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Note on dense covers in the category of locales

Jan Paseka

Abstract. In this note we are going to study dense covers in the category of locales. We
shall show that any product of finitely regular locales with some dense covering property
has this property as well.
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Introduction

This note is closely related to the paper [8] in which the preservation of some
covering properties of locales w.r. to products is investigated. We shall now con-
centrate on the preservation of dense covering properties.
The paper is organized as follows. In Section 1 we introduce the new notions

which are not contained in [8]. Section 2 contains the main result of the paper – the
general dense cover theorem. The applications of the general dense cover theorem
close Section 2. The Axiom of Choice is a prerequisite of our considerations.
The basic reference for the theory of locales is the classic book of Johnstone [3],

for facts concerning topology in general we refer to [2], [6]. Our notation and
terminology agree with the book [3] of Johnstone and with the papers [1], [7], [8].
First, let us clarify the terminology. For F, G sets, F a finite subset of G we

write F ⊆⊆ G. If X is a topological space we put τ(X) for its frame of open
subsets and Ω(X) for the corresponding locale. For a locale L we denote by τ(L)
the frame we are dealing with. A nucleus j : L → L on a locale L is said to be

(i) dense if j(a) = 0 implies a = 0,
(ii) codense if j(a) = 1 implies a = 1.

Let L be a locale, C, D ⊆ τ(L). We shall say that D finitely regular refines

C if, for each d ∈ D, there exists F ⊆⊆ C such that d ⊳
∨

F (i.e. there is an
element e ∈ τ(L) such that e ∧ d = 0, e ∨

∨
F = 1). We shall write D ⊳ fC. We

shall say that a locale L is finitely regular if each cover of L has a finitely regular
refinement which is a cover as well.
Let L be a locale. A dense cover of L is a subset D of L such that (

∨
U)∗ = 0.

The system of all dense covers of the locale L is denoted by D(L).
Let B,F be functions with the domain Loc and the codomain Set as in [8]

satisfying the following conditions:



550 J. Paseka

(A0) L ∈ Loc implies 1 ∈ B(L), B(L) ⊆ τ(L) is closed under finite meets,

(A1) L ∈ Loc, t ∈ B(L) implies {t} ∈ F(L), F(L) ⊆ 2B(L),
(A2) L ∈ Loc, t ∈ B(L), F ∈ F(L) implies {t} ∧ F ∈ F(L),
(A3) L ∈ Loc, F ∈ F(L) and for each f ∈ F(L) there is Ff ∈ F(L) such that

f =
∨

Ff implies
⋃
{Ff : f ∈ F} ∈ F(L),

(A4) L, K ∈ Loc, F ∈ F(L), H ∈ F(K) implies τ(πL)(F ) ∧ τ(πK )(H) ∈
F(LxK).

If F ∈ F(L), we shall speak about a set of a type F . Recall that the foregoing
conditions (A1), (A2) and (A3) in fact coincide with the conditions (i), (ii) and
(iii) in [1]. It is sometimes convenient to suppose the following strengthening of
the condition (A1):

(A1’) L ∈ Loc, C ⊆⊆ B(L) implies C ∈ F(L), F(L) ⊆ 2B(L).

We shall say that a locale L is an FD-locale if C ∈ C(L) implies there is
D ∈ D(L) ∩ F(L) such that D < C. A morphism f : L → K of locales is said to
be FD-good if τ(f)(F(K)) ⊆ F(L). We shall say that a space X is an FD-space
if τ(X) is an FD-locale.
In the following we shall assume that B(L) = L.
A subset F of a locale L is called locally finite if there is a cover C of L such

that F (c) = {f ∈ F : c ∧ f 6= 0} ⊆⊆ F for all c ∈ C. If F(L) is the system of
locally finite subsets of L for every locale L, L is said to be almost paracompact
if it is an FD-locale.
Similarly, we call a subset F of a locale L prime-finite if, given any prime

(∧-irreducible) element p of L, the inequality f 6≤ p holds for at most a finite
number of elements f of F . A subset G of a locale L is said to be disjoint if the
meet of any two distinct elements of G is the bottom element of L. If a subset
H of L is a union of countably many prime-finite (disjoint) subsets of L we shall
speak about a σ-prime-finite (σ-disjoint) set.
If F(L) is the system of prime-finite subsets (σ-prime-finite, σ-disjoint subsets,

countable subsets, subsets of a cardinality ≤c) of L for every locale L, L is said to
be almost prime-metacompact (almost σ-prime-metacompact, almost screenable,
almost Lindelöf, almost c-compact) if it is an FD-locale. One easily checks that
the conditions (A0)–(A4) are satisfied.

2. A general dense cover theorem

In the sequel, let Lγ , γ ∈ Γ, be a family of finitely regular FD-locales, B′ the
set-theoretical product of the Lγ, B = {x′ ∈ B′ : πγ(x

′) = 1 for all but finitely
many γ ∈ Γ}, L is the categorical product of the Lγ , s : P(B′) → P(L) a map
which determines to each subset of B′ its representation in L,K ⊆ B,

∨
s(K) = 1,

and let

K = {x ∈ B : x ∈ M ′ ⊆⊆ B,
∨

s(M ′) = 1 implies there is a subset Q′
x ⊆ B,

s(Q′
x) ∈ D(L), s(Q′

x) < s(K
⋃
(M ′ − {x})), s(Q′

x)⊳f s(K
⋃
(M ′ − {x})),

s(Q′
x) ∈ F(L)}.
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Lemma 2.1. Let Sγ , γ ∈ Γ, be a system of covers of Lγ , γ ∈ Γ, Sγ = {1}
for all but finitely many γ ∈ Γ. Then there are Tγ , γ ∈ Γ, Tγ < Sγ , Tγ⊳fSγ ,

Tγ ∈ D(L) ∩ F(L) such that Tγ = {1} for all but finitely many γ ∈ Γ.

