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Ergodic properties of contraction
semigroups in Ly, 1 < p < oo

RYOTARO SATO

Abstract. Let {T'(t) : t > 0} be a strongly continuous semigroup of linear contractions
in Lp, 1 < p < oo, of a o-finite measure space. In this paper we prove that if there
corresponds to each ¢ > 0 a positive linear contraction P(t) in L, such that |T'(t)f| <
P(t)|f| for all f € Ly, then there exists a strongly continuous semigroup {S(¢) : ¢t > 0}
of positive linear contractions in Ly, such that |T'(¢) f| < S(t)|f| for allt > 0 and f € Lp.
Using this and Akcoglu’s dominated ergodic theorem for positive linear contractions
in Ly, we also prove multiparameter pointwise ergodic and local ergodic theorems for
such semigroups.

Keywords: contraction semigroup, semigroup modulus, majorant, pointwise ergodic
theorem, pointwise local ergodic theorem
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1. Introduction and the main result

Let (X,X,u) be a o-finite measure space and let L, = Lp(X,%, pu),
1 < p < o0, denote the usual Banach spaces of real or complex functions on
(X, %, ). A linear operator T': L, — Ly is called a contraction if ||T]|, < 1,
| T||p being the operator norm of 7" in Ly, positive if 0 < f € L, implies T'f > 0,
and majorizable if there exists a positive linear operator P : L, — L, such
that [T f| < P|f| for all f € L,. Any such P will be referred to as a majorant
of T. It is known (cf. [5, §4.1]) that a bounded linear operator T in L, possesses
a majorant P when p = 1 or oco. But this is not the case when 1 < p < oco. The
Hilbert transform serves as an example in L, for all 1 < p < oo (see Starr [8]).
The following proposition is needed later, whose proof is omitted because it is
essentially the same as that of Theorem 4.1.1 in [5].

Proposition (cf. [5], Remark, p. 161). Let T be a bounded linear operator in
Ly, 1 < p < o0, and let P be a majorant of T'. Then there exists a unique positive
linear operator T in Ly, called the linear modulus of T', such that
) [I7llp < [IPlp,
(it) |Tf| < 7|f| for all f € Ly,
(il) 7f =sup{|Tg|: 9 € Lp, |g| < f} forall f € L;‘.

From now on let us fix p with 1 < p < co. Let {T'(¢) : ¢ > 0} be a strongly
continuous semigroup of linear contractions in Ly, i.e.
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(i) each T'(t) is a linear contraction in Ly,

(if) TH)T(s) =T(t+s) for all t,s > 0,

(iil) lmy—s || T(t)f —T(s)f|lp =0 for all f € L, and s > 0.
Since the operators T'(t) are not necessarily majorizable, it cannot be expected
that the semigroup {T'(t) : ¢ > 0} is majorizable by a positive semigroup, i.e.
there exists a strongly continuous semigroup {S(t) : ¢ > 0} of positive linear
operators in Ly such that |T'(t) f| < S(t)|f| for all t > 0 and f € L;,. But if each
T'(t) possesses a majorant P(t) such that ||P(t)|, < 1, then we can prove the
following main result in this paper.

Theorem 1 (cf. Theorem 1 in [7]). Let {T'(t) : t > 0} be a strongly continuous
semigroup of linear contractions in Ly, 1 < p < co. Suppose each T'(t) possesses
a majorant P(t) such that ||P(t)||, < 1. Then there exists a strongly continuous
semigroup {S(t) : t > 0} of positive linear contractions in Ly, called the semigroup
modulus of {T(t) : t > 0}, such that
() |T(t)f| < S(t)|f| for allt >0 and f € Ly,
(i) S@t)f =sup{7(t1)...7(tn)f: D> iqti=t, t; >0, n>1} forall f € L;‘,
where 7(t) denotes the linear modulus of T'(t),
(iii) 7(0) = strong-lim; ,40S(t), where 7(0) denotes the linear modulus of
T(0) = strong-lim;_, 4 o7'(¢).

PrOOF: For an f € L;‘ and t > 0, define

(1) St)f =sup{r(t1)...7(ta)f: Y _ti=1, t; >0, n>1}.

i=1

Since [|7(t)||p < [[P(#)]lp < 1 and 7(t)7(s) > 7(t+s) > 0 for all ¢, s > 0, it follows
that

(2) 1SNy < 1 f1lp
and that
(3) S(t)(cf) =cS(t)f and S(t)(f+g)=5S{t)f+5(t)g

for a constant ¢ > 0 and f,g € L;‘. Thus we may regard S(t) as a positive linear
contraction in Ly. From the definition of S(t) it easily follows that

(4) S(t)S(s) =S(t+s) forall ¢s>0.

