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On matrix points in Cech—Stone compactifications
of discrete spaces

A. GRYZLOV

Abstract. We prove the existence of (27, 7)-matrix points among uniform and regular points
of Cech—Stone compactification of uncountable discrete spaces and discuss some properties
of these points.
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The existence of weak p-points in w* = fw \ w has been proved by K. Kunen [K],
he proved the existence of ¢-OK-points in w*. In [G1], [Ga], the existence of so named
matrix points has been proved. Matrix points are ¢-0K-points and therefore are
weak p-points. In this article we discuss a problem of an existence of matrix points
in Cech-Stone compactification of an uncountable discrete space. By 7, we denote
cardinal and discrete space of cardinality 7, 37 is Cech-Stone compactification of
7 and 7" = 7\ 7. Denote by U(7) a set of uniform ultrafilters on 7 and let R(7)
be a set of regular ultrafilters on 7. Recall that the ultrafilter £ € 7 is said to be
regular, if there is a family ¢’ C &, |¢'| = 7 such that if ¢” C ¢ and |¢”| = w, then
Ne' =0.

We prove the existence of (27, 7)-matrix point in U(7) and R(7) (Theorem 1.4, 1.8)
for so named (27, 7)-independent matrix. These points are weak p-points, moreover
they are not limit points of subsets of 7* with countable Souslin number. We also
discuss some properties of these points.

Definition 1.1. An indexed family {A,5: @ € A\, 3 € o} of subsets of 7 is called
a (A, o)-independent matrix on 7 if
(1) for all distinct (1,32 € o and o € A we have that [A,g, N Ayg,| < w, and
(2) if a1,...,0n € X are distinct, then for all f1,...,8, € 0 |[{Aqp 14 <
n} =r.
It is well known that there is a (¢, ¢)-independent matrix on w [K], and the fine proof
of this fact is due to P. Simon. For cardinal 7,7 > w, we can prove the following

Lemma 1.2. There is a (27, 7)-independent matrix on 7 for 7 > w ([EK]).

ProOF: For all §, § < 7, let us denote S5 = {(d, K1, Ka, f) : K1,K2 C 6, K1, Ko

are finite, f € K;D(KI)}, where P(A) is a set of subsets of A.
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Letfor eTand Y C 1

Ay ={(6, K1, Ko, f) € S5 : K1 nY #0, K35 8, f(Y N K1) = B},

and
Ay[@ :U{Ag/ﬁ 10 < T}.

The family {Ayg : Y C 7,6 € 7} is a (27, 7)-independent matrix. Really, let
Y C7,01,02 € 7,81 # 2. Then Ay, N Ayg, = (), otherwise there is an element

(6, K1, Ka, f) such that K1 NY # (), Ko > 31, Ko 3 (2, and f € K;D(Kl) for

which we have f(Y N K1) = 1 and at the same time f(Y N K1) = (2. Now let
Y1,..., Yy, be distinct. We check that [[({Ay;g, : 7 <n}[ =7 forall f1,...,8, €.
There is a set C C 7, |C] < n such that sets Y; N C (i = 1,...,n) are distinct
and non-void. Then for all § < 7 such that C' C 6, {f1,...,0n} C C there is an
element (0, K1, Ko, f) defined as follows: Ky =C, Ko ={f1,...,0n}, f € K;)(Kl)
such that f(Y;N K1) =06; (i =1,...,n), and therefore the element (§, K1, Ko, f) is
a point of Ay;g, for alli =1,...,n. So, [[\{Ay,, : i <n}|=T. O

Note that by the proof of Lemma 1.2, a (27, 7)-independent matrix {A,g : a €
27,8 € 7} has the property:

for all distinct (1,02 € 7 and « €27

1/
( ) Aaﬁl ﬂAa52 = 0.

Further we will assume that the (27, 7)-independent matrix satisfies the prop-
erty (1').

Note that the system of sets {Ss: d < 7} defined in the proof of the existence of
(27, 7)-independent matrix has the following property:
for all distinct aq,...,an € 27 and (3q,..., 0y € T, there is §g € 7 such that for all
d €T, 00 <6,

([Aays, i <n})NSs = [{AS,5 i <n}#0.

The family {Ss : § < 7} we will call the basic family for a (27, 7)-independent
matrix {A,g:a € 27,8 € 7). A (27,7)-independent matrix {A,g:a € 27,8 € 7}
gives us a family {AZﬁ o € 27,8 € 7} of clopen sets of 7% = (7 \ T, where
AZﬁ = [Anplpr N 7*, with the following properties:
(1) for all distinct 51,02 € T and « € 27, we have that AZﬁl N AZﬁz =), and
(2) if ag,...,apn € 27 are distinct, then for all f1,...,0, € A

(AL s, i <n})NUE) #0.

The family {A7 ;: a € 27, 8 € 7} we will call the (27, 7)-independent matrix in 7*.
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Definition 1.3. A point x € 7" is called a (A, 0)-matrix point if there is a (A, 0)-
independent matrix as just defined, such that for any sequence I' = {U; : i € w} of
neighbourhoods of z there is B(I') C A with |B(I')| < A such that x € [[J{Aq,3,NU; :
i € w}], where {a; : i € w} C A\ B(I") are distinct and {3; : i € w} C 0.

