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Support prices for weakly maximal programs
of a growth model with uncertainty
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Abstract. We consider an infinite dimensional, nonstationary growth model with uncer-
tainty. Using techniques from functional analysis and the subdifferentiation theory of
concave functions, we establish the existence of a supporting price system for a weakly
maximal program.
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1. Introduction

One of the main problems in growth theory is that of characterization of op-
timal programs by a system of competitive prices. In this paper, we address this
problem for a general growth model with uncertainty. There is uncertainty in
both the production technologies and the utility functions. Suppose that a cer-
tain program (growth path) is optimal according to a given utility criterion. We
ask the question: “does there exist a price system such that for the optimal pro-
gram producers maximize their profits, while consumers maximize their utility?”
The first to consider this problem for growth models with uncertainty were Rad-
ner [9] and Jeanjean [6]. Jeanjean’s model is a stationary Markov model with
a given transition probability and the “Lagrange multipliers” that he produces do
not have an immediate economic interpretation. Radner’s model is stationary (i.e.
the probabilistic structure is unaffected by economic decisions). His model was
extended further by the fundamental works of Dana [3] and Zilha [15]. All these
works generate “Lagrange multipliers” which have interpretation as prices, but
the uncertainty in all these models is stationary and the commodity space is R".
Here we consider a nonstationary model with an infinite dimensional commodity
space. For such a general model, using techniques for the subdifferentiation the-
ory of concave functions, we show that the optimal program can be sustained by a
system of prices such that: (i) we have maximization of the expected intertempo-
ral profit; (ii) also we have minimization of the expected cost among all programs
producing no less utility; (iii) the expected value of the difference between a pro-
gram with finite future gains and the optimal program has a nonnegative limit
superior (weak transversality condition).
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Our approach is based on an induction argument and the extension to the
Lebesgue-Bochner space L™ (X) of the Yosida-Hewitt theorem, due to Levin [7].

2. The model

Let (2, X, 1) be a complete probability space. Each w € €2 represents a possible
state of the environment, ¥ is the collection of all possible events and p(-) is the
probability distribution of the states. Let Ng = {0,1,2,...} be our time horizon.
So our model is a discrete-time, infinite horizon model. The uncertainty about the
states is described by an increasing sequence {3,},>1 of complete sub-o-fields
of X. As usual X, represents the information about the states available up until
time n.

The commodity space is modelled by a separable reflexive Banach space X
which is ordered by a nonempty, closed and convex cone X. In the recent
years several mathematical economists, in particular those working on equilibrium
theory, have considered models with an infinite dimensional commodity space (see
the book of Aliprantis-Brown-Burkinshaw [1] and the references therein).

The production technology available at time n is described by a multifunction
Py 2 Q — 2X%X\ {(}, which is ©,,-graph measurable; i.e. GrPy, = {(w,z,y) €
Ax X x X :(z,y) € Po(w)} € ), x B(X) x B(X), with B(X) being the Borel
o-field of X. So P, (w) describes all possible transformations of capital at time n,
when the state of the environment is w € . Thus (z,y) € P,(w) means that with
the technology available at time n, we can transform a capital input = at time n—1
into a capital output y at time n. Note that the uncertainty in the production
technology is manifested in the hypothesis that GrP, € ¥, x B(X) x B(X).

Also at every time instant n > 1, we are given a function u, : Qx X x X — R =
R U{—o0}, describing the utility (social satisfaction) achieved by the economy at
time n when the state of the environment is w € Q and the input-output pair is
(z,y). Again the uncertainty in the utility function is embedded in the hypothesis
that up (-, -, ) is 3y, X B(X) x B(X)-measurable.

A “program” is a discrete-time stochastic process ky : @ — X such that for
alln >0, k, € L°(X,, X). We say that a program k = (kp)p>0 is “feasible”, if
(kn—1(w), kn(w)) € Pyp(w) p-a.e. and ko(w) = To(w), where Tg(-) € L>®(Xg, X) is
the initial capital stock.

