Comment.Math.Univ.Carolin. 41,1 (2000)183–196 183

Hereditarily normal Katětov spaces and extending of usco mappings

Ivailo Shishkov

Abstract. Several classes of hereditarily normal spaces are characterized in terms of extending upper semi-continuous compact-valued mappings. The case of controlled extensions is considered as well. Applications are obtained for real-valued semi-continuous functions.

Keywords: set-valued mapping, usco mapping, extension of maps, selection Classification: 54C60, 54C20, 54C65, 54D15

1. Introduction Let X and Y be topological spaces and let 2^Y stand for the family of non-empty subsets of Y . We will need the following special subsets of 2^Y :

F(Y ) = {S ∈ 2^Y : S is closed}, C(Y ) = {S ∈ F(Y ) : S is compact}, and C^′(Y ) = C(Y ) ∪ {Y }.

In case Y is a linear space, we will need also the following one :

C_c(Y ) = {S ∈ C(Y ) : S is convex}.

A set-valued mapping Φ : X → 2^Y is lower semi-continuous (resp., upper semicontinuous), or l.s.c. (resp., u.s.c.), if the set

Φ^{−1}(U) = {x ∈ X : Φ(x) ∩ U ≠ ∅} (resp., Φ^#(U) = {x ∈ X : Φ(X) ⊂ U})

is open in X for every open U ⊂ Y . A set-valued mapping φ : X → 2^Y is usco provided it is u.s.c. and compact-valued, simultaneously. A set-valued mapping φ : X → 2^Y is a selection for Φ : X → 2^Y if φ(x) ⊂ Φ(x) for every x ∈ X.

A real-valued function f : X → R is lower semi-continuous (resp., upper semicontinuous), or lsc (resp., usc), if the set f^{−1}((r, +∞)) (resp., f^{−1}((−∞, r))) is open in X for every r ∈ R.

Throughout this paper, the topological weight of Y , denoted by w(Y ), is the smallest infinite cardinal τ such that Y has a base of cardinality less than or equal to τ.

Also, we shall use all conventional notations, such as A to denote the closure of a subset A of a topological space X, φ|A to denote the restriction of a mapping φ on A, etc.

A starting point of the present paper is given by the following two well-known results concerning u.s.c. selections of l.s.c. mappings.

Theorem 1.1 (Michael [10], Choban [1]). A T_1-space X is paracompact if and only if for every completely metrizable space Y , every l.s.c. mapping Φ : X → F(Y ) admits a u.s.c. selection φ : X → C(Y ).

Theorem 1.2 (Nedev and Choban [2]). A T_1-space X is collectionwise normal if and only if for every completely metrizable space Y , every l.s.c. mapping Φ : X → C^′(Y ) admits a u.s.c. selection φ : X → C(Y ).

As a rule, the selection theorems are analogues and in most respects generalizations of ordinary extension theorems [M1]. In contrast to this, the above mentioned theorems do not generalize any extension result. As it is shown below, neither the assumptions of Theorem 1.1 nor that of Theorem 1.2 are sufficient for the “extending of a partial (defined on a closed subset) usco mapping to an usco mapping”.

Proposition 1.3 (Gutev [5]). Let Y = {0, 1} be the discrete two-point space, and let X be a T_1-space such that, whenever A ⊂ X is closed, every u.s.c. mapping θ : A → C(Y ) can be extended to a u.s.c. mapping φ : X → C(Y ) so that φ|A = θ. Then X is hereditarily normal.

In this paper we establish the necessary and sufficient conditions for the extendability of both partial usco mappings and partial usco selections. In fact, this is incorporated in our first principal result which is a “selection-extension” analogue of Theorem 1.2.

Theorem 1.4. For a T_1-space X the following conditions are equivalent:

(a) X is hereditarily normal and Katětov;

(b) whenever Y is a completely metrizable space, A ⊂ X is closed, Φ : X → C^′(Y ) is l.s.c. and θ : A → C(Y ) is a u.s.c. selection for Φ|A, there exists a u.s.c. selection φ : X → C(Y ) for Φ such that φ|A = θ;

(c) whenever Y is a completely metrizable space, A ⊂ X is closed and θ :

A → C(Y ) is u.s.c., there exists a u.s.c. φ : X → C(Y ) such that φ|A = θ.

It should be said that the Katětov spaces lie strictly between the collectionwise normal spaces and the paracompact ones. For more details and the right definition of these spaces we refer the reader to the beginning of the next section.

The second main result of the paper deals with the same problem but now in the situation of Theorem 1.1. Also, it answers to a question raised by Gutev [5]. Theorem 1.5. For a T_1-space X the following conditions are equivalent:

(a) X is hereditarily normal and paracompact;

(b) whenever Y is a completely metrizable space, A ⊂ X is closed, Φ : X → F(Y ) is l.s.c. and θ : A → C(Y ) is a u.s.c. selection for Φ|A, there exists a u.s.c. selection φ : X → C(Y ) for Φ such that φ|A = θ.

