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1. Introduction

The classical Rademacher theorem [8], and [4, p. 216] has been extended to in-
finitely dimensional spaces by N. Aronszajn [1], J.P.R. Christensen [2], P. Mankie-
wicz [5], and R.R. Phelps [6]. These authors introduced different notions of excep-
tionality of a subset of a separable Banach space with respect to which Gateaux
differentiability of Lipschitz mappings with values in spaces with Radon-Nikodym
property (abbreviated as RNP) holds almost everywhere.

In R™, another extension of Rademacher theorem is the theorem of Stepanoff
(8], [9], and [4, p.218]:

Stepanoff’s theorem. If a map f:R"™ — R™ is Lipschitz at every point of a set
G C R™, then it is differentiable a.e. in G.

Our aim is to extend this theorem to separable Banach spaces. We will use
Aronszajn’s notion of exceptional sets, since it is the strongest one among those
mentioned above.

We first establish, for any Banach space Y having RNP, Stepanofl’s theorem
for Y-valued functions of a real variable (Proposition 1).

In our main result (Theorem 1) we prove Stepanoff’s theorem in the setting
where X is a separable Banach space, Y is a Banach space having RNP and
f: X — Y is Lipschitz at every point of a set G C X.

The main difference between the proof of the classical Stepanoff’s theorem and
our proof is that the Aronszajn’s theorem on differentiability of Lipschitz functions
applied to the distance function is used instead of the density theorem. The same
application of Aronszajn’s theorem is used also to overcome the difficulties related
to the fact that the exceptional sets have to be Borel. Indeed, in our setting the

1 Supported by MURST of Italy.
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set of points at which directional derivative exists may be non-measurable. For
example, let S be a non-Borel subset of R. Then the function

0, if zeR and y €S,
flz,y)=4¢ 0, if 2 <0 and y ¢ S,
z, if >0 and y¢ S

is Lipschitz at every point of the set G = {(z,y) € R? : x = 0} but {(z,y) € G : f!
exists} = {(z,y) € R?: 2 =0,y € S} is not Borel.

2. Preliminaries

The sets of all natural, rational and real numbers are denoted by N, Q and
R, respectively. R™ denotes the n-dimensional Euclidean space and L£" denotes
the n-dimensional Lebesgue measure on R™. In all the paper, X and Y are real
Banach spaces. Y* denotes the topological dual of Y, i.e. the space of all bounded
linear functionals on Y. By (u,v*) we denote the value of the functional v* € Y*
at the point u € Y.

A set V* C Y™ is said to be total with respect to a set V' C Y whenever the
condition (u,w*) = 0, for all w* € V* and u € V, implies u = 0. For each
non-zero u € X we define A(u) to be the family of all Borel sets E C X such that

LY eR:z+ e E} =0, Vo e X.
Moreover, if {un} C X is a sequence of non-zero elements, we define
A{up} ={F C X : E=UE,, with E, € A(uy)}.

The Aronszajn exceptional class A is defined as the intersection of the families
A{up}, over all possible sequences {un} of non-zero elements of X whose span is
dense in X (following Aronszajn, we will call these sequences complete). Given a
function f: X — Y and a set E C X, we denote by f|g the restriction of f to E.
Given u € X, the directional derivative of f at a point z is defined by

(o) — tim TE ) = 7).

t—0 t

For real valued functions we also define
— tu) —
f!(z) = limsup flz+ ut) f(z) .
t—0

Definition 1. A function f: X — Y is said to be Lipschitz at the point x € X if
there exist two positive constants C' and § such that

1f(z +h) = f@)| <Rl
for all h € X with ||h|| < 0.




Stepanoff’s theorem in separable Banach spaces 325

Lemma 1. Given f: X — Y and L,0 > 0, let G be the set of all points x € X
such that
If(z+h) = f(z)| < L|h|| whenever [h| <é.

Then G is a closed set.