Since we are not discounting future utilities, their sum over time may diverge
and so we realize that the standard strong optimality criterion is not appropriate
here. Instead, we use the weak maximality criterion, first introduced by Brock [2]
in the context of a deterministic growth model. According to this criterion pro-
gram {kp},>0 is “weakly maximal”, if it is feasible and for any other feasible

program y = {yn}n>0 We have

N—oo

N
lim / 3 (@, g 1©), ¥ (@) = (@, kn1 (@), kn (@) dp(w) <0,
Qn—l
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i.e. (kn)p>o is weakly maximal, if no other feasible trajectory weakly overtakes
it.

By a “price system”, we understand a discrete-time stochastic process pn :
Q — X* such that p, € LY(Z, X*), pp > 0 (i.e. pp(w) € X7 p-ae. with X7 =
{z* € X*: (*,2) > 0 for all x € X}, the positive dual cone of X1). Our goal
is to characterize weakly maximal programs using a system of support prices. We
will do this using a normalized value (Bellman) function and techniques for the
subdifferential theory of concave functions. Recall that if g : 7 — R = RU {—oc}
is concave, then its subdifferential at € X is defined to be the set dg(x) = {z* €
X*:9(y) —g(z) < (z*,y —x) for all z € X}.

Now let us state the precise mathematical hypotheses on the data of our model.
Hy: P - Q — 25XXX\ [P} is a multifunction with closed and convex values,

such that GrP, = {(w,z,y) € AxX Xz : (z,y) € Pp(w)} € Ty x B(X)X
B(X) and if (z,y) € Pp(w) and z < 2’ (i.e. 2/ —z € X4), then (2/,y) €
Pp(w).

Hypothesis Hi is very common in models of economic growth. Note that
the multivaluedness of the map Py, (-) implies that the input does not uniquely
determine the technologically possible output, a feature consistent with the nature
of most economic process. Also the convexity requirement follows from the well-
known “law of diminishing returns”. The last requirement in hypothesis Hj is
a free disposability assumption.

Hs: Up 1 2x X x X = R=RU{—o00}, n > 1, is an integrand such that

(o) up(-,-,-) is By x B(X) x B(X)-measurable,

(8) up(w,-,-)is us.c. and concave,

(7) fOI' every (.’I],y) € LOO(EN—]JX) X LOO(E7MX)7

In(z,y) = [qun(w,z(w),y(w)) du(w) is finite,
(0) if (z,y) € Pp(w) and o < 2/ (ie. 2/ — 2z € X4), then up(w,z,y) <
Un (w7 x/u y)

Since we have undiscounted utilities, we have to normalize them to get an
appropriate value function, when the expected value of the sum of utilities does
not converge. In what follows by Sy, (v) we denote the set of all feasible programs
that originate at time n from the capital stock v € L*(Z,, X). Let {bn}n>1 be
a sequence of real numbers and x € Sy, (v). We define -

N
)= lim > (Jplwp_1,25) — by)
N—>ook:n+1

where recall that Jy(z,_1, ;) = [q uk(w, 251 (w), 2(w)) du(w). Using b (), we
can define the following value function:

BZ(’U) = sup {{Z(x) (T € Sn(v)} )
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We consider only sequences {by, },>1 for which BS(TO) is finite. Brock [2] calls
such sequences “good”, while Takayama [11] uses the term “eligible”. If {ky, },>0
is a weakly maximal program, then the natural choice of a good sequence is
{bn = In(kn—1,kn)}n>1. In that case, we denote the value function by By, (+). It is
this function that we will be using in the proof of our main theorem (see Section 4).
However to define a value function we do not need an a priori knowledge of
a weakly maximal program.

