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On Szymanski theorem on hereditary normality of Sw

SERGEI LOGUNOV

Abstract. We discuss the following result of A. Szymanski in “Retracts and non-
normality points” (2012), Corollary 3.5.: If F' is a closed subspace of w* and the
m-weight of F' is countable, then every nonisolated point of F' is a non-normality
point of w*.

‘We obtain stronger results for all types of points, excluding the limits of count-
able discrete sets considered in “Some non-normal subspaces of the Cech—Stone
compactification of a discrete space” (1980) by A. Blaszczyk and A. Szymanski.
Perhaps our proofs look “more natural in this area”.
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1. Introduction

We investigate hereditary normality of Cech-Stone compactification X of
a completely regular space X.

Is X*\ {p} non-normal for any point p of the remainder X* = X \ X?

If so, then p is called a non-normality point of X*. Usually, in order to answer
this question positively, we have to show that p is a butterfly-point or a b-point
of BX, see [4], i.e. to construct sets F,G C X*\{p}, which are closed in X \ {p},
so that {p} = [F]N[G], see also [6]. A. Szymanski in [7] gave a different approach.
Particularly this question is intriguing for countable discrete space w = {0, 1,
A. Blaszczyk and A. Szymariski in [2] proved in 1980 that p is a non-normality
point of w*, if p is a limit point of some countable discrete set P C w™.

A point p is called a Kunen point, if there exists a discrete set P C w* of cardi-
nality wq, that is, no more than countable outside any neighbourhood of p. Every
Kunen point is a non-normality point of w* (E.K. van Douwen, unpublished).
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5.

Some other more technical results were obtained in [3].
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The answer is known and positive under CH (continuum hypothesis), see
N. Warren [8] and M. Rajagopalan, [5] 1972, or even MA (Martin’s axiom), see
A. Beslagi¢ and E. van Douwen, [1] 1990.

In 2012 A. Szymaniski in [7] obtained the following result:

Corollary 3.5. If F'is a closed subspace of w* and the m-weight of I is countable,
then every nonisolated point of F'is a non-normality point of w*.

Let D be all isolated points of F. If p € [D], then Corollary 3.5. reduces to
the well known result of A. Blaszczyk and A. Szymaniski in [2]. Otherwise, we
can assume F' to be crowded.

Theorem 1. If F is a closed crowded subspace of w* and the mw-weight of F is
countable, then every point of F' is a non-normality point of F'.

We show that F' has a m-base B with the following property:

() I D,CCB and (UD)m(Uc) =0, then [UD}m[Uc} — 0.

Then we obtain Theorem 1 as a corollary of the next

Theorem 2. Let a normal realcompact crowded space X have a weakly em-
bedded o-cellular w-base B with the property (*). Then every point p € X* is
a b-point of fX. Hence $X \ {p} is not normal.

2. Preliminaries

A space X is crowded, if X has no isolated points, 3 = {0,1,2}. By [] we
always denote the closure operator in 5X. Let B be a family of nonempty open
sets. Then B is weakly embedded, if any two sets of B are either disjoint or
one of them contains the other and o-cellular, if B = J, ., B, and every B, is
cellular. A set U € B is a maximal set of B, if U is a proper subset of V for no
V' € B. Moreover, B is a m-base of X, if any nonempty open set O contains some
UeB,BO)={UeB:UNO #0}.

Let m and o be any maximal cellular families of open sets. We write m < o if
UNV # 0 implies U 2V forany U € m and V € 0. Set P(w) = {F: F C 7}.
We define a projection f7: P(m) — P(o) by

f;;F:{VeU: UFmV;A@}.

Let p € X*. Then F C P(w) is called a p-filter on 7, if any finite sub-
collection {Fp,...,Fn,} C F satisfies p € [UNp_o Fr]. We denote N F* =
N{[UF]: F € F} and 7 =7 o, if there is F € F with F -~ 0. The image
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fHF)={fFF: F € F}isa p-filter on 0. Obviously, the union of every increasing
family of p-filters is also a p-filter. So by Zorn’s lemma there are maximal p-filters
or p-ultrafilters F on 7, that is F = G for any p-filter G with F C G.

3. Proofs

Lemma 1. Let a closed subspace F' of w* have a countable w-base {V;}i<., and
let p be a nonisolated point of F. Then there is a countable family {U;};<,, of
clopen subsets of w* with the following properties for all i < w:

1) p¢ Ui
2) U; N F is a nonempty subset of V;;
3) {U;}i<w is weakly embedded.

PROOF: Assume {Uy,...,U,—1} have been constructed for some n < w so that
1)-3) hold. To get U,, we need one more induction on k <n — 1.

Let U be constructed so that {Uy, . .., Uk_1,UX} satisfies 1)-3). We put either
UMl = UFNU, f UFNU,NF # 0 or UMY = UF\ Uy otherwise. Then
{Uy, ..., U, UF1} satisfies 1)-3) and, finally, U,, = U". The family {U,},<w is
as required. O

Lemma 2. Theorem 2 implies Theorem 1.

PROOF: In the notation of Lemma 1 we put X = |J,_,(Us N F) and B =
{U; N X}icw. If the conditions of Theorem 1 hold, then X and B satisfy the
conditions of Theorem 2. Indeed, if D,C C B and (JD) N (UC) = 0, then
D ={U;: U;NnX €D} and €' = {U;: U;N X € C} satisty (UD')n(UC) =0
by our construction. Since UDI and UCl are open in w* and o-compact, then
[UD/] N [UC,] = (. Since X is o-compact and everywhere dense in F, then
F = BX is a Cech—Stone compactification of X and p € X*. O

Now we only have to prove Theorem 2. To a certain extent, we follow the
notation and proof scheme of [4].