Proof: The proof follows the same arguments as the proof of Lemma 3.3 in [8].
�

Lemma 2.2. Let t ∈ B, s(t) ∈ B(L), A ⊆⊆ B, W ⊆⊆ K, (K ∪ A) ∩ W =
∅, s(t)⊳f (A ∪ W ). Then there is a subset T ⊆ B such that s(T ) < s(K ∪ A),
s(T )⊳f s(K ∪ A), s(T ) ∈ F(L), (

∨
s(T ))∗∗ = (s(t))∗∗.

Proof: The proof will be done by induction according to cardW . If cardW = 0,
it is enough to put T = {t}. Now, let cardW = n > 0 and the lemma holds for
all k < n. Then there is an element w ∈ W such that∨

s(D(t) ∪ A ∪ (W − {w}) ∪ {w}) = 1,

where D(t) ⊆⊆ B satisfies
∨

s(D(t)) = s(t)∗. Since w ∈ W ⊆⊆ K, s(D(t) ∪
A ∪ (W − {w})) is finite there is a subset Qw ⊆ B such that s(Qw) ∈ D(L),
s(Qw) < s(K ∪ (D(t)∪A∪ (W −{w}))), s(Qw)⊳fs(K ∪ (D(t)∪A∪ (W −{w}))),
s(Qw) ∈ F(L).
Now, let us put S = {t}∧Qw. Evidently, s(S) < s(K

⋃
A∪(W −{w})). Let us

take arbitrary fixed z ∈ S. Then z = t ∧ y for some y ∈ Qw. Using the fact that
s(Qw)⊳f s(K∪(D(t)∪A∪(W −{w}))), we have s(y)∗∨

∨
s(D(t)∪A∪(W −{w})∪

K ′) = 1, for some finiteK ′ ⊆⊆ K. This implies s(z)∗∨
∨
(A∪(W−{w})∪K ′) = 1,

i.e. s(S)⊳fs(K ∪ A ∪ (W − {w})), s(S) ∈ F(L), (
∨

s(S))∗∗ = s(t)∗∗ by the
condition (A2). Now, by the induction assumption applied to each z ∈ S, we
have a collection of subsets Tz ⊆ B such that s(Tz) < s(K∪A), s(Tz)⊳f s(K∪A),
(
∨

s(Tz))
∗∗ = s(z)∗∗, s(Tz) ∈ F(L) indexed by elements of S.

We put T =
⋃
{Tz : z ∈ S}. Then by the preceding and the condition (A3) we

have that T ⊆ B satisfies s(T ) < s(K ∪ A), s(T )⊳f s(K ∪ A), s(T ) ∈ F(L) and

(
∨

s(T ))∗∗ = (
∨

s(
⋃

{Tz : z ∈ S}))∗∗ = (
∨

{s(z) : z ∈ S})∗∗ = s(t)∗∗.

�

Lemma 2.3. K = B.

Proof: The proof is an immediate rewriting of the proof of the Proposition 3.5
in [8]. �

Theorem 2.4 (General dense cover theorem). Let Lγ , γ ∈ Γ, be a family of
finitely regular FD-locales. Then the product L =

∏
{Lγ : γ ∈ Γ} is a finitely

regular FD-locale L.

Proof: Let C ∈ C(L). Then there is a basic refinement s(K) of C. By Propo-
sition 2.3 we have that 1 ∈ K = B. Now, let us put M ′ = {1}. Then there is
a subset Q ⊆ B, s(Q) = D, D ∈ D(L) ∩ F(L), D < s(K) < C. �

Similarly as in [8], we obtain some interesting corollaries.
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Corollary 2.5. Let Xγ , γ ∈ Γ, be a family of finitely regular FD-spaces, f :
Ω(

∏
Xγ) →

∏
Ω(Xγ) be an induced sublocale morphism which is FD-good.

Then we have

(i) If f is a codense map then
∏

Xγ is a finitely regular FD-space.

(ii) If Γ is countable and Xγ are Čech complete spaces, then
∏

Xγ is a finitely

regular FD-space.
(iii) If Γ is finite and Xγ are locally compact spaces for all but most one γ ∈ Γ

then
∏

Xγ is a finitely regular FD-space.

Proof: The proof copies the proof of the Corollary 3.7 in [8]. �

The following theorem is a straightforward application of the general dense
theorem.

Theorem 2.6. Let Lγ , γ ∈ Γ, be a family of finitely regular almost paracompact
(almost σ-prime-metacompact, almost prime-metacompact, almost c-compact, al-
most Lindelöf, almost screenable) locales. Then the product L =

∏
{Lγ : γ ∈ Γ}

is a finitely regular almost paracompact (almost σ-prime-metacompact, almost

prime-metacompact, almost c-compact, almost Lindelöf, almost screenable) lo-
cale L.
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