From the above definitions we see that if {by, },,>1 is good and (v, w) € L>®(Zy,, X)
x L®(Zy41, X) are such that (v(w), w(w)) € Ppi1(w) p-a.e., then

Tn1(0,w) = b1 + By 4y (w) < B (v)

and in fact, we have
Bb(v) = sup | Jpp1 (v, w) — byp1 + Bg+1(w) cw € Hpy1(v)

with Hpy1(v) = {w € L®(Zp11,X) : (v(w),w(w)) € Pry1(w) p-a.e.}. This is
the well-known “Bellman dynamic programming equation”.

3. Some auxiliary results

In this section, we have collected some auxiliary results that we will need in
the proof of our main theorem in Section 4.

The first result actually tells us that every weakly maximal program solves the
dynamic programming equation.

Proposition 3.1. If {z,},>0 is a feasible program and {b,},>1 is a good se-

quence and 58(2) = Bg(io), then B (z) = Jni1(2n, 2ni1) — bny1 + Bg+1(zn+1)
for all n > 0.

PROOF: Since by hypothesis 58(2) = BS(EO), we have

N
Bi(@o) = lim > (Je(zk-1,2k) — bi)
N—>ook:1
ntl N
Z Ti(zh—126) —bp) + Im > (Jp(ze—1,2%) — by)
k=1 N_)OOk:n+2

+
= (Je(zh-1,2) — be) + 41 (2)
k=1

n+1

< Z(Jk(Zk—L 25) — b)) + BE 1 (zng).
=1
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Also for any feasible program {vy },>0 such that v, = 25, for k =0,1,2,...,n, we
have
n+1
£0(v) = BY(@o) < Y (Ji(zk—1.21) = bx) + By g1 (n+1)
k=1
n n+1
=) (Jr(vk—1,v8) = b) + E4(0) <D (Je(zk-1, 2k) — bi) + Bhi1(2nt1)
k=1 k=1
n n+1
=Y (Jr(zh=1,2k) = b)) +E5(0) < D (Jlzr—1, 2) — bi) + Bl 1 (2n41)
k=1 k=1

= fg(v) < Jn41(2ns Zng1) = bp1 + BZJ,-l(Zn-i-l)-

Since {vn}n>0 was an arbitrary feasible program such that vy = z; for k =
0,1,2,...,n, we get

B (2n) < Jng1(2m, zn41) = bog1 + Bhi1 (zny1).

Now recall that the opposite inequality is always true (dynamic programming
equation). So we conclude that

B} (21) = Jnt1(2n, 2n11) = bug1 + Bhy1(zns1)-

Remarks.

(i) Note that if {kp}p>0 is a weakly maximal program and
{bn = Jn(kn—1,kn)}n>1 then we automatically have 58(k:) = Bg(io). Also
recall that from the definition of weak maximality, we have that {by},>1
is good. a

(ii) If for a feasible program {zp},>0 and for a good sequence {by, },>1 we have
08(2) = BY(To), then {2, },>0 is weakly maximal. Indeed let v € So(Tp).
We have lim oo S8 (Ji (Vk—1, Vi) — T (-1, 2)) < Lim STy (g (ve—1, vp)—
) = lmy oo SR k() = b <
Bg(io) - 58(2) = BS(TO) - Bg(io) = 0. Since v € So(Tp) was arbitrary,
we conclude that {z},>¢ is weakly maximal.

Using hypotheses H; and Ha, we can easily see that for any good sequence
{bn}n>0 the value function BY(-) is concave for every n > 0. In particular, By(-)
is concave for every n > 0 (recall that By, = Bg with by, = Jp(2n—1,2n), n > 1,
for a weakly maximal program {zp},,>0). It should be noted here that to get the
concavity property of the value function, it is crucial that in its definition we use
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the limit inferior. By 0By, (-) we denote the concave subdifferential of By,(-); i.e.
for any v € L>®(Xy, X) we have

(v) ={p € L=(Zn, X)" : Bn(2) — Bn(v)
<p(z—v) forall ze€ L®(Z,, X)}.