In conclusion, let us also mention that the paper contains some natural generalizations of Theorems 1.4 and 1.5 (see Theorem 2.2 and 3.1, respectively). These generalizations provide the link between the “degree” of Katětov’s property (resp., paracompactness) of X and the topological weight of Y . As a result, they lead us to the following characterizations of hereditary normality.

Theorem 1.6. For a T_1-space X the following conditions are equivalent:

(a) X is hereditarily normal;

(b) whenever Y is a completely metrizable separable space, A ⊂ X is closed and θ : A → C(Y ) is u.s.c., there exists a u.s.c. φ : X → C(Y ) such that φ|A = θ.

Theorem 1.7. For a T_1-space X the following conditions are equivalent:

(a) X is hereditarily normal;

(b) if A ⊂ X is closed and the functions l, u : A → R are respectively lsc and usc such that l(x) ≤ u(x) for every x ∈ A, then there exist functions l^′, u^′ : X → R, respectively lsc and usc, such that l^′|A = l, u^′|A = u and l^′(x) ≤ u^′(x) for every x ∈ X.

Let us observe the analogy of Theorem 1.7 with the famous Tietze-Urysohn’s theorem [14]. Namely, according to Tietze-Urysohn’s theorem, X is normal if and only if all inequalities in Theorem 1.7 turn into equalities. Similar analogy can be done also with some other classic characterizations of normality, such as Katětov’s [6], [7] and Tong’s [13].

The paper is arranged as follows. A proof of Theorem 1.4 is obtained in the next Section 2. In particular, Section 2 contains also the necessary preparation for proving Theorem 1.5. In Section 3, the proof of Theorem 1.5 will be finally accomplished. The last Section 4 is devoted to applications and contains, in particular, the proofs of Theorems 1.6 and 1.7.

The author would like to thank V. Gutev for his assistance in preparing this paper.

2. Katětov spaces and extending of usco mappings The so called (in [12]) Katětov spaces are introduced by Katětov [8]. A normal space X is Katětov if for every closed A ⊂ X and every locally finite and open (in A) cover {O_α : α ∈ A} of A there exists an open and locally finite cover {U_α : α ∈ A} of X such that U_α ∩ A = O_α for every α ∈ A. Let us especially mention that every Katětov space is certainly collectionwise normal while the converse is not true ([12, Example 3]). On the other hand, every countably paracompact collectionwise normal space is Katětov, the converse fails again ([12, Example 1, (V=L)]).

If τ is an infinite cardinal and the above property holds provided the cardinality |A| of A is less than or equal to τ, then X is called a τ-Katětov space.

The considerations of this section are inspired by the following necessary condition for extending usco mappings with values in discrete spaces (by analogy with Proposition 1.3).

Lemma 2.1. Let τ be an infinite cardinal number and let X be a T_1-space such that for every closed A ⊂ X, discrete space Y with |Y | ≤ τ and u.s.c. θ : A → C(Y ) there exists a u.s.c. φ : X → C(Y ) such that φ|A = θ. Then X is τ-Katětov.

Proof: Let A ⊂ X be closed and U = {U_y}_{y∈Y} be a locally finite and open in A cover of A with |Y | ≤ τ. By [12, Remark 1], it suffices to find an open locally finite in X family {W_y}_{y∈Y} such that W_y ∩ A = U_y for every y ∈ Y . Towards this end, let s(x) = {y ∈ Y : x ∈ U_y} for every x ∈ A. Also, for every s ∈ C(Y ) we set O_s = {x ∈ A : s(x) = s}. The family O = {O_s : s ∈ C(Y )} is locally finite. Indeed, let x ∈ X and P_x be a neighborhood of x which intersects only a finite number of members of U. Let L(x) = {y ∈ Y : P_x ∩ U_y ≠ ∅}. Then, the set {O_s : s ⊂ L(x)} is finite and P_x does not intersect any element of O\{O_s : s ⊂ L(x)}. In what follows, we consider C(Y ) as a discrete space. Since {O_s : s ∈ C(Y )} is clearly a locally finite closed cover of A, we can define a u.s.c. mapping θ : A → C(C(Y )) by θ(x) = {s ∈ C(Y ) : x ∈ O_s}, x ∈ X. Indeed, the set θ^{−1}(K) = ⋃ {O_s : s ∈ K} is closed for every K ⊂ C(Y ).

Now we shall prove the following property:

(∗) y ∈ ⋂ θ(x) ⇐⇒ x ∈ U_y.

Suppose y ∈ ⋂ θ(x). Since x ∈ O_{s(x)}, we have s(x) ∈ θ(x). Then y ∈ s(x) and therefore x ∈ U_y. Now suppose x ∈ U_y. Take an l ∈ C(Y ) such that y /∈ l. Since O_l ∩ U_y = ∅ and U_y is open in A, it follows that O_l ∩ U_y = ∅. Hence x /∈ O_l and therefore l /∈ θ(x). So, each l ∈ θ(x) contains y, i.e. y ∈ ⋂ θ(x). Thus, the verification of (∗) completes.

The next property of θ is a consequence from (∗).

(∗∗) θ^#({s ∈ C(Y ) : y ∈ s}) = U_y.

