma 4.1 thus yields liminf,,_, o J(u,) > J(@) and
lim,, oo G(uyn) = G(u). Therefore, R(w) = Ay provided w # 0. Assume, on the
contrary, that w = 0. The definition of the limit gives

(A — &)G(un) < J(un) < (A1 +)G(un)

where ¢ < A; is a positive number. Since G(u,) — 0 as n — oo we deduce
J(un) — 0 as well. Then inequality (4.1) yields ||up|lo — 0 as n — oo. But then
condition (4.7) implies lim, o R(u,) = oo and thus we obtain a contradiction,



Asymptotic properties of a p-Laplacian and Rayleigh quotient 359

since {u,} is R-minimizing. Since @ is a local minimum of R the derivative

vanishes there and then
J'(@)(v) _ J(@)

G'@)  Ga)

for every v € Y and thus A, is an eigenvalue of (1.1).

To prove the second part of the theorem, we take a number A > A; and consider
ro(A) = infy T and choose a Th-minimizing sequence {u,}. Lemma 4.3 allows
us to assume that u, is a nontrivial and nonnegative eigenfunction of problem
(1.1) for every nonzero integer n. It is again clear that {u,} is uniformly bounded
in Y. Indeed, A

T (un) = J(un)(l - m).

Thus if the sequence {u,} were unbounded, inequalities (4.1) and condition (4.7)
would imply T (u,) — 00 as n — oo and this is impossible. Lemma 2.2 implies
that there exists up € Y such that u, = ua in (Y, Zp). By Lemma 4.1, the func-
tional Ty is o(Y, Zy)-lower-semi-continuous and then Th(up) < liminf Th(u,) =
ro(A). Thus up is a global minimum of T and hence a stationary solution of
that functional, i.e. T} (ua)(v) = 0 for all v € Y and thus ua is an eigenfunction
with associated eigenvalue A. Since A > A it follows that there exists vy € Y
such that R(va) < A. That is, Ta(va) < 0 and hence inf{Th(u): v € Y} < 0.
Since TA(0) = 0 we have up # 0.

Next, note that the function t: Y* — R U {oo} given by t(u) = (J'(u)(w))/
(G'(u)(u)) is well defined since J and G are differentiable. In this case again,
Poincaré’s inequality (2.7) and bound (3.2) imply

t(u) > 1a(d) [|glle g2 > 0

where «(d) is the constant in (2.6) and d is twice the diameter of Q. Hence the
number

Ao = inf{r(u): v e Y*}

is strictly positive. Let us assume that A € (0, A¢) is an eigenvalue of (1.1) with
the associated eigenfunction uy € Y*. Then

/ng(|Vu,\|)|Vu>\|dx = )\/Qg(z)cp(u)\)m\ dz.
Since the left-hand side of the latter equality is positive and as A < A\g we have
I (ux)(un) = Ao G'(un)(un) > MG (un)(un) = J'(ur)(un).
This is a contradiction. In particular Ag < Aj. O

The next example shows the importance of hypothesis (H3) in Section 3.
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Example 4.1. Consider the 2-Laplacian boundary-eigenvalue problem
—u" = M, r€0,7], X €R,

u(0) =u(r) =0

on the Sobolev space W, *([0,7]). In this case it is easily checked that [lull, =
[t/ || 20,71/ V2 for any u € W, 2([0,7]) and the Rayleigh quotient corresponds to

_ Jo (W'(z))? dz _ 1017210,
Jo u(@)?de ullfzoq

A simple calculation shows that the sequence of eigenfunctions of this problem

R(u)

is given by u, = A, sin(nz) where n is any integer and A, an arbitrary real
constant. If {)\,} denotes the sequence of eigenvalues associated with {u,} then
integration by parts proves that R(u,) = An = n? for any integer n (and hence
A; =1). Notice that in this case the definition of the norm yields

vr

™
Junllo = nlAa1 G-

for any integer n. Therefore, the sequence {u,} is asymptotic to zero or infinity
provided n|A,| tends to zero or infinity, respectively, as n — oco. In any case
condition (4.7) is met but the existence of the minimizer does not follow from
Theorem 4.2 since the spectrum is discrete in the one-dimensional case, see [24].

Acknowledgement. We are grateful to the unknown referee for providing us
with important remarks and clever observations after a preliminary revision of
the original manuscript.

REFERENCES

[1] Adams R.A., Fournier J.J.F., Sobolev Spaces, Pure and Applied Mathematics (Amster-
dam), 140, Elsevier Academic Press, Amsterdam, 2003.

[2] Arriagada W., Huentutripay J., Blow-up rates of large solutions for a ¢-Laplacian problem
with gradient term, Proc. Roy. Soc. Edinburgh Sect. A 144 (2014), no. 4, 669-689.

[3] Arriagada W., Huentutripay J., Characterization of a homogeneous Orlicz space, Electron.
J. Differential Equations 2017 (2017), Paper No. 49, 17 pages.

[4] Arriagada W., Huentutripay J., Regularity, positivity and asymptotic vanishing of solutions
of a ¢-Laplacian, An. Stiint. Univ. “Ovidius” Constanta Ser. Mat. 25 (2017), no. 3, 59-72.

[5] Brezis H., Analyse fonctionnelle. Théorie et applications, Collection Mathématiques Ap-
pliquées pour la Maitrise, Masson, Paris, 1983 (French).



[6]

[26]

[27]

[28]

Asymptotic properties of a p-Laplacian and Rayleigh quotient 361

Diaz G., Letelier R., Unbounded solutions of one-dimensional quasilinear elliptic equations,
Appl. Anal. 48 (1993), no. 1-4, 173-203.