The existence of (¢, ¢)-matrix points in w* has been proved in [K]. For 7 > w, we
will prove the existence of (27, 7)-matrix points.

We say that a family A = {C} of subsets of 7 (or closed subsets of 7*) is “good”
for a (27, 7)-independent matrix {A,g5: @ € 27,3 € 7} on 7 (or the matrix {AZB :
a € 27,3 € 7} in 7¥), if for any finite ' C ), distinct aq,...,a, € 27 and
Bi,....Bn €1, (N{C : C e X)) N (N{Anp;, 11 < n})| =7 (or (HC : C €
NH (N4, 5, i <n}) #0).

Theorem 1.4. There is a (27, 7)-matrix point in U(T).

PROOF: Let {AZB o €27 8 €7} be a (27, 7)-independent matrix in 7*. Index
the set of all clopen subsets of 7* as {W, : v € 27}, Wy = 7*. By induction, for
each v € 27, we choose a clopen set and a set By C 27 such that

(1) {Z, : v €27} is an ultrafilter of clopen subsets of 7*;

(2) By \U{B;s: 0 <~}| <wforally €27, and B, C B, for 7y < +/; for each
v € 27, let ¥y be a family of sets of the form (J{An,3, N Zy : i € w}, where
{o i€ w} €27\ B, are distinct, {f;:7 € w} C 7 and o; <y (i € w);

(3) for all § € 27, the family (J{Xy : v < 6})U{Zy : v < 0} is “good” for the
matrix {AZﬁ €2\ Bs,ferT}.

Define Zy = Wy = 7*, By = 0.

Suppose that § € 27 and By, Z have been chosen for all v < J. Define B(’; =
U{B~ : v < ¢}. For W;s, there is a finite K C 27 such that ((J{X, : v <d})U{Zy:
v < 0P U{Ws} (or (U{Ey :y <0} U{Zy:y <} U{r"\ Ws}) is “good” for the
matrix {A7 5 : o € 27\ (B§UK), 3 € 7}. Otherwise there is ) € 27, 7 < §, such that
(U{Zy v <n}HUu{Zy : v < n} is not “good” for the matrix {Afg:€2™\By B ¢€
7}, but this contradicts our assumption. If (J{X, : v < d})U{Zy : v < 8} U{W;s}
is “good” for {A} 5 : v €27\ (B§UK),( € 7}, then we define Z5 = W, otherwise
define Z5 = 7* \ W;, and define B; = B U K.

Let us check that {Z, : v < 0} and {B, : v < ¢} satisfy (3).

Let
(@) {Zyys---5Zy, 17 < 6} be a finite subset of {Z, : v < 4}, and
(b) {Vj:j=1,...,m} be a finite subset of X5, V; = U{A:;J_'ﬁj N Zﬂ ti€wl
(c) {Vi:k=1,...,1} be a finite subset of X./,7" < 6,V = U{Aafﬁf NZ:
i€ wls
(d) {A(’;pﬁp :p=1,...,q} be afinite family of sets of (27, 7)-independent matrix

{AZﬁ ta €27\ Bs, 5 €1}, where {ap : p=1,...,q} are distinct.
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Let us check that

(6Z”i)m (ﬁ v (VN (@Aapﬁp) #0.

7=1
For V1,...,Vy, from the family (b), we choose the subsets A:;l N Z‘Y-l cw,...,

Aam fm ﬂZ’Y{” C Vj, such that dil, ceey dlm are distinct and distinct from the indexes

{ap :p=1,...,q} of sets of the family (d).
Note that by construction, the family 3., U {Z, : v < 6} is “good” for {A(’;B :

a € 27\ Bg,B € 7}. By this remark and by choosing of indexes dll, LG we
have
n m l q
0 # (ﬂ Z’Yi) N (ﬂ(AagﬁAg QZ:YZ?)) N (ﬂ Vk,) N (ﬂ Aapﬁp) <
i=1 j=1 k=1 p=1
n m l q
(N Z)n (V)N (V) () Aays,)-
i=1 j=1 k=1 p=1

So, {Z, : v < 6} and {By : v < 0} satisfy (3). By the completing of the induction,
we obtain the systems {Zy : v € 27} and {B,, : v € 27} which satisfy (1)—(3). Let
us check that a point x = (({Z, : v € 27} is a (27, 7)-matrix point in 7%,

Let {U; : i € w} be a system of neighbourhoods of the point z. We can assume
that U; = Z,, (i € w). By (3), a set | J;{Aq,3, N Z~;} € Ly, where 0 = sup{y; : i €
w}, intersects any set Z, v € 27, so x € [U;{Aqn,3, N Zy;}]. Finally, it is easy to
see that = € U(7). O

A simple consequence of the definition of a matrix point is

Theorem 1.5. Let x be a (27, 7)-matrix point in 7 for a (27, 7)-independent
matrix {A} 5 a € 27,8 € 7}. Let {F; : i € w} be a family of closed sets in 7*, not
containing x. Suppose B C 27 and |B| = 27, and for any o € B there is 3 € T with
AN (U, F;) = 0. Then x ¢ [U{F; : i € w}].