PROOF: Let |z — z|| — 0, with 23, € G. Given h € X with ||| < § and given
0 <e < d— ||h|| we can find xy, such that ||z — zg|| < €. Then

[ +h =zl < llz — 2| + 2] <e+|[nll <0

Thus
[f(@+h) = f@)l <IIf@+h) = flp)l+[1f (@) — flo)]l
S L(llz+h = x| + lo — k)
< L(||h]| + 2||z — z&]) < L||k|| + 2Le.

By the arbitrariness of ¢ it follows || f(z 4+ h) — f(z)|| < L||h| for each ||h|| < d.
Hence z € G. 0

Definition 2. A function f: X — Y is said to be Gateaux differentiable at a
point ¥ € X if f](x) exists for each u € X and if the map u — f] () is linear
and bounded from X to Y. This map is called the Gateaux differential of f at
the point x.

Definition 3 (See [3], p. 217). It is said that Y has the Radon-Nikodym property
if every function f:[0,1] — Y of bounded variation is differentiable a.e. in [0, 1].

Proposition 1. Let Y have the RNP and let f:R — Y. Denote by G the set of
all points ¢ € R at which f is Lipschitz. Then G is an Fs-set and f is differentiable
a.e. in G.

PRrROOF: For each natural n, let Gy, denote the set of all x € GN[—n,n] such that

1
If(@+h) = f(2)l <n|lh] whenever [[A]| < .

Clearly G = UGj,. Moreover, Gy, is a closed set by Lemma 1.

Let fn be the extension of f|g, to [-n,n] such that f, is linear on each
contiguous interval of Gp. It is easy to prove that f, is a Lipschitz function
on [-n,n|. Thus, since Y has the RNP, there exists I', C [—n,n] such that
fn is differentiable on T, and £Y([—n,n] \ T'y) = 0. Let Gy, be the set of all
points x € Gy, at which the distance function dist(z, Gp) is differentiable. Since
dist(z, Gy,) is Lipschitz, then £1(Gy \ Gp) = 0. Hence £}(Gp \ (T N Gy)) = 0.

Define N = {J,(Gn \ (T, N Gy)) and let = € G'\ N. Then there exists n such
that 2 € T';, N Gy,. We will prove that f is differentiable at the point .
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Let 0 < € < 2n. By the differentiability of f,, and dist(x, Gj,) at the point z,
there exists J. € (0,n~!) such that

fn(x + t) _ fn(‘r)

- ~ fo(@)

<

) |

| ™

and

dist(x +,Gn) < 5 c 1t

(@) +n)

for each 0 < |t| < d¢.
Then, for any fixed 0 < [t| < 0¢, we can find y € Gy, such that

@) o+t =l < ST

Now fn = f on Gy,. Therefore, by (1) and (2) we have
|f(@+) — f(@) = fa@)1]
< W) - F@) = fi@) = D) + 1) — fla+ )]
+ 1 @lle +t =yl
< Sly—al+nlz+t—y|+ | £@)] |z +t -yl

< SJtl+ St = et
A LR

Since this holds for any 0 < |¢| < J¢, we conclude that f is differentiable at the
point x. ([
3. Lemmas

In this section we assume that X is a separable Banach space, G C X is a
closed set, Y is a Banach space satisfying the RNP and f: X — Y is a function
such that there exist L,d > 0 with

3) 1f(w) = f@) < Ly — =

whenever z € X, y € G and ||y —z|| < §. We also assume that D is a Borel subset
of G such that the distance function dist(z, G) is Gateaux differentiable at each
point of D.

Lemma 2. For each u € X, the set
A={zeGND:f(r) does not exist}

belongs to A(u).

ProOF: By Proposition 1, applied to the restriction of f to the line x + Ru, we
have L1({A € R: 2 + \u € A}) = 0 for each z € X. So we need only to show
that A is a Borel set.
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For each n,m € N| let Fj,;;, be the set of all points x € G such that

"f($+tU)—f(I) _ @+ su) - fx)

(4)

t S

‘ 1
<=
n

for all 0 < |t| < 1/m and for all 0 < |s| < 1/m. Moreover, let E,,,,x be the set of
all points € G such that

Hf(y) —f=) ) -fE=)
t

S

‘1
<=
n

forall 0 < |t| < 1/m, forall0 < |s| < 1/m and for all y, z € G with ||y— (z+tu)|| <
[tl/k; Nz = (2 + su)l| < [s]/.