Donaldson T. K., Trudinger N.S., Orlicz—Sobolev spaces and imbedding theorems, J. Func-
tional Analysis 8 (1971), 52-75.

Drébek P., Manasevich R., On the closed solution to some nonhomogeneous eigenvalue
problems with p-Laplacian, Differential Integral Equations 12 (1999), no. 6, 773-788.
Drabek P., Robinson S.B., Resonance problems for the p-Laplacian, J. Funct. Anal. 169
(1999), no. 1, 189-200.

Drabek P., Rother W., Nonlinear eigenvalue problem for p-Laplacian in RN, Mathemati-
sche Nachrichten 173 (1995), no. 1, 131-139.

Fan X., Zhang Q., Zhao D., Eigenvalues of p(z)-Laplacian Dirichlet problem, J. Math.
Anal. Appl. 302 (2005), no. 2, 306-317.

Fukagai N., Ito M., Narukawa K., Positive solutions of quasilinear elliptic equations with
critical Orlicz—Sobolev nonlinearity on RY, Funkcial. Ekvac. 49 (2006), no. 2, 235-267.
Garcia Azorero J.P., Peral Alonso 1., Existence and nonuniqueness for the p-Laplacian:
nonlinear eigenvalues, Comm. Partial Differential Equations 12 (1987), no. 12, 1389-1403.
Garcia-Huidobro M., Le V. K., Mandsevich R., Schmitt K., On principal eigenvalues for
quasilinear elliptic differential operators: an Orlicz—Sobolev space setting, NoDEA Nonlin-
ear Differential Equations Appl. 6 (1999), no. 2, 207-225.

Gossez J.-P., Nonlinear elliptic boundary value problems for equations with rapidly (or
slowly) increasing coefficients, Trans. Amer. Math. Soc. 190 (1974), 163-205.

Gossez J.-P., Orlicz—Sobolev spaces and nonlinear elliptic boundary value problems, Nonlin-
ear Analysis, Function Spaces and Applications, Proc. Spring School, Horni Bradlo, 1978,
Teubner, Leipzig, 1979, pages 59-94.

Gossez J.-P.; Mandsevich R., On a nonlinear eigenvalue problem in Orlicz—Sobolev spaces,
Proc. Roy. Soc. Edinburgh Sect. A 132 (2002), no. 4, 891-909.

Huentutripay J., Mandsevich R., Nonlinear eigenvalues for a quasilinear elliptic system in
Orlicz—Sobolev spaces, J. Dynam. Differential Equations 18 (2006), no. 4, 901-921.
Krasnosel’skii M. A., Rutic’kii Ja.B., Convexr Functions and Orlicz Spaces, Noordhoff,
Groningen, 1961.

Lang S., Real and Functional Analysis, Graduate Texts in Mathematics, 142, Springer,
New York, 1993.

Lé A., Eigenvalue problems for the p-Laplacian, Nonlinear Anal. 64 (2006), no. 5,
1057-1099.

Lieberman G.M., The natural generalization of the natural conditions of Ladyzhenskaya
and Ural’tseva for elliptic equations, Comm. Partial Differential Equations 16 (1991),
no. 2-3, 311-361.

Lindqvist P., On the equation div(|Vu|P~2Vu) 4+ Mu|P~2u = 0, Proc. Amer. Math. Soc.
109 (1990), no. 1, 157-164.

Lindqvist P., Note on a nonlinear eigenvalue problem, Rocky Mountain J. Math. 23 (1993),
no. 1, 281-288.

Mihailescu M., Radulescu V., On a nonhomogeneous quasilinear eigenvalue problem
in Sobolev spaces with variable exponent, Proc. Amer. Math. Soc. 135 (2007), no. 9,
2929-2937.

Mihailescu M., Radulescu V., Eigenvalue problems associated to nonhomogeneous differ-
ential operators in Orlicz—Sobolev spaces, Anal. Appl. (Singap.) 6 (2008), no. 1, 83-98.
Mihailescu M., Radulescu V., Repovs D., On a non-homogeneous eigenvalue problem in-
volving a potential: an Orlicz—Sobolev space setting, J. Math. Pures Appl. (9) 93 (2010),
no. 2, 132-148.

Mustonen V., Tienari M., An eigenvalue problem for generalized Laplacian in Orlicz—
Sobolev spaces, Proc. Roy. Soc. Edinburgh A 129 (1999), no. 1, 153-163.



362 W. Arriagada, J. Huentutripay

[29] Pick L., Kufner A., John O., Fuc¢ik S., Function Spaces, Vol. 1, De Gruyter Series in
Nonlinear Analysis and Applications, 14, Walter de Gruyter, Berlin, 2013.

[30] Ridulescu V.D., Nonlinear elliptic equations with variable exponent: old and new, Non-
linear Anal. 121 (2015), 336-369.

W. Arriagada:
DEPARTMENT OF APPLIED MATHEMATICS AND SCIENCES, KHALIFA UNIVERSITY,
P.O. Box 127788, ABU DHABI, UNITED ARAB EMIRATES

E-mail: wg.arriagada@gmail.com
J. Huentutripay:

INSTITUTO DE CIENCIAS Fisicas Y MATEMATICAS, UNIVERSIDAD AUSTRAL DE CHILE,
CASILLA 567, IsLA TEJA, VALDIVIA, CHILE

E-mail: jorge.huentutripay@uach.cl

(Received January 17, 2019, revised May 8, 2019)



