Comment.Math.Univ.Carolin. 41,3 (2000)485–491 485

Existence of mild solutions on semiinfinite interval for first order differential equation with nonlocal condition

M. Benchohra, S.K. Ntouyas

Abstract. In this paper we investigate the existence of mild solutions defined on a semiinfinite interval for initial value problems for a differential equation with a nonlocal condition. The results is based on the Schauder-Tychonoff fixed point theorem and rely on a priori bounds on solutions.

Keywords: initial value problems, mild solution, semiinfinite interval, nonlocal condition, fixed point

Classification: 34A60, 34G20, 35R10, 47H20

1. Introduction

In this paper we study the existence of mild solutions, defined on a semiinfinite interval J = [0, ∞), for an initial value problem (IVP) for a semilinear evolution equation, with a nonlocal condition, of the form

y^′ − A(t)y(t) = f(t, y), t ∈ J := [0, ∞), (1.1)

y(0) + g(y) = y_0, (1.2)

where f : J × E −→ E, g ∈ C(J, E) are given functions, y_0 ∈ E, A(t), t ∈ J is a linear operator from a dense subspace D(A(t)) of E into E and E is a real Banach space with norm ‖ · ‖.

The paper by Byszewski [6] was the first about the nonlocal problems for evolution equations in Banach spaces. The nonlocal conditions were motivated by physical problems. For the importance of nonlocal conditions in different fields we refer to [6] and the references cited therein. In fact, more authors have paid attention to the research of IVP with nonlocal conditions, in the few past years. We refer to Balachandran and Chandrasekaran [4], Byszewski [5], [6], Ntouyas and Tsamatos [11], [12].

The method we are going to use is to reduce the existence of mild solutions to problem (1.1)–(1.2) to the search for fixed points of a suitable map on a Fréchet space C(J, E). In order to prove the existence of fixed points, we shall rely on the theorem of Schauder-Tychonoff.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which are used throughout this paper.

C(J, E) is the linear metric Fréchet space of continuous functions from J into E with the metric (see Dugundji and Granas [9], Corduneanu [7]):

d(y, z) := ∞∑ m=0 2^{−m}‖y − z‖_m 1 + ‖y − z‖_m for each y, z ∈ C(J, E),

where ‖y‖_m := sup{‖y(t)‖ : t ∈ [0, t_m]} and t_1 < t_2 < · · · < t_m −→ ∞.

B(E) denotes the Banach space of bounded linear operators from E into E. A measurable function y : J −→ E is Bochner integrable if and only if ‖y‖ is Lebesgue integrable. (For properties of Bochner integral see Yosida [13].)

L^1(J, E) denotes the Banach space of continuous functions y : J −→ E which are Bochner integrable, normed by

‖y‖_L1 :=

∫_∞ 0 ‖y(t)‖ dt for all y ∈ L^1(J, E).

The convergence in C(J, E) is the uniform convergence on compact intervals, i.e. y_j −→ y in C(J, E) if and only if for each m ∈ N, ‖y_j − y‖_m −→ 0 in C([0, t_m], E) as j −→ ∞.

M ⊆ C(J, E) is a bounded set if and only if there exists a positive function ϕ ∈ C(J, R_+) such that

‖y(t)‖ ≤ ϕ(t) for all t ∈ J and all y ∈ M.

The Ascoli-Arzela theorem says that a set M ⊆ C(J, E) is compact if and only if for each m ∈ N, M is a compact set in the Banach space (C([0, t_m], E), ‖ · ‖_m).

The operator G : E −→ E is said to be completely continuous if G(B) is relatively compact in E, for every bounded subset B ⊆ E.

A function f : J ×E −→ E[(t, y) −→ f(t, y)] is said to be an L^1- Carathéodory function if:

(i) for each t ∈ J the function f(t, .) : E −→ E is continuous; (ii) for each y ∈ E the function f(., y) : J −→ E is strongly measurable; (iii) for every positive integer k there exists h_k ∈ L^1(J, R) such that for a.e.

t ∈ J sup ‖y‖≤k

‖f(t, y)‖ ≤ h_k(t).

