Comment.Math.Univ.Carolin. 41,2 (2000)299–300 299

Connected transversals — the Zassenhaus case

Tomáš Kepka, Petr Němec

Abstract. In this short note, it is shown that if A, B are H-connected transversals for a finite subgroup H of an infinite group G such that the index of H in G is at least 3 and H ∩ H^u ∩ H^v = 1 whenever u, v ∈ G \ H and uv^{−1} ∈ G \ H then A = B is a normal abelian subgroup of G.

Keywords: group, subgroup, connected transversals, core

Classification: 20F12, 20D60

Throughout this extremely short note, let H be a subgroup of a group G such that the index of H in G is at least 3 and H ∩ H^u ∩ H^v = 1 whenever u, v ∈ G \ H and uv^{−1} ∈ G \ H. Furthermore, let A, B be subsets of G such that AH = G = BH and a^{−1}b^{−1}ab ∈ H for all a ∈ A and b ∈ B. In his remarkable paper [3], A. Drápal showed that then A = B is an abelian subgroup of G, provided that G is finite. The purpose of the present modest note is to check that A = B is a normal abelian subgroup of G, provided that H is finite and G is infinite (notice that if H is infinite then neither A nor B need to be a subgroup of G — see [1] and [2]). The kind reader is fully referred to [1], [2] and [3] as concerns all the necessary background and many further useful details and connections.

In the rest of this note, assume that H is finite and G is infinite. If G_1 = ⟨A, B⟩ and H_1 = H ∩ G_1 then AH_1 = G_1 = BH_1 and we show first that the centralizer K of H_1 in G_1 is of finite index in G_1.

Since n = |H_1| is finite, we have H_1 ⊆ ⟨C⟩ for a finite subset C ⊆ A ∪ B. Now, take c ∈ C and put K_c = {x ∈ G_1; xc = cx} and B_u = {b ∈ B; c^{−1}b^{−1}cb = u} for every u ∈ H_1 (here we assume c ∈ A, the other case being similar). Then B = ⋃ B_u, this union is disjoint and b_2b^{−1}_1 ∈ K_c for all b_1, b_2 ∈ B_u. Further, for every u ∈ H_1 such that B_u ≠ ∅, choose b_u ∈ B_u and put D_c = {b_u; u ∈ H_1}. Then G_1 = K_cD_cH_1, |D_cH_1| ≤ n^2 and it follows easily that the index of K_c in G_1 is at most n^2. On the other hand, K = ⋂ K_c and consequently the index of K in G_1 is finite, too.

This research has been supported by the Grant Agency of the Czech Republic, grant # GAČR-201/99/0263.

300 T. Kepka, P. Němec

Since H is finite, G_1 is of finite index in G and we conclude that also the index of K in G is finite. Finally, if L = K_G denotes the core of K in G then G/L is a finite group. Since G is infinite, L must be so and the finiteness of H implies that we can find elements u_1, v_1 ∈ L \ H such that u_1v^{−1}_1 /∈ H. Now, H_1 = H_1 ∩ H^{u1}_1 ∩ H^{v1}_1 ⊆ H ∩ H^{u1} ∩ H^{v1} = 1 and we have proven that H_1 = 1. Consequently, ab = ba for all a ∈ A and b ∈ B.

Next, we show that both A and B are subgroups of G. Indeed, if H_2 = ⟨A⟩∩H then H^b_2 = H_2 ⊆ H for every b ∈ B and we see that H_2 ⊆ H_G = 1, where H_G is the core of H in G. Thus H_2 = 1 and it follows easily that ⟨A⟩ = A. Quite similarly, B is a subgroup of G.

Since the index of A ∩ B in G is finite, we can find e ∈ A ∩ B, e ≠ 1. If a ∈ A and b ∈ B are such that a^{−1}b ∈ H then a^{−1}b ∈ H ∩ H^u ∩ H^v, where u = a^{−1} and v = (a^{−1}ea)^{−1}. Assume, for a moment, that a ≠ b. Then u, v ∈ G \ H, uv^{−1} ∈ G \ H, and therefore H ∩ H^u ∩ H^v = 1 and a = b, a contradiction. Thus a = b and we have shown that A = B. Clearly, this subgroup is abelian.

It remains to show that A is normal in G. Since A is of finite index in G, the core A_G is infinite. If E denotes the centralizer of A_G, then A ⊆ E, E is normal in G and we have E = AH_3 for some H_3 ⊆ H. Finally, H_3 ⊆ H^w for every w ∈ A_G, and therefore H_3 = 1 and A = E.

References

[1] Drápal A., Multiplication groups of free loops I, Czech. Math. J. 46 (121) (1996), 121–131. [2] Drápal A., Multiplication groups of free loops II, Czech. Math. J. 46 (121) (1996), 201–220. [3] Drápal A., Multiplication groups of finite loops that fix at most two points, submitted.

Department of Algebra, Faculty of Mathematics and Physics, Charles University, Sokolovská 83, 186 75 Praha 8, Czech Republic E-mail: kepka@karlin.mff.cuni.cz

Department of Mathematics, ČZU, Kamýcká 129, 165 21 Praha 6 – Suchdol, Czech Republic E-mail: nemec@tf.czu.cz

(Received October 4, 1999)