Since (i) is clear, to complete the proof it is enough to establish (iii), because
(iii) together with the fact that [|S(t)||, < 1 for all ¢ > 0 implies that for every
f€Lyands>0

Jim [1S(s)f = S(s+ 0 < T [1SGs = Ol IS@)F = S0

< Jim) (IS@F =) fllp + [1S@2t)f = 7(0)f[lp) =0,
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and similarly lim; 4 o||S(s)f —S(s—1t)fllp = 0; namely, {S(t) : ¢ > 0} is
strongly continuous at each s > 0. For this purpose we first remark that 7'(0) =
strong-lim;_, 1 97'(t) exists. This is due to Lemma 1 in [6], because Ly, is a reflexive
Banach space and ||T'(t)|, < 1 for all ¢ > 0.

We next show that the linear modulus 7(0) of T(0) exists. To do this, define

(5) P(0)f =sup{|T(0)g|: g € Ly, |g| < f} for feL}.

Since limy—, o||T'(t)g — T'(0)g||p = 0, it follows that there exists a sequence {t,}
of positive reals with ¢, | 0 for which

T(0)g =1limT(t,)g a.e. on X.
n

Then
|T(0)g| < lirr%infT(tn)|g| < limninfT(tn)f a.e. on X.

Since there are countable functions g; € Ly, 1 < p < o0, such that |g;] < f and
P(0)f = sup,; |T(0)g;| a.e. on X, we apply the Cantor diagonal argument to infer
that there exists a sequence {t,} of positive reals with ¢, | 0 for which

P(0)f <liminf7(ty,)f a.e. on X.
n

Then, by Fatou’s lemma,
(6) 1P0) fllp < timinf ||7(tn) fllp < Ifllp  (f € Ly)-
It also follows from the proof of Theorem 4.1.1 in [5] that if {Bj,...,Bpy} is

a finite measurable partition of X, then

m

(7) >_ITO)(1p.f) < PO)f ae. on X,

i=1

where 1p, denotes the indicator function of B;. Thus we see, as in the proof of
Theorem 4.1.1 in [5], that the linear modulus 7(0) of T'(0) exists. (Incidentally
we note that 7(0)f = P(0)f for all f € L)

To prove (iii), let f € L;‘ be fixed arbitrarily, and given an ¢ > 0 choose
9i € Lp, 1 < i <, so that

lgil < f and [|7(0)f — max |T(0)gilllp < e
Since T'(0) = strong-limy_, 1 (7T'(t), choose § > 0 so that

0<t<¢ implies [|[T(0)g; —T()gillp <e/n (1<i<n).
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Then, putting hg = max; |7'(0)g;| and hy = max; |T'(t)g;| for t > 0, we get
|ho — ht| < max |T'(0)g 92|<Z|T )il

and hence |[hg — h¢llp < D ity |1T(0)g; — T'(t)gillp < € for 0 <t < 4. Thus
17(0).f — max|T'(#)gilllp < [7(0)f = hollp + [lho — hellp
<e+e=2e for 0<t <9,

and since S(t)f > 7(t)f > max; |T'(t)g;|, it follows that
(T(0)f = SMF)T < (7(0)f — max T (t)g;]) "
This yields
I(r(0)f = S@F) T llp < 1(7(0)f — max [T (t)gil) [l < 2¢
for 0 < t < §. That is,

(8) lim [[(7(0)f — SOy = 0.

t—

On the other hand, since T'(¢)T'(0) = T(0)7T'(t) = T'(t) implies 7(¢)7(0) > 7(t)
and 7(0)7(t) > 7(t), it follows that

(9) St)r(0) > S(t) and 7(0)S(t) > S(t) for all t > 0.

Therefore

(10) (T0)f = S@)f)~ < (r(0)f = S®)T(0)f)~
<|r(0)f = S®)T0)f]

and

(11) (7(0)f = SH)T(0) /)T < (7(0)f = S@H) )T

(12) lim [[7(0)f = (S®)7(0)f AT(0)f)llp = 0,

t——+0
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whence

(13) Jm [ (S@TO)f A(0)£) dp = |0 f-

‘We now use the relations

[S()T(0)f = (S(1)7(0).f AT(0))]
(SHT0) )P — (SE)T(0)f AT(0)f)P (because 1 < p < o0)

0

IA A

and

/(S(t)T(O)f)p dp < [|[7(0)f|;  (because [[S(t)]lp <1)
together with (13) to see that

(14) lim [|S(#)7(0)f — (S#)7(0)f AT(0)f)llp = 0.

t—+0

Hence by (12), lim;—.40]|7(0)f — S(¢)7(0) f||p = 0; and (10) gives
(15) Jm [[(7(0)f = S®)" Mlp < i lI7(0)f = SE)7(0)f]lp = 0.