We will need the following assumptions.

(H1) A(t), t ∈ J, is the infinitesimal generator of the linear semigroup T (t, s), (t, s) ∈ γ := {(t, s) : 0 ≤ s ≤ t < ∞}, that is A(t)y = lim_{h→0+}

T (t + h, t)y − y h , y ∈ D(A(t)), where T (t, s) ∈ B(E) for each (t, s) ∈ γ, satisfying:

(i) T (t, t) = I (I is the identity operator in E), (ii) T (t, s)T (s, r) = T (t, r) for 0 ≤ r ≤ s ≤ t < ∞, (iii) the mapping (t, s) −→ T (t, s)y is strongly continuous in γ for each y ∈ E. (H2) f : J × E −→ E[(t, y) −→ f(t, y)] is an L^1- Carathéodory function. (H3) There exists a constant G > 0 such that ‖g(y)‖ ≤ G for each y ∈ E. (H4) ‖f(t, y)‖ ≤ p(t)ψ(‖y‖) for almost all t ∈ J and all y ∈ E, where p ∈ L^1(J, R_+) and ψ : R_+ −→ (0, ∞) is continuous and increasing with M ∫_a 0 p(s) ds <

∫_∞ c du ψ(u) for each a > 0, where M = sup{‖T (t, s)‖; (t, s) ∈ γ} and c = M‖y_0‖ + MG.

(H5) For each bounded set B ⊂ C(J, E), y ∈ B and t ∈ J, the set { T (t, 0)y_0 − T (t, 0)g(y) +

∫_t 0 T (t, s)f(s, y(s)) ds }

is relatively compact.

The following lemma is crucial in the proof of our main theorem: Lemma 2.1 (Schauder-Tychonoff [9], [7]). Let Ω be a closed convex subset of a locally convex Hausdorff space E. Assume that N : Ω −→ Ω is continuous and that N(Ω) is relatively compact in E. Then N has at least one fixed point in Ω. 3. Main result

A continuous solution t −→ y(t) of the integral equation

y(t) = T (t, 0)y_0 − T (t, 0)g(y) +

∫_t 0 T (t, s)f(s, y(s)) ds, t ∈ y, is called a mild solution of (1.1)–(1.2) on J.

Now, we are able to state and prove our main theorem.

Theorem 3.1. Let g : C(J, E) −→ E be a continuous function. Assume that hypotheses (H1)–(H5) are satisfied. Then problem (1.1)–(1.2) has at least one mild solution on J.

Proof: We transform problem (1.1)–(1.2) into a fixed point problem. Consider the map N : C(J, E) −→ C(J, E) defined by

(Ny)(t) = T (t, 0)y_0 − T (t, 0)g(y) +

∫_t 0 T (t, s)f(s, y(s)) ds, t ∈ J. Let Ω := {y ∈ C(J, E) : ‖y(t)‖ ≤ a(t), t ∈ J}, where a(t) := I^{−1} ( M ∫_t 0 p(s) ds )

and I(z) :=

∫_z 0 du ψ(u) . Clearly Ω is a convex subset of C(J, E).

We shall show that Ω is closed and the operator N defined on Ω has values in Ω and it is compact. The proof will be given in five steps. Step 1. Ω is closed.

Let y_n ∈ Ω with ‖y_n‖_m −→ ‖y‖_m (i.e. y_n converges uniformly to y on [0, t_m]) for each m ∈ {1, 2, . . . }. Then, for each fixed t ∈ [0, t_m], we have ‖y_n(t)‖ ≤ a(t), which implies ‖y(t)‖ ≤ a(t).

So, y ∈ Ω.

Step 2. N(Ω) ⊆ Ω.