We will make the following hypothesis concerning the above subdifferential:

Hg: for every n > 0, the value function By(+) is continuous at some point w
in L*°(¥,,X) for which there exists v € L*°(X,_1,X) such that
(v(w), w(w)) € Pp(w) p-a.e. (or equivalently intdom B, NI, # 0,
where dom B, () = {v € L®(E,,X) : —0 < Bp(v)} and T, =
{(v,w) € L®(Ep_1,X) x L®(E,, X) : (v(w),w(w)) € Pp(w) p-a.e.}
(see Section 4)) and 0By (Tg) # 0.

From the definition of 9By, (), we see that we have a problem. The dual space
L™ (%, X)* is strictly bigger that L!(2,,, X*), while by definition prices belong in
LY (2, X*). To remedy this, we will use a decomposition result due to Levin [7],
which in turn extends a classical theorem of Yosida-Hewitt [14].

A functional p € L®°(X,, X)* is said to be “absolutely continuous” with respect
to u(-), if there exists ¢ € LY(X,,, X*) such that

plz) = /Q (4(w), 2(w)) dp(w)

for all z € L""(En7 X). In the sequel, by (-, -) we will denote the duality brackets
for the pair (L1 (%, X*), L""(En7 ))- So for every q € LY(Zy, X*) and for every
z € L™(Xy,, X), we have ( = Jo(a( ) dp(w).

On the other hand, a functlonal pE LOO (En, X)* is said to be “singular” with
respect to p(-), if there exists a sequence {Ci, }m>1 € Xy such that

() Cy1 C Gy for allm > 1,

(8) w(Cpm) L 0asm — oo,

(v) p(z) = p(xc,,x) for all m > 1 and all x € L*°(X,, X); i.e. the sets Cp,,

m > 1, support the singular functional p(+).

The decomposition theorem of Levin [7] is the following:

Proposition 3.2. Every functional p(-) € L*°(Xy,X)* admits a unique de-
composition p = p® + p%, with p®(-) being absolutely continuous with respect
to p(-) and p°(-) being singular with respect to u(-). In addition, we have
11l = llp*Il + [lp*]-

Remark. The result is true for any Banach space X not necessarily separable
and/or reflexive. In this case, the function ¢(-) corresponding to the absolutely
continuous part p®(-), belongs in L(,,, X.); i.e. for every 7 € X, w — (q(w), z)
is measurable (w*-measurable) and ||¢(-)|| € L'(2,)+. For further details we refer
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to the paper of Levin [7]. In the sequel for simplicity, we will identify the absolutely
continuous part with the L!(X,,, X*)-function corresponding to it.

The next auxiliary result is also interesting by itself as a general functional
analytic result. Let 7 denote the Mackey topology on L*°(%,,, X) induced by the
pair (L®(Zy,, X), LY(Z,, X*)). From the Mackey-Arens theorem (see for example
Wilansky [13, p. 133]) we know that 7 is the topology of uniform convergence on

the weakly compact, convex subsets of L1 (2, X*). Finally by ﬁ», we will denote
the convergence in u-measure.

Proposition 3.3. If {gm,g}m>1 € L®(Zn, X), |gmllecc < 0 and g, £, g as
m — 0o, then gm — g in L= (X, X) as m — oo.

PROOF: Let W be a nonempty, weakly compact and convex subset of the Lebesgue-
Bochner L(2,, X*). From Theorem 4, p. 104 of Diestel-Uhl [4], we have that
W is uniformly integrable. Hence the set {v = || f|| - [|w|]| € LY (Zn) : ||flloo <
0, w € W} is uniformly integrable in L!(3,) and so given ¢ > 0, we can find
¢ € LY(Xy), ¢ > 0, such that for all ||f|lec < 6 and all w € W, we have

[ @) - lw(w)l du(w) <e.