Indeed, if x ∈ θ^#({s ∈ C(Y ) : y ∈ s}), then θ(x) ⊂ {s ∈ C(Y ) : y ∈ s} and therefore y ∈ ⋂ θ(x). Hence, by (∗), x ∈ U_y. The inverse inclusion is simple and is left to the reader.

Finally, note that |C(Y )| ≤ |Y | · ℵ_0 ≤ τ · ℵ_0 = τ. Then, by assumption, there exists a u.s.c. φ : X → C(C(Y )) such that φ|A = θ. Set W_y = φ^#({s ∈ C(Y ) : y ∈ s}) for every y ∈ Y . Since φ is u.s.c., W_y is open in X and, by (∗∗), W_y ∩A = U_y. It remains only to show that {W_y : y ∈ Y } is locally finite. Pick an x ∈ X and then consider the neighborhood φ^#(φ(x)) of x. If W_y ∩ φ^#(φ(x)) ≠ ∅ for some y ∈ Y , then y ∈ ⋃ φ(x). It now follows from | ⋃ φ(x)| < ℵ_0 that φ^#(φ(x)) intersects only finitely many elements of {W_y : y ∈ Y }. □

The main purpose of the rest part of this section is to show that the condition “hereditarily normal and τ-Katětov” is also sufficient for extending usco mappings with values in arbitrary completely metrizable Y with w(Y ) ≤ τ. Namely, the following slight generalization of Theorem 1.4 will be proved.

Theorem 2.2. For a T_1-space X and an infinite cardinal τ the following conditions are equivalent:

(a) X is hereditarily normal and τ-Katětov;

(b) whenever A ⊂ X is closed, Y is completely metrizable with w(Y ) ≤ τ, Φ : X → C^′(Y ) is l.s.c. and θ : A → C(Y ) is a u.s.c. selection for Φ|A there exists a u.s.c. selection φ : X → C(Y ) for Φ such that φ|A = θ;

(c) whenever A ⊂ X is closed, Y is completely metrizable with w(Y ) ≤ τ and θ : A → C(Y ) is u.s.c. there exists a u.s.c. φ : X → C(Y ) such that φ|A = θ.

Before turning to the proof of Theorem 2.2, it should be mentioned that this result is as natural as a “working” generalization of Theorem 1.4. This is illustrated in Section 4. Here, let us turn the reader’s attention only to the following consequence of Theorem 2.2 presenting a covering-type characterization of the hereditarily normal τ-Katětov spaces.

Corollary 2.3. Let τ be an infinite cardinal. A T_1-space X is hereditarily normal and τ-Katětov if and only if for every closed A ⊂ X and every closed locally finite cover {F_α : α ∈ A} of A with |A| ≤ τ there exists a closed locally finite cover {M_α : α ∈ A} of X such that M_α ∩ A = F_α for every α ∈ A. Proof: Let Z be a topological space and {B_α : α ∈ A} be a cover of Z. Considering A as a discrete space, we define a set-valued mapping ψ : Z → 2^A by ψ(z) = {α ∈ A : z ∈ B_α}, z ∈ Z. As it is well known, {B_α : α ∈ A} is closed and locally finite if and only if ψ is usco. By the help of this remark and implication (a) ⇒ (c) of Theorem 2.2, we get immediately that every hereditarily normal τ-Katětov space has the property of interest. The converse follows from Proposition 1.3 and Lemma 2.1. □

To prepare for the proof of Theorem 2.2 we need the following property of hereditary normality which is maybe known in some quarters.

Lemma 2.4. Let X be a hereditarily normal space, A ⊂ X closed and let O ⊂ A be open in A. Then there exists an open subset U of X such that U ∩ A = O and U ∩ A = O.

Proof: Let A_0 = O and A_1 = A \ O. Then A_i ∩ A_{1−i} = ∅ for i = 0, 1. Hence, by condition, there exist open U_0, U_1 ⊂ X such that A_i ⊂ U_i, i = 0, 1 and U_0∩U_1 = ∅. Since both A_0 and A_1 are open in A we may assume that U_i ∩ A = A_i, i = 0, 1. Finally, U_0 is as required because U_0 ∩ A ⊂ A\(U_1 ∩ A) = O. □

We now state the principal scheme of proving Theorem 2.2: the implication (b) ⇒ (c) is simply obtained by letting Φ(x) = Y for all x ∈ X; the implication (c) ⇒ (a) follows from Proposition 1.3 and Lemma 2.1. So, we must verify only (a) ⇒ (b). To make the arguments clear, we subdivide the proof into two steps. The first is the special case of a discrete space Y . The second one is the reduction from “arbitrary completely metrizable Y ” to “discrete Y ”. This is what we shall do in the remaining part of this section.

Proof of Theorem 2.2 in the case of discrete spaces. A central position in this step of the proof occupies the following lemma.

Lemma 2.5. Let τ be an infinite cardinal, X a hereditarily normal τ-Katětov space, A ⊂ X closed, Y a discrete space with |Y | ≤ τ, Φ : X → 2^Y l.s.c. and let θ : A → C(Y ) be a u.s.c. selection for Φ|A. Then there exists a neighborhood W of A and a u.s.c. selection ψ : W → C(Y ) for Φ|W such that ψ|A = θ.