Step 1. E,,,k is a closed set for each n,m, k € N.

Let {zv} C Emi and let € X with ||z — z|] — 0 when v — oo. Since G is a
closed set, we have x € G. Moreover, by (3), f|¢ is continuous, thus f(x,) — f(z)
when v — oo.
Fix 0 < |[t] < 1/m, 0 < |s| < 1/m and fix y,z € G with ||y — (z + tu)|| < |t|/k,
|z = (z + su)|| < |s|/k. Since lim, ||z, — z| = 0 there exists 7 € N such that
ly — (zp + tu)|| < |t|/k and ||z — (x, + su)|| < |s|/k for all v > .
Thus

Hf(y)—f(x) f(z) = f(=)

t

— H = lim
14

- ’
S S

’f(y) —fl@)  f(z) = flaw)
t

’ 1
<.
n

hence z € E,,,,,1.
Step 2. (GND)\ A=, U,,(Fnm N D).
Let z € (GN D)\ A. Since f/,(x) exists, given € = 1/n there is 7. > 0 such that

Hf(xﬂLtU)—f(x) _ S+ su) - fo)

()

t S

‘SE

for all 0 < [t| < e and 0 < |s| < ne. Let 1/m < . Then x € Fymy N D; hence
z € (N, Up,(Fam N D).

Let € ,, U,,,(Fum N D). For each ¢ > 0 there exists n € N such that € > 1/n.
Now, since = € {J,,, Fnm, there exists m € N such that (4) and thus (5) hold for
each 0 < [t| < 1/m and 0 < |s| < 1/m. Therefore f],(x) exists.

Step 3. (GND)\ A=, U, Ur(Epnmi N D).
Let z € (GN D)\ A. By Step 2, for every n there exists m € N such that
z € Fy1)ym N D. Let k € N be such that

1 1 2L 1
— d .
(6) km <0 an n+1 k n
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Thus, by (3) and (6), for all 0 < |t| < 1/m, 0 < |s|] < 1/m and y,z € G with
lly — (z + tu)|| < |t|/k and ||z — (& + su)|| < |s|/k, we have
Hf(y)—f(w) e - f=) ‘ < } fla+tu) = flz)  flo+su) = fz) ’
t s - t s
s e st
1 L L 1

S i TR TR S w

Hence z € E,,;,,; N D and, consequently, = € (,, U,,, Ux (Enmi N D).
Now let = € N, Uy, Up (Enmi N D). Then, for each n there exist m,k € N
such that = € E, 1 1), N D. Then

Hf(y) —f=) ) -fE=)
t

S

1
<
“n+1

forall 0 < [t] <1/m, 0 < |s| <1/m and y,2z € G with ||y — (z + tu)|| < |t|/k and
Iz — (x + su)|| < |s|/k. Let € > 0 be such that

1 1
+2Le < —.
n+1 n

Since x € D, there exists p > m such that
. 1
dist(z + Tu, G) < ¢|r| for each 0 < |7| < —.
p

Given any 0 < [t|,|s| < min(1/p,d/¢), we find y € G with ||y — (x + tu)|| < e[t|
and z € G with ||z — (z + su)|| < ¢|s|, and conclude that

‘ f(iv+ﬂi)—f(£v) _fla+su) - f(z) ‘

Hf(y) —fl@)  f(z) - f(=)

S

Hf a:—|—tu

Hf :17—|—su)

1

<—— Mm (o + tu)| +

E |H — (z + su)

1 1
< ——+2Le < —.
n+1 n

Then x € Fpp N D and, consequently, = € (,, U,,,(Frnm N D). O
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Lemma 3. If f is a real valued function and v € X then the mapping
r€GND — fl(x)

is Borel.