{If - lwl=z e}
Without any loss of generality, we will assume that ¢ = 0 and that for all
we W, w1 = [ ||lw(w)] du(w) < 1. We need to show that

Jim s [ @) e dute) =0,
{llgml-llwl<e}

Note that {w € Q : p(w) = 0} = ,50lw € @ : p(w) < n}. Thus we can
find v > 0 such that f{¢<,y} p(w) du(w) < e. Choose § > 0 so that if A € ¥,

and p(A) < 6, then [, p(w)du(w) < e. Let 0 < 3 < min(e,d). Since by

hypothesis g, £, g, there exists mg > 1 such that for all m > mg we have
p{w € Q:p(w) >, [lgm(w)|| > B} < B. Hence for m > mg and for all w € W,
we have

lgm ()| - [lw(w)] dp(w)
{llgml-llwll<eIn{e=7}n{llgm |26}
< [ @) < -
{e27in{llgm 128}
Note that for all m > mg and all w € W, we have
[gm (@)l - lw(w)] dp(w) < 8.
{llgm <8}
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So for all m > mg and all w € W, we can write

()] )] die)

{llgmll-llwll<e}

- / lam(@)] -] due)
{lgmll-[wl<e}n{e=v}in{llgm (125}

+ / llgm (W) - lw(w)] dp(w)
Hgm lI-lwll<e3n{e<y}{llgmlI<B}

<et+ete=3¢

= Jim s [ ga@)] )] datw) =0
{llgml-llwll<e}

:>9ng as m — 0oQ.

4. Support prices

In this section we state and prove our main theorem, which establishes the
existence of support process for a given weakly maximal program.
To this end, we define 37" : L (3, X) x L®(X,41,X) — L®(Xp, X) by

BT (f,g) = f (i-e. projection on the first component)
and 7 : L®(Sy, X) x L®(Sp11, X) — L%(Spe1, X) by
B85 (f,9) =g (i.e. projection on the second component).

Then we can easily check that B{L* L (E,, X)* — L%, X)* X L® (X1, X)*
and BY" 1 L®(Xp41, X)* — L®(2y,, X)* x L®(Xp41, X)* are defined by

B (v*) = (v*,0) and B (w*) = (0,w").

Alsolet I'yy1 = {(f,g) € L™(3n, X)X L®(Zp41, X) : (f(w), 9(w)) € Prg1(w)
p-a.e.}. So 'y 1 is the set of all possible transformations of capital stocks between
times n and n+ 1. It is clear from hypothesis H; that I',, 41 is closed and convex.
By dr,,,, we will be denoting the indicator function of I',41; i.e. dr, |, (y,2) =0
if (y,2) € Tppy1 and o, (y,2) = —oc otherwise. This is an u.s.c. and concave
function.
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Theorem 4.1. If hypotheses Hy, Ho, H3 hold, {kn},>0 is a weakly maximal
program and for every n > 0 there exists some é, € L®(Zp, X), én(w) € X4
p-a.e. such that Jp+1(kn, knt1) < Jn+1(kn+én, kn+1), then there exists a system
of nonzero prices pp, € L*(Xy,, X*) such that

(1) Bn(v) — {pn,v) < Bp(kn) — (pn,kn) for all v € proj;T'pny1 = {y €
L>(%,, X) : there exists z € L°>°(Xy,11,X) such that (y,z) € Tpy1},

(2) Jnt1(f,9) = (pn, )+ Pnt1,9) < Int1(kns knt1) = (Pny kn) + (Png1, knt1)
for all (f,g) € Tns1,

(3) ify € SO(EO)Ed limpy_, Zévzl(‘]n(yn—layn) - Jn(kn—lakn)) > —0Q,
then we have limy, o0 (P, Y — kn) > 0.