Corollary 1.6. Let x € 7* be a (27, 7)-matrix point and {F; : i € w} be a family
of closed subsets of T* such that © ¢ F;, ¢(F;) < § and § < 7 for all i € w. Then

z ¢ [U{F; i €w}].
Corollary 1.7. Let z € 7* be a (27, 7)-matrix point. Then z ¢ [F| for any F' C 7*
such that x ¢ F and ¢(F) < w.

Let M = {A,3 : « € 27,8 € 7} be a (27, 7)-independent matrix on 7, and
a family A = {F'} of subsets of 7 is “good” for M. Then we construct a new matrix
M) in such a way.

Let N = {F, : a € 27}, where each F, is one of F' € )\, and for all F € A
[{Fy : Fo, = F}| = 27. Denote

M)\ = {A/O!ﬁ : A:Xﬁ :AaﬁmFa,OZ S 27—,6 S T}.
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We say that M) is a A-modification of M. It is easy to see that x € {[F]: F € A}.

Now let us discuss a problem of the existence of matrix points which are regular
points in R(7). Recall that a centered system of subsets of 7, £ = {4}, |¢| = T,
is called regular, if {A : A € &} = 0 for all countable ¢’ C &, |¢/| = w. An
ultrafilter x on 7, containing a regular system, is regular.

Theorem 1.8. There is a (27, 7)-matrix point in R(T).

PROOF: Let £ = {B}, [¢| = 7, be a regular system on 7, and let ¥ = {55 : 6 € 7}
be a basic family for a (27, 7)-independent matrix M = {A,3: a € 27,3 € 7}. For
B €&, denote g = |J{S§ : 6 € B}. The system n = {Xp : B € £} is a regular
system on 7 = [J{S§ : S5 € ¥}, and || = 7. The system n = {Ep : B € £} is
“good” for the matrix M; and let M, = {A:xﬁ :a € 273 € 7} be an p-modification
of M. A (27, 7)-matrix point x for M, is a regular one, since z € ({[Eg] : ¥p € n}.

O

Theorem 1.9. Let T'= {Py : v € 7} be a family of pairwise disjoint subsets of T,
and D = {xy : v € 7} be a discrete subset of 7* such that z € P} = [Py]g; \ 7.
Then there is a (27, 7)-matrix point in ([D];+ \ D) NU (7).

PRrROOF: Denote F' = ([D]r+ \ D) NU(7) and let B = {0} be a system of clopen
neighbourhoods of I in 7. For a (27, 7)-independent matrix M = {A,g : o €
27,8 €1} on T, note M' = {A] 5: Al 5 =U{Py:7€ Agpl,a€2", e} Ttis
easy to see that Bp is “good” for the matrix M’ and let MJ/BF be a Bp-modification
of M'. A matrix point z for the matrix MJ/BF is in F, so the theorem is proved. [

We can prove the same fact for regular points, namely

Theorem 1.10. Let T' = {P, : v € 7} be a family of pairwise disjoint subsets of
7, and D = {z : v € T} be a discrete subset of 7* such that xo € P]. Then there
is a (27, 7)-matrix point in ([D];+ \ D) N R(T).

PrOOF: Let M = {A,3 : a € 27,3 € 7} be a (27, 7)-independent matrix on 7,
¥ ={Ss:0 € 7} be a basic family for M, £ = {B} be a regular system on 7. As in
the proof of Theorem 1.8, denote ¥ = |J{Ss: 0 € B}, then n={Xp: B e} is
a regular system. For S5 € ¥, let Sg =U{Py : v € S5}, Eg = U{Sg : 6 € B}, for
B e ¢ Then nT = {XL : B € ¢} is a regular system. Denote M’ = {A:xﬁ : A;B =
U{Py:v€ Ayt €27, e} A family \ = n" UBp (Bp as in 1.9) is “good”
for M’, finally we construct a matrix point for a A-modification of M’. O

Note that from the previous theorems it follows
Corollary 1.11. There are 27 (27, 7)-matrix points in U(7) and R(T).
Theorem 1.12. x(x,7*) > ¢f27 for (27, 7)-matrix point in 7*.

PROOF: Let x(z,7*) < ¢f27, where z is a matrix point for a (27, 7)-independent
matrix {A,5:«a € 27,8 € 7}. Let By = {Oz} be a base in z, |B;| = x(x, 7). By
the definition of a (27, 7)-matrix point, for each Oy € By there is a set B,Oz c27
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such that Oz N Aqp # 0 for all o € 27\ B, and 3 € 7. Since 27\ U{Bg,_: O; €

By} # 0, there is ag € 27 \ U{Bp_ : Oz € By} such that A, 3N Oy # 0 for all
0 € 7 and Oy € By, but it is impossible. O
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