Proof: If we forget Φ, to construct these W and ψ it will be sufficient to find an open in X family {W_s : s ∈ C(Y )} with the following properties:

(⋆) W_s ∩ A = θ^#(s) for every s ∈ C(Y ), and (⋆⋆) n⋂ i=1 W_{si} = ∅ whenever n⋂ i=1 s_i = ∅.

Indeed, let us set W = ⋃ {W_s : s ∈ C(Y )} and then let us define ψ : W → C(Y ) ∪ {∅} by ψ(x) = ⋂ {s ∈ C(Y ) : x ∈ W_s}, x ∈ W . If we suppose that the ψ(x) is empty for some x ∈ W , then there has to exist a finite number of compacts s_1, s_2, . . . , s_n of {s ∈ C(Y ) : x ∈ W_s} with

⋂_n i=1 s_i = ∅. However, by (⋆⋆), this will imply that

⋂_n i=1 W_{si} = ∅ which is impossible because x ∈ W_{si} , i = 1, 2, . . . , n.

So, ψ : W → C(Y ). Next, it follows from (⋆) that ψ(x) = ⋂ {s ∈ C(Y ) : x ∈ θ^#(s)} = θ(x) for every x ∈ A. Finally, ψ is also u.s.c. Indeed, let L ⊂ Y be arbitrary and x ∈ ψ^#(L). Then there exists a finite number of elements s_1, s_2, . . . , s_n of {s ∈ C(Y ) : x ∈ W_s} such that

⋂_n

i=1s_i ⊂ L. Therefore

⋂_n i=1 W_{si} is a neighborhood of x which lies in ψ^#(L). Then ψ^#(L) is open, i.e. ψ is u.s.c.

The manner of constructing {W_s : s ∈ C(Y )} will give us that the corresponding ψ above is also a selection for Φ|W . So, we proceed to the construction of this family. We set O_s = {x ∈ A : θ(x) = s} for all s ∈ C(Y ). Also, we set S_n = {s ∈ C(Y ) : |s| = n}, O_n = {O_s : s ∈ S_n} and A_n = {x ∈ A : |θ(x)| ≥ n} for all n ∈ N. Note that A\A_n = ⋃ {θ^#(s) : |s| < n} and hence A_n is closed, A_n ⊃ A_{n+1} for all n ∈ N and A_1 = A. We shall establish some simple properties.

(i) Let l, s ∈ C(Y ) and θ^#(s) ∩ O_l ≠ ∅. Then l ⊂ s.

This is obvious.

(ii) Let l, s ∈ C(Y ) and l is not contained in s. Then O_l ∩ O_s = ∅. It follows from (i) that θ^#(s) ∩ O_l = ∅. So, θ^#(s) ∩ O_l = ∅ because θ^#(s) is open in A. Therefore O_s ∩ O_l = ∅ because O_s ⊂ θ^#(s).

(iii) {O_s : s ∈ C(Y )} is a locally finite cover of A.

Let x ∈ A. Then θ^#(θ(x)) is a neighborhood of x in A. By (i), θ^#(θ(x)) ∩ O_s ≠ ∅ implies s ⊂ θ(x). Hence, θ^#(θ(x)) intersects only finitely many elements of {O_s : s ∈ C(Y )} because θ(x) is finite.

(iv) O_n is locally finite and open in A_n.

Since O_s = θ^#(s) ∩ A_n for every s ∈ S_n, each O_s is open in A_n. The local finiteness follows from (iii). (v) ⋂ y∈s Φ^{−1}({y}) is a neighborhood of O_s in X for every s ∈ C(Y ).

The intersection ⋂ y∈s Φ^{−1}({y}) is open as a finite intersection of open sets. Next, O_s ⊂ ⋂ y∈s Φ^{−1}({y}) because θ is a selection for Φ|A.

Now we shall construct an open in X family V = {V_s : s ∈ C(Y )} so that the following holds for every s ∈ C(Y ).

(1) V_s ∩ A_n = O_s if |s| = n, (2) V_s ∩ V_l = ∅ for every l ∈ C(Y ) such that |l| ≤ |s| and l is not contained in s, (3) V_s ⊂ ⋂ y∈s Φ^{−1}({y}).

First, note that |S_n| ≤ |C(Y )| ≤ |Y | · ℵ_0 ≤ τ · ℵ_0 = τ. Since X is τ-Katětov, by (iv) and [12, Remark 1], for each n we can find a locally finite open in X family U_n = {U_s : s ∈ S_n} such that U_s ∩ A_n = O_s for each s ∈ S_n. By Lemma 2.4, we may assume that U_s ∩ A_n = O_s for each s ∈ S_n, and by (v), that U_s ⊂ ⋂ y∈s Φ^{−1}({y}). Finally, we let

V_s = U_s\ ⋃ {U_l : l ∈ C(Y ), |l| ≤ |s| and l is not contained in s}

for every s ∈ C(Y ). We will show that O_s ⊂ V_s. Let l ∈ C(Y ), |l| ≤ |s| and let s do not contain l. Also, let |l| = m. Then O_s, O_l ⊂ A_m and, by (ii), we obtain

O_s ∩ U_l = O_s ∩ U_l ∩ A_m = O_s ∩ O_l = ∅,

whence O_s ⊂ V_s. Since every union of finitely many locally finite families is also locally finite, the set ⋃ {U_l : l ∈ C(Y ), |l| ≤ |s| and l is not contained in s} is closed. Thus, V_s is open and O_s ⊂ V_s ⊂ U_s ⊂ ⋂ y∈s Φ^{−1}({y}). Now (1), (2) and (3) follow easily.