PROOF: Let 7' : L®(Zy,, X) x L®(Zp41,X) — R = RU {—o0} be defined by
A = Bp o B and 7% : L®(Xp, X) x L®(Zp41,X) = R =RU{—00} be defined

by 75 = Jn+1 — bny1 + Bny10 8y +90r,,,, where

bpt1 = fQ Unt1(W, kn (W), kpt1 (W) dp(w) = Jpg1(kn, knt1) € R (see hypo-
thesis Hy). Clearly from the above definitions, for every (f,g) € L*®(Z,, X) %

©(Xp+1,X), we have
5 (f,9) <1 (f.9)

while from Proposition 3.1 (see also Remark (i) following the proof of that propo-
sition), we have

VS(kna kn—i—l) = '7?(]@17 kn—i—l)-

From these facts and the definition of the concave subdifferential, we deduce

that

87?(]{:“7 kn+1) C 873(]{:“7 kn—i—l)-

But because of hypothesis Hs and Theorem 2, p. 201 of Ioffe-Tichomirov [5],

we have that

O} (kn k1) = BT 9B (kn).
Also from hypothesis Hy and Theorem 22, p. 61 of Rockafellar [10], we have

that J,41(+, ) is continuous (in fact 7-continuous) on L (X, X ) x L*°(X 41, X).
So using Theorem 1, p. 120 of Ioffe-Tichomirov [5], we get that

87§(kn7 kn—i—l) = 8Jn—l—l(kn; kn—l—l) + 8(Bn—l—l © 53)(7%, kn—l—l) + 85I‘n+1 (kn; kn—l—l)-

A new application of Theorem 2, p. 201 of Ioffe-Tichomirov [5], gives us

9(Bn+1 0 B3)(kn, knt1) = ﬁg* OBpt1(kn+1).

So finally we have

05 (ks king1) = 01 (kn, kns1) + 55 0Bt (kna1) + 000, (k. kn1)-
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Recalling that 0] (kn, knt1) € 075 (kn, knt1), if pn € 0Bp(kn), then we can
find

(1) (2n; 2n+1) € 0Jnt1(kn, knt1)
(2) Pn+1 € aBn-ﬁ-l(kn—H)
(3) and (ynvyn-i-l) S 86Fn+1 (kna kn+1)

such that 5?* (pn) = (va Zn—i—l) =+ 63* (pn—i-l) + (yna yn+1)

= (pm 0) = (Zna Zn-‘,—l) + (Oapn-i-l) + (yna yn-‘rl)
= (pna _pn—i-l) = (Zn + Yn, 2n+1 + yn+1)
=pPn=2n+Yn and —pPp=1= 2Zpt1+ Yntl.

First we will show that from (2) above, we have p , | € 9By 41(kp+1). To this
end note that from the definition of the concave subdifferential we have

Bpyi1(w) — Bpg1(knt1) < ppt1(w — kp41) for all w e L (Bp41, X).

Let {Cin}m>1 € Epy1 be the decreasing sequence of X-sets such that p(Cy,) | 0
and they support the singular part p; 1 of ppy1 (see Section 3). Set

Wy, = chnw + XcmkN-i-l S LOO(En+1,X).

Then for all m > 1, we have using Proposition 3.2:

Bpy1(wm) — Bpy1(kn+1) < pot1(wm — kny1)
= (Pp+1>Wm — knt1) + ppy1(Wm — kpi1)
= (Pnt1> Wm — knt1) + Ppt1 (X0, (Wm — knt1))
= (Png1: Wm — km+1)-

Note that wm, £, w and so by Proposition 3.3 we have that wy, I w as
m — oo. Our claim is that Bp41(w) < lim,, . Bn+1(wm). To see this, let € > 0
and choose y € Sy, 41(w) such that for all N > Ny(e), we have

N
Bn-i—l(w) —e< Z (JT(yT—layT) —br)
T=n+2
where br = Jr(kr—1,k7). Set y7' = xce yr + XC,nkr, T > 1+ 1. Then clearly

ym £ y; as m — oo and so by Proposition 3.3, ym 5 yr in L®(Z,, X) as
m — oo. Recalling that J;(-, ) is 7-continuous on L (3X,_1, X ) x L®(X,, X) (see
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Rockafellar [10, Theorem 2.2, p. 61]), we have that J-(y7* ,y7") = Jr(yr—1,Yr)
as m — o0. So there exists mg(g) such that for all m > mg(e), we have