This and (8) imply that lim¢yo[7(0)f — S(¢)f[lp = 0 for all f € L}, completing
the proof. ([

2. An application

Theorem 2 (cf. Theorem VIIL.7.10 in [3] and Theorem 4.3 in [4]). Let {T;(t) :
t > 0}, ¢ =1,...,d, be strongly continuous semigroups of linear contractions
in Lp, 1 < p < oo. Suppose each T;(t) possesses a majorant P;(t) such that
| P;(t)|lp < 1. Then for every f € Ly, the averages

A(ua, ..., uq)

f(z)
(16) /0“1. § /Oud Ty(t) ... Ty(ty)f(z)dty ... dig

1
uy...uq

converge a.e. to T1(0)...T4(0)f(x) as max; u; — 0, and also they converge a.e.
to E1...E;f(z) as min; u; — oo, where E; is the operator in L, defined by

—>OOb

1 b
E f= blim —/ T;(t)fdt in Ly-norm.
0

PRrROOF: We first show that the function

(17) ff@)= sup  [A(u1,...,uq)f(z)] (2 €X)

UL ,eeyUg >0
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is in L and satisfies | f*[|p < (/(p — 1))7|flp-
For this purpose let {S;(¢) : ¢ > 0}, 1 < ¢ < d, denote the semigroup moduli of

the semigroups {T;(¢) : ¢t > 0}, 1 < i < d. Write for u >0 and 1 <i <d,

Awf@) =5 [T ad B = [ Sl

|A4i(u) f(2)] < Bi(u)|f|(z) ae. on X

sup B;(u)|f[(z) = sup Bj(u)|f[(x),
u>0

where QT denotes the set of positive rationals, and for every u € Q

Bi(u)|f| = lim

n—oo u(n!)

Z Si(m/n!)|f| in Lp-norm,

m=0

it follows from the Cantor diagonal argument that there exists a subsequence {n'}
of the sequence of positive integers such that

sup B;(u)|f|(z) < liminf f /(z) a.e. on X,
u>0 n'/—oo

where
k—1

fin(x) = sup - ZS (m/nh)[fl(x) (n=1).

Thus, by Fatou’s lemma and Akcoglu’s dominated ergodic theorem [1] for positive
linear contractions in L, with 1 < p < oo,

.. b
(18) (| sup B; (u)[f[(@)llp < Uminf || £ ]lp < ——[flp-
u>0 n’—oo p—1

Now, the equality A(uy,...,uq)f = A1(u1)... Ag(ug)f implies
fz)=sup [A1(u1)...Ag(uq)f(2)|

UL ,...,ug >0
< sup  Bi(u1)...Bg(ua)lf|(z)
UL y..,ug >0

< sup  Bi(u1)...Bg—q1(ug—1) (ig%Bd(u)lfD(UC)’

UL y.eytbg—1>0

and hence by induction

d—1 d
* p p
) s (G2) lswBaAl < (525) 161
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We apply (19) to infer that the averages A(ui,...,uq)f(z) converge a.e. to
T1(0)...T4(0)f(z) [resp. E1...E;f(x)] as max; u; — 0 [resp. min; u; — o0, as
follows.

We use an induction argument. Since the set

b
M= {%/O Ti(t)g(z)dt +h:b >0, T1(0)g = g, T1(0)h:0}

is dense in Ly, there exists a sequence {fp} in M such that limy, || f, — f]lp = 0.
Since fn, € M implies

limOAl(u)fn(:v) =T1(0)fn(x) a.e.on X,

u—+

it follows that the function

(20) Fz) = liuIing) [A1(u) f(z) = T1(0)f (2)] (2 € X)

satisfies

F(x) < Timsup [Ay (u)(f — fa) () = T10)(f — fn) (@)

u——+0

< i‘;%|A1(U)(f — fu)@)| + [TL(0)(f = fa)(@)]-

Thus »
1Fllp < pT1Hf — fallp +1If = fallp — 0 (n — o0).

We get F(x) =0 a.e. on X and hence limy,—, 1 gA1(u)f(x) = T1(0)f(x) a.e. on X.