Finally, we define W_s = ⋃ l⊂s V_l, s ∈ C(Y ).

Let us observe that {O_s : s ∈ C(Y )} consists of pairwise disjoint sets and A_n = ⋃ {O_s : |s| ≥ n}. This fact together with (1) gives us that |s| < n implies

V_s ∩ A_n = V_s ∩ (A_{|s|} ∩ A_n) = O_s ∩ A_n = ∅.

Then, V_{s1} ∩ O_{s2} ≠ ∅ implies |s_1| ≥ |s_2| and hence, by virtue of (2), s_1 ⊃ s_2. This shows that

W_s ∩ A = ( ⋃ l⊂s V_l) ∩ ( ⋃ {O_s : s ∈ C(Y )}) = ⋃ l⊂s O_l = θ^#(s),

i.e., (⋆) holds. Let ⋂_n i=1 l_i = ∅, where l_i ∈ C(Y ) and i = 1, 2, . . . , n. Without loss of generality, we may assume that |l_1| ≤ |l_i| for i = 1, 2, . . . , n. Since

⋂_n

i=1 l_i = ∅, there is k ∈ {2, . . . , n} such that l_1 is not contained in l_k. Then, by (2), V_{l1} ∩ V_{lk} = ∅ and hence

⋂_n

i=1 V_{li} = ∅. So, if

⋂_n i=1 s_i = ∅ for s_i ∈ C(Y ), i = 1, 2, . . . , n, then we obtain_n ⋂ i=1 W_{si} = n⋂ i=1 ( ⋃ l⊂s_i

V_l) = ⋃ { n⋂ i=1 V_{li} : l_i ⊂ s_i} = ∅,

i.e., (⋆⋆) holds.

To finish the proof, it only remains to check that the mapping ψ, associated with the family {W_s : s ∈ C(Y )}, is a selection for Φ|W . On the one hand, x ∈ W implies x ∈ V_s for some s ∈ C(Y ) and, by (3), Φ(x) ⊃ s. On the other hand, x ∈ W_s and, by definition, ψ(x) ⊂ s. Therefore, ψ(x) ⊂ Φ(x). □

Corollary 2.6. Let Y be a discrete space, X a hereditarily normal w(Y )-Katětov space, A ⊂ X closed, Φ : X → C^′(Y ) l.s.c. and θ : A → C(Y ) a u.s.c. selection for Φ|A. Then there exists a u.s.c. selection φ : X → C(Y ) for Φ such that φ|A = θ.

Proof: Applying Lemma 2.5, we get a neighborhood W of A and an usco selection ψ for Φ|W such that ψ|A = θ. Let us take a neighborhood V of A such that A ⊂ V ⊂ V ⊂ W . Since X\V is w(Y )-collectionwise normal, by a result of [2] (see also [11]), there exists an usco selection ϕ for Φ|X\V . Finally we define φ : X → C(Y ) by the formula

φ(x) = ψ(x), x ∈ V ψ(x) ∪ ϕ(x), x ∈ V \V ϕ(x), x ∈ X\V .

This φ is clearly a selection for Φ and φ|A = θ. In order to check that φ is u.s.c., take an L ⊂ Y . Since ψ and ϕ are u.s.c., the set

φ^{−1}(L) = [ V ∩ ψ^{−1}(L) ] ⋃ [ (X\V ) ∩ ϕ^{−1}(L) ]

is closed, i.e. φ is u.s.c. □

Approximate representations of usco selections.

Here we have collected the needed technique for the step from “discrete Y ” to “completely metrizable Y ”. It is based on an approach in [5] (see also [3], [4]) for approximating usco selections.

Let X be a topological space, (Y, d) a metric space and Φ : X → F(Y ). Also, let A be a set, p : A → F(X) ∪ {∅} and t : A → T (Y ), where T (Y ) denotes the topology of Y . We shall say that the triple (p, t; A) is a t(A)-approximate selection for Φ ([5]), if

(1) {p(α)|α ∈ A} is a locally finite cover of X, (2) {t(α)|α ∈ A} is a locally finite cover of Y , (3) p(α) ⊂ Φ^{−1}(t(α)) for every α ∈ A.

We consider the set

Ω(Φ) = {(p, t; A) : (p, t; A) is a t(A)-approximate selection for Φ}.

Suppose (p, t; A), (q, l; B) ∈ Ω(Φ). We need the following definitions:

(4) Relation ≪ of a partial order in Ω(Φ) by (p, t; A) ≪ (q, l; B) if and only if there exists a map π : A → B such that, for every β ∈ B, q(β) = ⋃ {p(α) : α ∈ π^{−1}(β)} and l(β) = ⋃ {t(α) : α ∈ π^{−1}(β)}.