PROOF: Let ¢ € R. We have to prove that {x € GN D : f/(z) < ¢} is a Borel
set. For each n,m,k € N, let E,,,,,1 be the set of all points x € G such that

fly) = f(=)
t

forall 0 < |t| < 1/m and y € G with ||y — (z + tu)|| < |t|/k.

First of all we prove that E,,,,i is a closed set for each n,m,k € N.
Indeed, let {z,} C E, i and let x € X with ||z, — z|| — 0 when v — co. Since
G is a closed set, we have x € G. Moreover, by (3), f|g is continuous, thus
f(zy) — f(z) when v — oc.
Fix 0 < |t| < 1/m and fixy € G with ||y—(z+tu)|| < |¢|/k. Since lim, ||z, —z| =0
there exists 7 € N such that ||y — (z, + tu)|| < [¢|/k for all v > T.

Thus Fy) — f(@) . fly) = f(z)
t v ¢

1
Sc+—
n

1
<c+—;
n

hence = € E, - o
To finish the proof it is enough to show that {x € GND : fl(x) < ¢} =

Let f/(z) < c. Then, for each n there exist m € N such that

fl@+tu) — f(z) 1
¢ St

for all 0 < |t| < 1/m. Let k € N be such that

1 L 1
7 — <4 d — —.
(7) km< an c+n—|—1+k<c+n

Thus, by (3) and (7), for all 0 < |t| < 1/m and for all y € G with ||y — (z+tu)|| <
[t]/k, we have

[ - @) _ fe+m)— @) J@)-fe+m) 1 L 1
t t t n+1l k n

Hence « € E,,;,, and, consequently, z € (,, U,, Ux Enmik-
Now let = € (), U, Uk (Enmi N D). For each n there exist m,k € N such that
z € Ey1yme N D. Then
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for all 0 < |[t| < 1/m and y € G with ||y — (z + tu)|| < |¢|/k. Let € > 0 be such
that 1 1

+ Le < —.
n

n+1

Since x € D, there exists p > m such that
1
dist(z + Tu, G) < ¢|r| for each 0 < |7| < —.
p

Thus, for each 0 < [¢t| < min(1/p,e/d), we find y € G with ||y — (z+tu)|| < elt|
and conclude that

flattu) = flz)  fly) = fx)  fle+iu) = fy)

t - ¢ + ¢
<ot ——+ Ly = @+ 1w
C e — — X u
=T T

1 1
<c+——+Le<c+ —.
n+1 n

Consequently, f!(z) < c. O

Lemma 4. Let u,v € X and let w* € Y* with |w*|| < 1. Denote g = (f,w*).
Then the set

P={z€GND: g,(v) g,(x), gury(w) existand g,(x)+ g,(2) # ghyo(2)}
belongs to A{u,v}.

PROOF: By application of Lemma 3 to g and —g we get easily that ¢/, ¢/ and
q., 1, are Borel functions (on its sets of existence), hence I' is a Borel set. By
Stepanoff’s theorem, applied to the restriction of g to the plane x + Ru + Rv, we
have £2{(t,s) € R? : x+tu+sv € T'} = 0 for each 2 € X. Then by [1, Chapter 1,
Section 1, Proposition 1] we get I" € A{u,v}. O

Lemma 5. Let {u,} be a complete sequence in X, let {v,} be the sequence of
all finite linear combinations with rational coefficients of {un} and let {w;;} C Y*
have |lwy|| < 1. Denote g, = (f,wy). Then the set

Q={zeGND:f, (x) does not exist for somen or
(k)0 (@) + (k)1 () # (k) 0y, (2) for sOme K, m,m}
belongs to A{un}. Moreover, in the case in which the sequence {w;}} is total
with respect to the linear span of all derivatives {f;, (x):x € (GN D)\ Q}, the
mapping Ty:v — fl(x) from {v,} into Y is additive for each x € (G N D) \ Q,
and satisfies the following conditions:
() [, (@) =Af, () YA€Q, VneEN, Yz e (GND)\Q,
(i) [}, (@) < Lljvp|| VR e N, Yz € (GN D)\ Q.
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PRrROOF: For each n € N, set
Ap={z€GND:f, (z) doesnot exist}
and for each n,m,k € N, set