Next, since Ly, is a reflexive Banach space, we see by Eberlein’s mean ergodic
theorem (cf. [5, Theorem 2.1.5, p. 76]) that there exists a projection operator
Eq: Lp — Lp for which

Eif = lim Aj(u)f in Lp-norm,
U—0o0
and that the set
M~ ={g+ (h—Ti(s)h): s >0, Ti(t)g=g forall t>0}
is dense in Ly. If g+ (h — T1(s)h) € M~, where Ty (t)g = g for all ¢ > 0, then
A@)g + (h - Ta(s))(x)
1

o+ & [mon@a- | T R Ohe) .

u Jo U
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and L s
lim —/ Ty (t)h(z)dt =0 a.e. on X.
u—0o0 U 0
Letting n = [u] be the integral part of u and k be an integer such that s < k — 1,
we have

‘l/uwsTl(t)h(x) dt’ < %/H S1(t)[hl(z) dt

u u

n+k
l/n ! Sl(t)|h|(x)dt=%Sl(n)hN(x)a

n

IN

where .
h~(x)=/0 SO dt (e X).

Define the functions

o
1 - P
(21) Hu(z)= Y (Esl(m)h (ac)) (z € X).
m=n
Clearly we get Hp, > Hp41 > --- >0 and
[o¢] o0
/ Hydu= 3" mP|simh~ 5 < (32 m?) A5 — 0 (n - o0).

m=n m=n
It follows that lim, Hy(x) =0 a.e. on X, and

) 1 u+s . 1 N

Jim | /u T1(t)h(z) dt} < lim ~Si(n)h(2) =0

a.e. on X. This proves that

lim Ay (u)[g + (h = T1(s)h)|(z) = g(x) = Exlg + (h — T1(s)h)](z)

U— 00

a.e. on X. Using this and the density of M~ in L, it follows as before that the
function

(22) F(z) = limsup [Ay (u) f(z) — E1f(z)] (z € X)

U— 00

satisfies F~ = 0 a.e. on X. Thus limy .o A1 (u)f(z) = E1 f(x) a.e. on X.
We then use the relation

Au, ... ug) f = Alug, - ug—1)Aq(uq) f
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to complete the proof. Since the functions

(23) [ (u;z) = sup [Aq(r)f(z) = Tg(0)f(z)| (z € X)
0<r<u
satisfy
0< f~(v;z) < f(u;x) € Ly for 0 <v<u
and
li “(uyx) = e.on X
u_l)Iﬂl_Of (u;2) =0 a.e.on X,
and since

Aug, ... ug)f —T1(0)... T4(0)f
= A(u, ..., ug—1)[Aq(uq) f — T4(0)f]
+ [A(u1, -+ ug—1) = T1(0) ... Ty_1(0)](T4(0) f),

it follows from the induction hypothesis that the function

(24) G(z)= limsup |A(ug,...,uq)f(z) —T1(0)...T40)f(x)] (z€ X)

u1V---Vug—0

satisfies

G(z) < lim sup |A(ut, ..., ug—1)[Aq(uq) f — Ta(0) f1(2)]

u1V---Vug_1Vug—0

< sup  Bi(u1)...Bg_q1(ug—1)f" (ug;-)(x)
ULy Ug—1>0

a.e. on X. Hence we get |G|, < (p%l)d_lﬂf”(ud; J|l[p — 0 as ug — +0, by the
Lebesgue dominated converge theorem. This implies that A(uq,...,uq)f(x) —
T1(0)...74(0)f(z) a.e. on X as max; u; — 0.

Essentially the same proof can be applied to infer that A(uq,...,ug)f(x) —

Ey...E;f(x) a.e. on X as min; u; — oo, and hence we omit the details. O

3. Concluding remarks

(a) In Theorem 1 the hypothesis that {T'(¢) : t > 0} is a contraction semigroup
cannot be omitted. In fact, given an £ > 0 there exists a strongly continuous
semigroup {T'(t) : t > 0} of bounded linear operators in Ly, 1 < p < 0o, such that
each T'(t) possesses a majorant P(t) satisfying || P(¢)||p < 1+¢ and also such that

i {|(r(1/m)™ | = oo,

where 7(1/m) denotes the linear modulus of T'(1/m), m > 1. An example can be
found in [7].
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(b) In Theorem 2 the hypothesis that each T;(t) possesses a majorant P;(t)
such that | P;(t)||p < 1 cannot be omitted. In fact, there are negative examples for
p = 2. More precisely, Akcoglu and Krengel [2] constructed a strongly continuous

semigroup {7T'(t) : t > 0} of unitary operators in Lo with T'(0) = identity such

that the averages + Jo' T(t)f(x)dt diverge a.e. as u — +0 for some f in Lo.

Essentially the samg idea can be applied to construct another strongly continuous
semigroup {7T'(t) : t > 0} of unitary operators in Lo with T'(0) = identity such
that the averages %f&‘ T(t)f(z)dt diverge a.e. as u — oo for some f in La. See
also [5, pp. 191-192].
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