(5) Mesh of (p, t; A) by mesh(p, t; A) = sup{diam(t(α)) : α ∈ A}.

Finally, with every sequence {(p_k, t_k; A_k)}_{k∈N} in Ω(Φ) we associate a set-valued mapping (p_∞, t_∞; A_∞) : X → 2^Y ∪ {∅} defined by:

(p_∞, t_∞; A_∞)(x) = ⋂ {⋃ {t_k(α) : α ∈ A_k, x ∈ p_k(α)} : k ∈ N } . The key step in the reduction from “completely metrizable Y ” to “discrete Y ” is based on the following characterization of usco selections.

Lemma 2.7 ([5]). Let (Y, d) be a complete metric space and Φ : X → F(Y ). For a mapping θ : X → 2^Y ∪ {∅} the following conditions are equivalent:

(i) θ is an usco selection for Φ;

(ii) there exists a decreasing sequence {(p_k, t_k; A_k)}_{k∈N} in Ω(Φ) such that θ = (p_∞, t_∞; A_∞) and lim_{k→∞} mesh(p_k, t_k; A_k) = 0.

In order to use Lemma 2.7, we need the following property of set-valued mappings with hereditarily normal Katětov domain.

Lemma 2.8. Let Y be a topological space, X a hereditarily normal w(Y )- Katětov space, Φ : X → C^′(Y ) l.s.c. and A ⊂ X closed. Also, let (1) {t(α) : α ∈ A} be an open locally finite family in Y such that {Φ^{−1}(t(α)) :

α ∈ A} covers X, (2) {q(α) : α ∈ A} be a closed locally finite cover of A such that q(α) ⊂ Φ^{−1}(t(α)) ∩ A for every α ∈ A.

Then there exists a closed locally finite cover {p(α) : α ∈ A} of X such that p(α) ∩ A = q(α) and p(α) ⊂ Φ^{−1}(t(α)) for every α ∈ A.

Proof: Let Y = {α ∈ A : t(α) ≠ ∅}. Considering Y as a discrete space, we define a u.s.c. θ : A → C(Y) by

θ(x) = {γ ∈ Y : x ∈ q(γ)}.

We also define an l.s.c. Ψ : X → C^′(Y) by

Ψ(x) = {γ ∈ Y : x ∈ Φ^{−1}(t(γ))}.

Since Φ is l.s.c., the set Ψ^{−1}(L) = ⋃ {Φ^{−1}(t(γ)) : γ ∈ L} is open for every L ⊂ Y, i.e. Ψ is l.s.c. Now let us pick an x ∈ X. Since Φ(x) ∈ C^′(Y ), either Φ(x) = Y or Φ(x) ∩ t(α) ≠ ∅ for finitely many α ∈ A. In the first case Ψ(x) = Y, and in the second one |Ψ(x)| < ℵ_0. That is, Ψ : X → C^′(Y).

Since q(γ) ⊂ Φ^{−1}(t(γ)) = Ψ^{−1}(γ), the mapping θ is a selection for Ψ|A. Note that |Y| ≤ w(Y ) · ℵ_0 = w(Y ) because {t(γ) : γ ∈ Y} is an open locally finite family of non-empty sets. Then, applying Corollary 2.6 to Ψ and θ, we get a u.s.c. selection ψ : X → C(Y) for Ψ such that ψ|A = θ. We let p(γ) = ψ^{−1}(γ) for every γ ∈ Y and p(α) = ∅ for every α ∈ A\Y. Now ψ|A = θ implies p(α) ∩ A = q(α). The inclusion p(α) ⊂ Φ^{−1}(t(α)) holds because ψ is a selection for Ψ and Ψ^{−1}(γ) = Φ^{−1}(t(γ)). Since ψ is usco, {p(α) : α ∈ A} is a closed pointwise finite and closure-preserving (i.e., a closed locally finite) cover of X. □ Proof of Theorem 2.2 in the general case.

In this last part of Section 2 we shall complete the proof of Theorem 2.2 by accomplishing the implication (a) ⇒ (b). To this end, let Y , A, Φ and θ be as in (b) of Theorem 2.2. Let d be a compatible complete metric of Y . According to Lemma 2.7, there exists a decreasing sequence {(q_k, t_k; A_k)}_{k∈N} in Ω(Φ|A) such that lim_{k→∞} mesh(q_k, t_k; A_k) = 0 and θ = (q_∞, t_∞; A_∞). Applying once again Lemma 2.7, we shall achieve our aim if we construct a sequence of covers {{p_k(α) : α ∈ A_k}}_{k∈N} of X such that {(p_k, t_k; A_k)}_{k∈N} is a decreasing sequence in Ω(Φ) and p_k(α) ∩ A = q_k(α) for all α. We proceed by induction. Applying Lemma 2.8 with A = A_1, t(α) = t_1(α) and q(α) = q_1(α) for every α ∈ A_1, we find a closed locally finite cover {p_1(α) : α ∈ A_1} of X such that p_1(α) ∩ A = q_1(α) and p_1(α) ⊂ Φ^{−1}(t_1(α)) for every α ∈ A_1.