1—‘n,m,k = {x €EGND: (gk)i)n (‘T)v (gk)g)m (CL‘), (gk);)n-l—vm (‘T) exist and
(98)0, () + (1), () 7 (k)40 ()}

We have by Lemma 2 A, € A(vy,) and T, . 1. € A{vp, v} by Lemma 4. Thus,

since
Q= <UAn> Ul U Tomk | -
n

n,m,k
we get @ € A{vn}. Hence, by [1, Chapter 1, Section 1, Remark 1] we have
Qe A{un}.
Now let x € (GN D)\ Q. Then
o ) = (Jm X A+ 00)) = ) )
= lim AT ({f (@ + Ao+ om)), @) = (f(2), wp))

= (k) +om (@) = (910, (@) + (91, (@)
= }i_%t_l(ﬁ(ﬂ? +ton), wp) — (f(z), W)

+g%f_l(<f($ + tvm)u w]:> - <f($)7 wz»

= (fo (@), W) + (f,, (@), wi) = (i, (2) + £, (@), wf).-

Thus, if {w}} is total with respect to the linear span of all derivatives {f;, (z) :
x € (GN D)\ Q}, we have:

Fontom (@) = f1, (@) + [, (2).

Condition (i) can be proved in a similar way. Condition (ii) follows directly by (3):

nﬂgwn=g%Hﬂx+wy—f@>

‘SLMM-
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Lemma 6. Let {v,} be a sequence in X and let I" be a subset of GN D such that
4, (x) exists for each n € N and for each x € T. Denote by V the linear span of
all derivatives {f,, () : & € T'}. Then there exists a sequence {w;,} C Y™ which
is total with respect to the linear space V.

PROOF: Let {zy} be dense in I and let {wy,} be the sequence of all finite linear
combinations with rational coefficients of the set

{k (f (:cm—i—%) —f(wm)) : k,m,heN}.

The sequence {wp,} is dense in V. In fact, it is enough to prove that for any « € T,
n € N and € > 0 there exist k,m € N such that

fon (@) =k (f (a:m + %") - f(xm)) H <e.

By the existence of the directional derivative f; () and by the Gateaux differen-
tiability of the distance function dist(z, G) at the point z, there exists k > ¢/4Lé
such that

(8) |

Un, €

fnw) =k (f (o +22) = f@) | < 5

and on c
di t( —,G) <
st (z + A < SEL
Then there exists y € G such that
o+ % ol < gz <
T+ — — — < =
k 8kL 2
Moreover, since {xy,} is dense in T, there exists m € N such that
o~ amll < oz < 3
T—w — < .
T 8kL T 2
H
ence H L Un H<H H‘FH 4 Un H<5+5 5
x — — T—x T+ — — —+ ==
mr e Y= " FoYlT 2T
and

Un

I(f @+ = £@) = (f(om + ) = f@m)]
< F@) = Fam)ll + 1@ + =2 = F@I + 1 wm + 25 = F)]

(% (%
(9) < L(lla = aml) + o + == = yll + lom + 7 = yl)
(%
<2L(llw = @mll + llz + 2= = )

€
< —.
- 2k
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Thus, by (8) and (9), we get

Un

15, @) = k(f@m + =) = Flam))]
< |1£4, @) = k(f (e + ) = F@)]

+E|(f <x + %) = £(@) = (f@m + ) = f @)

<Siki =

+ 2k
Therefore {wp} is dense in V. Now, by Hahn-Banach theorem, there exists
{wr} C Y* with ||wi]] = 1 and (wp,w);) = |Jwy||. The sequence {w;;} is the
required sequence. In fact, let w € V with (w,w}) = 0, for each n. Since {wy} is

dense in V, there exists {wn, } C {wn} such that ||wy, —w| — 0. Then
lwll = lim fjwn, || = lim <wnkaw;klk>
k—o0

IN

lim |lwp, —w| =0.
k—o0

Thus w = 0. O

Lemma 7. The set of all points x € G N D at which f is not Gateaux differen-
tiable belongs to A.