N
S Ty = T (-1 r)| <
T=n+2

N ™

A
=
3
A
g
5
g
3
3
v
3
o

Hence in the limit as m — oo, we get
Bpt1(w) = Bpyi(knt1) < <p?z+1= W = kpt1), w € L2 (Zp41, X)
= Ppt1 € OBny1(kny1).
In a similar fashion and using the 7-continuity of J,4+1(:,"), we get
(2ns 2n41) € OJny1(kn, kny1) and (yn,yn41) € 901, (kn, knt1)
while from Proposition 3.2 and since —pp4+1 = 2p+1 + Yn+1, We get —pp | =

a a
“n+1 + Yn41-
Therefore, so far we have:

(1) (2n> 2p11) € 0Jny1(kn, kng1)
(2)/ p[rlL—i-l € aBn-ﬁ-l(kn—H)
(3)/ (ynv y;}l,—‘,-l) € 85Fn+1 (km kn—i—l)

and pp, = zn + Yn, —PLy = 201 + ¥4, 1. From relation (1)’ above, we have

Jn—i—l(vaw) - Jn-i—l(kna kn—i—l) < Zn('U - kn) + <ZZ+17 w — kn+1>
(4) = Jnt1(v,w) — zn(v) — <Z1[’1L+1’ w)
< Jn—i—l(kna kn—i—l) - Zn(kn) - <Z%+1a kn+1>-

Similarly from relation (3) above, we get

(5) 0 < yn(v—kn) + (Ypsi1,w — kpy1) forall (v,w)e€Tpyq.
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Adding inequalities (4) and (5), we get

In+1(v,w) = (2n + yn) (V) = (2n41 + Yn41, 0)

< Jnt1(kn, knt1) = (2n + yn)(kn) = (zn41 + Ynt1, Fnt1)

= Jnt1(v,w) — pn(v) + Phi1, w)

< Jnt1(kn, knt1) — pn(kn) + (Pg1, bnta) for all (v,w) € Tpyq.

We claim that in the above inequality we can replace pn(-) by its absolutely
continuous part pfi(-). So as before let {Ap, }y>1 € Xy, be a decreasing sequence
of Xp-sets such that u(Ay,) | 0 and they support the singular part p? (). Define

Um = XA,V + XA, kn € L(Eg, X)
and Wp = XAe W+ XA, knt+1 € L (Ep41, X).

Note that pp(vm — kn) = <p?wvm — kn) + p%(vm —kpn) = <p%,vm — kn) +
P (X A, (0m = En)) = (D, vm — kn) — (pf, v — kn) as m — oo since v — v
(Proposition 3.3). Recalling that J,,41(:,-) is 7-continuous, in the limit as m — oo,
we get

Jn+1(’l}, w) - <p%7 kn> + <p(7lz+17 w>

which proves our claim. Since p, € dBp(ky), as above we can have that p¢ €
OBn(kn). Therefore so far we have established the following: if p, € dB(ky),
then pj € 0Bp(kn) and we can find pf, ; € LY (2,41, X*) such that Phiq €
aBn-i-l(kn-i-l) and J(an) - (p%,v) + <p(7lz+17w> < Jn+1(kn7 kn—i—l) - <p%,kn> +
(P 1, k1) for all (v,w) € Ty,

From hypothesis Hy, we have Bg(kg) = 0By(To) # @ and so by induction we
can generate a sequence p, € L1(3,, X*) satisfying the inequalities in conclusions
(1) and (2) of the theorem.