Lemma 3. Under the conditions of Theorem 2 the m-base B satistying (*) can

be represented as B =, By so that:

n<w
(1) every B, is maximal and cellular in X;
(2) Bn+1 - Bn,’

(3) for every U € B, there is {U(v): v < 3} C Bypy1 withJ,_,U(v) CU.

r<3

PRrROOF: Let B=J,,,
We can choose maximal cellular By C B so that Dy C By.

D,, be weakly embedded and every D,, be cellular.
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Assume B,, C B has been constructed for some n < w. We can choose maximal
cellular family B,,+1 C B so that B,,+1 = By, By+1 > Dp+1 and for every U € B,
there is {U(v): v < 3} C Bpy1 with |, U(v) CU.

Finally, B=J B, is as required. O

n<w

In what follows the w-base B satisfies the conditions of Lemma 3,
Y = {0 C B: ¢ maximal cellular in X}
and o(v) ={U(v): U € o} for every o € ¥ and v < 3.

Lemma 4. There is 0 € ¥ with the following property: If F is a p-filter on o,
then N F* C X*.

ProOF: We have p € [,_,, O; C X* for some open O; C fX. If O; = X and
[Oiy1] C Oy for every i < w, then (J,_,(O; \ [Oi42]) = X. Denote by o all

maximal sets of the family
{U € B: UCO;\ O;42 for some i < w}.

If x € X and z ¢ [O;], then F = {U € o: UN[O;42] # 0} satisfies both | JF C O;
and F' € F for any p-filter F. (|

Lemma 5. There are both a well-ordered chain {c,: o < A} C ¥ and a p-ultra-
filter F,, on every o, with the following properties for all o < 8 < X:

(1) ﬂJ’S c X

(2) 0a <7, 08;
(3) f. f C Fg;
(4) for any 0 € ¥\ {04: a < A} there is ag < A with =(04, <7, 7)-
PROOF: Let Fy be any p-ultrafilter on o, constructed in Lemma 4.

For some ordinal 8 assume o, and F, have been constructed for all o < 5. If
there is o € ¥ with o, <7, o for every o, then we put og = ¢ and embed the
p-filter Ua<ﬂ ]-" into some p-ultrafilter 5 on og. Otherwise A = 5 and the
proof is complete O

Denote f§ = fJs from now on.
Lemma 6. If a < 3 < A, then (VFj; C(F;.

PRrROOF: There is F € F, with ' < og by (2). For any G € F, we have
GNF € F,and GNF < og. But then J f§(G N F) € Fpg implies

NFs c [Ufg(GmF)} c [U GmF} [UG]
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Lemma 7. For any neighbourhood O of p there is « < A with (| F. C O.

PROOF: Let o be all maximal members of the family {U € B: U C O or U N
O = 0}. Then o € 3. For any o, with ~(0, <z, 0) we get 0,(0) € F,. Denote
T ={U €0,(0): VCU for some V €c}and § ={U € 0,(0): U CV for some
V € o}. Since B is weakly embedded, ¢,(0O) = wUJ. Since F, is maximal, then
either m € F, or 6 € F,. But if 7 € F,, then m < ¢ implies 0, <r, 0. Hence

6 € Fo and
N7 < [Usd] « [Ue0)]  [0lsx.
O

Lemma 8. The set B,(v) = (FiN (ﬂﬁe)\\a [Uos(v)]) is not empty for any
a<Aandv < 3.

PROOF: Let FF € Fy and let a < fp < -+ < B; < -++ < By < A be any finite
sequence of indexes. Our goal is to find by induction U € B so that U C | F
and U C |Jog, (v) and every i < n.

We may assume F' < 0g,, choose G; € Fp, so that G; < 0g,,, for each i <n
and put Gy, = 0g,. Then the sets Fy = f§ F NG and Fiy1 = f5° F;NGip
satisfy the following conditions: F; € Fp,, F; < Fiy1 and |J Fi41 C |J F;. For any
U, € F, we find U; € F; so that U, C U; to get the sequence

Ung...gUig---gUlgUoCUF

and put Ag = {og,,...,08,}, Og =0 and Wy = Up.
Let us construct for some m € w a sequence

UpCo- CUp1 =W CUI(V) U S+ CUo(v) ST C | F

of sets U; € 05,. Then A, = {03,,,,...,08,} and O, = {0g,,...,0s,} satisfy
the following conditions:
(1) ApNO, =0;
(2) Am @] @m = AQ;
(3) Wi cUF;
(4) Wy, CUo(v) for any o € O,
(5) for any o € A, there is U, € o with U, C W,,.

Let Q= {0 € Ay: Uy = Wi}

If A, #Q, then we put A1 = A \Qand 0,41 =0, UQ. Aso € Aypq
are nice, we can choose U, € o so that (WU,: 0 € Apmy1} N Wy (v) # 0. Then
U, C W,, implies U:, C Wi (v) by our construction. We define W, 11 to be the
maximal member of embedded sequence {U,: o € Ay,q1}.

If, finally, A,, = €, then W,, is as required. (I
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Lemma 9. The point p is a b-point in X.

PROOF: Define F, = {p,(v): a < A} for all v < 3, where p,(v) € By(v). By our
construction, F, C (| F§ C X* and for any neighbourhood O of p there is oo < A
with

{ps(v): BeA\a} C[)FacO.

Then the condition {ps(v): 8 < a} C [Uoa(v)] implies that the sets [F,]\ {p}
are pairwise disjoint and p € F,, for no more then one unique F,,. The other two
ensure that p is a b-point in SX. Our proof is complete. O
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