Proor: Take {u,} and {v,} as in Lemma 5. Denote by T' the set of all points
x € GN D such that f} (z) exists for each n € N. By Lemma 6 there exists a
sequence {w;} C Y™ which is total with respect to the linear span of all derivatives
{fs, (x) : @ € T}. Define Q as in Lemma 5. Then Q € A{uy} and the mapping
Ty:v — f}(x) from {v,} into Y is additive and satisfies conditions (i) and (ii) for
each z € (GN D)\ Q.

We will prove that f is Gateaux differentiable on (G N D)\ Q. In fact, let
x € (GN D)\ . By condition (ii) and by the density of {v,} in X, it follows that
there exists a unique continuous mapping T, from X into Y such that Ty (v,) =
T (vn) for each n € N. Condition (i) and the additivity of 7 on {vn} imply that
T, is linear, so that we have only to prove that

(10) F(@) = Tulu)

for each uw € X \ {vp}.
Given € > 0, by the density of {v,} in X and by the continuity of Ty, there exists
Um such that

- 5
and ||Tz(u — vm)|| < =

(11) = vl < :

=
9L

333
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Moreover, by the existence of f;, (x) and by the differentiability of the distance
function dist(x, G) at the point z, there exists 7. such that

Hf(x+tvm)—f(1?)

(12) t

— fon (@)

Wl ™

and
dist(z 4+ tu, G) <9I |t|

for each 0 < || < 7¢.
Let 0 < |t| < min(7,90L/2¢) and let y € G be such that

9
tu— < —[t].
o+ tu =yl < =1t

Then,
t t
I+ tom — gl < oo ]
Thus we have
flea+tu)— f(z+ton) fa:—l—tu
: <
(13) fx+t%1_
t
s, xE_¢
-9 9 3

Now, since f}, (2) = Tx(vm), by (11), (12) and (13) it follows that

’ fo+i) -] _fxw)H < } UCRRATDAS 1Ly
N Hf(x+tu) —tf(~’6+tvm) H | (= o)
§§+§+§:a

for each 0 < |t| < 7.. This proves that f,
is Gateaux differentiable at .

To end the proof, let ¥ be the set of all points x € G N D at which f is not
Gateaux differentiable. We have just shown that

—~

x) exists and (10) holds true. Thus f

(GND)\QC(GND)\ V.

Since the opposite inclusion is obvious, we infer that ¥ = Q, and, hence, ¥ €
A{un}. As {uy} is an arbitrary complete sequence, we conclude that ¥ € A. O



Stepanoff’s theorem in separable Banach spaces

4. The main theorem

The following theorem is an extension of Stepanoff’s theorem to separable
Banach spaces.

Theorem 1. Let X be a separable real Banach space and let Y be a real Banach
space with the Radon-Nikodym property. Given f: X — Y, let G be the set of
all points x € X at which f is Lipschitz. Then there exists a set E € A such that
f is Gateaux differentiable at every point of G \ E.

PROOF: For each natural n, let G, be the set of all x € G;, such that

1
17 (@ +h) = f(2)| <n|[h]l whenever [[A]| <.

Gy is a closed set by Lemma 1 and UG, = G. Since the distance function
dist(x, Gy,) is Lipschitz on X, by Aronszajn’s theorem ([1, Theorem 1]; see also
[6, Theorem 6]), there exists a Borel set D,, such that X\ D,, € Aand dist(z, Gp)
is Gateaux differentiable on Dj. Then, in particular, G, \ Dy € A. Denote by
Qp, the set of all points © € G, N Dy, at which f is not Gateaux differentiable. By
Lemma 7 we have Q,, € A.

Define E = (J,, Q) U (U,,(Gn \ Drn)). Then E € A. Now let z € G\ E. There
exists n € N such that x € Gy, \ E. The condition = ¢ E implies = ¢ Gy \ Dy,
(from which we get « € Dy,) and x ¢ Q. Therefore © € (G N Dy,) \ Qp, hence f
is Gateaux differentiable at x. O
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