Suppose now that we have already constructed {p_n(α) : α ∈ A_n} such that (p_n, t_n; A_n) ∈ Ω(Φ) and p_n(α) ∩ A = q_n(α) for each α ∈ A_n. We will construct {p_{n+1}(α) : α ∈ A_{n+1}} such that (p_{n+1}, t_{n+1}; A_{n+1}) ∈ Ω(Φ), p_{n+1}(α) ∩ A = q_{n+1}(α) for each α ∈ A_{n+1} and (p_{n+1}, t_{n+1}; A_{n+1}) ≪ (p_n, t_n; A_n). Towards this end, let β ∈ A_n and let us apply Lemma 2.8 with p_n(β) instead of X, q_n(β) instead of A, {t_{n+1}(α) : α ∈ π^{−1}_n (β)} instead of {t(α) : α ∈ A} and {q_{n+1}(α) : α ∈ π^{−1}_n (β)} instead of {q(α) : α ∈ A}. To be correct, let us note that every closed subspace of a τ-Katětov space is also τ-Katětov. In addition, we note that {Φ^{−1}(t_{n+1}(α)) : α ∈ π^{−1}_n (β)} is a cover of p_n(β). This merely holds because p_n(β) ⊂ Φ^{−1}(t_n(β)) = ⋃ {Φ^{−1}(t_{n+1}(α)) : α ∈ π^{−1}_n (β)}. So, by Lemma 2.8, there exists a closed locally finite cover {p_{n+1}(α) : α ∈ π^{−1}_n (β)} of p_n(β) such that

q_{n+1}(α) = p_{n+1}(α) ∩ q_n(β) = p_{n+1}(α) ∩ p_n(β) ∩ A = p_{n+1}(α) ∩ A,

and p_{n+1}(α) ⊂ Φ^{−1}(t_{n+1}(α)) for every α ∈ π^{−1}_n (β).

It only remains to show that the cover of X defined by

{p_{n+1}(α) : α ∈ A_{n+1}} = ⋃ β∈A_n

{p_{n+1}(α) : α ∈ π^{−1}_n (β)},

is locally finite. To this end pick an x ∈ X and let U be a neighborhood of x such that {β ∈ A_n : U ∩ p_n(β) ≠ ∅} is finite, say {β ∈ A_n : U ∩ p_n(β) ≠ ∅} = {β_i}^k_{i=1}. For each i ∈ {1, 2 . . . , k}, the point x has a neighborhood U_i such that {α ∈ π^{−1}_n (β_i) : U_i ∩p_{n+1}(α) ≠ ∅} is finite. Then U ∩U_1 · · ·∩U_k is a neighborhood of x which meets only finitely many members of {p_{n+1}(α) : α ∈ A_{n+1}}. Thus, the proof is complete.

3. Paracompact spaces and extending of usco selections

The technique developed in the previous section allows us to obtain the following characterization of hereditarily normal τ-paracompact spaces, which is a slight generalization of Theorem 1.5.

Theorem 3.1. For an infinite cardinal τ and a T_1-space X the following conditions are equivalent:

(a) X is hereditarily normal and τ-paracompact;

(b) whenever A ⊂ X is closed, Y completely metrizable with w(Y ) ≤ τ, Φ : X → F(Y ) l.s.c. and θ : A → C(Y ) a u.s.c. selection for Φ|A there exists a u.s.c. selection φ : X → C(Y ) for Φ such that φ|A = θ.

The proof of the implication (a) ⇒ (b) of Theorem 3.1 repeats that of the implication (a) ⇒ (b) of Theorem 2.2, with Corollary 2.6 and Lemma 2.8 replaced respectively by Corollary 3.2 and Lemma 3.3 below.

Corollary 3.2. Let Y be a discrete space, X a hereditarily normal w(Y )-paracompact space, A ⊂ X closed, Φ : X → 2^Y l.s.c. and θ : A → C(Y ) a u.s.c. selection for Φ|A. Then there exists a u.s.c. selection φ : X → C(Y ) for Φ such that φ|A = θ.

Proof: Following the proof of Corollary 2.6, it suffices to show how in this case we obtain an usco selection ϕ for Φ|X\V . Since X\V is w(Y )-paracompact, by results of [10] and [1], such ϕ certainly exists. □

Lemma 3.3. Let Y be a topological space, X a hereditarily normal w(Y )- paracompact space, Φ : X → 2^Y l.s.c. and A ⊂ X closed. Also, let (1) {t(α) : α ∈ A} be an open locally finite family in Y such that {Φ^{−1}(t(α)) :

α ∈ A} covers X, (2) {q(α) : α ∈ A} be a closed locally finite cover of A such that q(α) ⊂ Φ^{−1}(t(α)) ∩ A for every α ∈ A.

Then there exists a closed locally finite cover {p(α) : α ∈ A} of X such that p(α) ∩ A = q(α) and p(α) ⊂ Φ^{−1}(t(α)) for every α ∈ A.