Next we will show that for alln > 0, p, > 0. To thisend let e € L™ (341, X )+
(i.e. e € L®(Ep41,X), e(w) € X4 prae.). Let z, = ky + e. Then from the
free disposability hypothesis, we have that (zp,kp+1) € I'ny1 and so from the
inequality we just proved, we have

In+1(2n, knt1) = (P 2n) + (Phg1s knt1)
< Jnt1(kns kng1) = (P kn) + (Phg1s kntt)
= Jn41(2n: kng1) = Jn1 (kn, kng1) < (0ns 20 — kn) = (P €)
= 0 < (p%,e) (see hypothesis Hs (9))
= pp >0 for all n>0.
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Also let é, € L°(2,, X), é, > 0 postulated by the hypothesis of the theorem.
Then from the free-disposability assumption, we have that (kn,+épn, kn11) € Ty
for all n > 0, and furthermore

0< Jn—i—l(kn + én, kn+1) — Jn+1(l€n, kn—i—l) < <pgw én>
= 0< (ph, én); ie pi#0 forall n>0.

So we have established that {pn},>0 is a nontrivial price system.
Finally let us check the transversality condition (3). So let y € Sg(Zp) be such
that —oo < lim Z]TVZI(JT(yT_l, yr) — J(kr—1,kr)). From inequality (1) of the

—00
theorem, that we have already proved, we have

Bn(yn) < <pn, Yn — kn> + Bn(kn)

Also from the definition of the value function, we have

n
Z JT yT layT JT(kT—lva)) < Bn(yn)

= &o(y) — lim,_, Z(Jr(%—l, yr) = Jr(kr—1, k7)) < EmB(yn)
T=1

= &(y) — &(y) = 0 <limB(y,) (from the choice of y € So(To)).
Since limBy(ky) = 0, we conclude that

0< mn—wo@)n; Yn — kn>
(I

Remarks.

(i)’ Our hypothesis on the existence of é,,’s is automatically satisfied if int X
# 0 and up(w,z,y), n > 1, is strictly increasing in = (i.e. if 2’ — x €
int Xy, then up(w,r,y) < up(w,2’,y)). This is the case in Radner [9],
Jeanjean [6], Dana [3] and Zilha [15].

(i)’ A feasible program supported by a price system, is usually called in the
economics literature “competitive”. So we have proved that every weakly
maximal program is competitive.

(iii)’ Inequality (1) of the theorem can be rewritten as follows

B (v) — Br(kn) < (pn,v — ky) for all v € proj; I'ny1, n>0.

This has the interpretation that the weakly maximal program {k, },>¢ is
cost minimizing for the price system {pp },>¢ among all programs produc-
ing no less value. Also in inequality (2) the quantity (pn+1,w) — (pn,v)
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is the expected value of the output w at time n + 1 minus the expected
cost of the input v at time n. Hence (pp+1,w) — (pp, v) represents the ex-
pected net profit realized by the industrial process (v, w). So Jg41(v,w)—
(Pn, ) + (P41, w) is the expected total utility for the pair (v, w) and the
inequality (2) tells us that for the price system {py, },>0, the weakly max-
imal program maximizes the expected total utility.

(iv)) Condition (3) is sometimes known as the weak transversality condition,

and it says that it is impossible to diminish the value of the weakly max-
imal program, except perhaps by incurring on infinite loss. From the
previous works, Radner [9, Theorem 5.1], Jeanjean [6, Theorem 8], and
Dana [3, Theorem VIILI] do not get a transversality condition. Zilha [15,
Theorem 1, p. 177] gets one, but he has discounted utilities and uses the
strong optimality criterion. Also it seems to us that there is a gap in
his proof. Namely in pp. 181-182, the set {Cp},,>1, which supports the
singular part of v;y1 as a functional on L% (%, X), does not necessarily
support its singular part as a functional on L*°(X;11, X) (the notation is
that of Zilha [15]).

(v)" If we adopt the strong optimality criterion, the transversality condition be-

comes limy, 00 {(pn, kn) = 0, known as the strong transversality condition
(see Zilha [15]).

(vi)’ The problem of existence of weakly maximal programs, for models with

uncertainty was studied by Dana [3] and more recently by Pantelides-
Papageorgiou [8].

(vii)’ It will be interesting to have a continuous time analog of this work. For

the deterministic model this was done by Takekuma [12].
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