Proof: With Corollary 3.2 instead of Corollary 2.6, the proof repeats precisely that of Lemma 2.8. □

To finish the proof of Theorem 3.1, it only remains to verify the implication (b) ⇒ (a). To this end, let us observe that (b) implies the following property of X: For every completely metrizable Y with w(Y ) ≤ τ, every l.s.c. Φ : X → F(Y ) admits a u.s.c. selection φ : X → C(Y ). Indeed, letting A to be a singleton, it suffices to extend an arbitrary selection θ : A → C(Y ) for Φ|A to an usco selection φ for Φ. This property of X together with a result of [1] imply the τ-paracompactness of X. Now using Proposition 1.3, we finally obtain (a).

4. Hereditarily normal spaces and extending of usco mappings

The considerations in this last section are inspired by the following known property of hereditary normality.

Lemma 4.1 ([12]). Every hereditarily normal space is countably Katětov.

After Lemma 4.1 and the results of preceding sections, the following characterization of hereditarily normality sounds naturally.

Theorem 4.2. For a T_1-space X the following conditions are equivalent:

(a) X is hereditarily normal;

(b) whenever A ⊂ X is closed, Y a completely metrizable separable space and θ : A → C(Y ) u.s.c. there exists a u.s.c. φ : X → C(Y ) such that φ|A = θ;

(c) whenever A ⊂ X is closed and θ : A → C_c(R) is u.s.c. there exists a u.s.c.

φ : X → C_c(R) such that φ|A = θ.

Proof: The implication (a) ⇒ (b) is a consequence of Lemma 4.1 and the special case τ = ℵ_0 of Theorem 2.2. As for (b) ⇒ (c), note that if ϕ : X → C(R) is u.s.c., then the mapping which assigns to each x ∈ X the convex hull of ϕ(x) is also u.s.c.

Let us prove (c) ⇒ (a). Suppose A_0, A_1 ⊂ X are such that A_i ∩ A_{1−i} = ∅ for i = 0, 1. Put A = A_0 ∪ A_1 and then define a u.s.c. θ : A → C_c(R) by

θ(a) =

{0}, a ∈ A\A_1 {1}, a ∈ A\A_0 [0,1], a ∈ A_0 ∩ A_1 .

By (c), there exists an u.s.c. φ : X → C_c(R) extending θ. Put O_i = φ^#((i − 1/2, i+1/2)), i = 0, 1, and then observe that O_i, i = 0, 1, are disjoint open subsets of X such that A_i ⊂ O_i, i = 0, 1. □

Let us now pay attention to the following (maybe known) relation between set-valued and single-valued mappings.

Lemma 4.3. Let X be a topological space and θ : X → C_c(R). Then the following conditions are equivalent:

(a) θ is u.s.c.;

(b) the functions l, u : X → R defined by l(x) = min(θ(x)) and u(x) = max(θ(x)) for x ∈ X, are respectively lsc and usc.

Proof: It follows immediately from the equalities that θ^#((r, +∞)) = l^{−1}((r, +∞)) and θ^#((−∞, r)) = u^{−1}((−∞, r)) for each r ∈ R. □

Now, Theorem 1.7 from the introduction becomes a simple consequence of the above lemma and Theorem 4.2.

References

[1] Choban M., Set-valued mappings and Borel sets (in Russian), Trudy MMO 23 (1970), 277–301.

[2] Choban M., Nedev S., Factorization theorems for set-valued mappings, set-valued sections and topological dimension (in Russian), Mat. Balkanica 4 (1974), 457–460.

[3] Gutev V., Open mappings looking like projections, Set-Valued Analysis 1 (1993), 247–260. [4] Gutev V., Trivial bundles of spaces of probability measures and countable-dimensionality, Studia Math. 114 (1995), 1–11.

[5] Gutev V., Generic extensions of finite-valued u.s.c. selections, Topology Appl., to appear. [6] Katětov M., On real-valued functions in topological spaces, Fund. Math. 38 (1951), 85–91. [7] Katětov M., Correction to “On real-valued functions in topological spaces”, Fund. Math.

40 (1953), 203–205.

[8] Katětov M., On the extension of locally finite coverings (in Russian), Colloq. Math. 6 (1958), 145–151.

[9] Michael E., Continuous selection I, Ann. Math. 63 (1956), 361–382. [10] Michael E., A theorem on semi-continuous set-valued functions, Duke Math. J. 26 (1959), 359–376.

196 I. Shishkov

[11] Nedev S., Selection and factorization theorems for set-valued mappings, Serdica 6 (1980), 291–317.

[12] Przymusiński T.C., Wage M., Collectionwise normality and extensions of locally finite coverings, Fund. Math. 109 (1980), 175–187.

[13] Tong H., Some characterizations of normal and perfectly normal spaces, Duke Math. J.

19 (1952), 289–292.

[14] Urysohn P., Über die Mächtigkeit der zusammenhängenden Mengen, Math. Ann. 94 (1925), 262–295.

Institute of Mathematics, Bulgarian Academy of Sciences, Acad. G. Bontchev Str. bl. 8, 1113 Sofia, Bulgaria E-mail: shishkov@math.bas.bg

(Received November 9, 1998)