Let y ∈ Ω and fix t ∈ J. We must show that Ny ∈ Ω. Let x < t. Then

‖(Ny)(x)‖ ≤ M‖y_0‖ + MG + M

∫_x 0 p(s)ψ(‖y(s)‖) ds

≤ M‖y_0‖ + MG + M

∫_x 0 p(s)(ψ(a(s))) ds

= M‖y_0‖ + MG +

∫_x 0 a^′(s) ds = a(x) since ∫_{a(s)} c du ψ(u) = M ∫_s 0 p(τ) dτ.

Thus Ny ∈ Ω. So, N : Ω −→ Ω. Step 3. N is continuous.

Let y_n −→ y in C(J, E). We will show that Ny_n −→ Ny in C(J, E).

Now, ‖y_n‖_m −→ ‖y‖_m implies that there exists r > 0 such that ‖y_n‖_m ≤ r and ‖y‖_m ≤ r.

Also, there exists h_r ∈ L^1_{loc}(J, R) with ‖f(s, y)‖ ≤ h_r(s) for a.e. s ∈ [0, t_m] and all ‖y‖ ≤ r. For each t ∈ [0, t_m], we have f(s, y_n(s)) −→ f(s, y(s)) for a.e. s ∈ [0, t_m].

The above formula together with the Lebesgue dominated convergence theorem implies that

‖Ny_n − Ny‖_m = sup_{t∈[0,t} m ] ‖ ‖−T (t, 0)[g(yn) − g(y)] + ∫_t 0 T (t, s)[f(s, y_n(s)) − f(s, y(s))] ds ‖ ‖ ‖ ≤ ‖ − T (t, 0)‖ · ‖g(y_n) − g(y)‖ + ∫_m 0 T (t, s)‖f(s, y_n(s)) − f(s, y(s))‖ ds → 0.

Thus, N is continuous.

Step 4. N maps bounded sets in C(J, E) into uniformly bounded sets.

Let B_r = {y ∈ C(J, E) : ‖y‖ ≤ r} be a bounded set in C(J, E). Then, there exists h_r ∈ L^1_{loc}(J, R) with ‖f(s, y)‖ ≤ h_r(s) for a.e. s ∈ [0, t_m] and all y ∈ B_r. Thus, ‖Ny(t)‖_m ≤ M‖y_0‖ + MG +

∫_t 0 T (t, s)f(s, y(s)) ds

≤ M‖y_0‖ + MG + M

∫_{tm} 0 h_r(s) ds.

Step 5. N maps bounded sets in C(J, E) into equicontinuous family.

Let τ_1, τ_2 ∈ [0, t_m], τ_1 < τ_2 and B_r = {y ∈ C(J, E) : ‖y‖ ≤ r} be a bounded set in C(J, E). Thus,

‖Ny(τ_2) − Ny(τ_1)‖ ≤ ‖(T (τ_2, 0) − T (τ_1, 0))y_0‖ + ‖(T (τ_2, 0) − T (τ_1, 0))‖G + ‖ ‖ ‖ ∫_{τ2} 0 [T (τ_2, s) − T (τ_1, s)]f(s, y(s)) ds ‖ ‖ ‖ + ‖ ‖ ‖ ∫_{τ2}

τ_1

T (τ_1, s)f(s, y(s)) ds ‖ ‖ ‖ ≤ ‖(T (τ_2, 0) − T (τ_1, 0))y_0‖ + ‖(T (τ_2, 0) − T (τ_1, 0))‖G + ‖ ‖ ‖ ∫_{τ2} 0 [T (τ_2, s) − T (τ_1, s)]h_r(s) ds ‖ ‖ ‖ + M

∫_{τ2}

τ_1

‖h_r(s)‖ ds.

As τ_2 −→ τ_1, the right-hand side of the above inequality tends to zero.

As a consequence of Steps 3–5 and assumption (H5) together with the Ascoli- Arzela theorem we can conclude that N(B_r) is relatively compact in C(J, E).

Moreover, as a consequence of the Schauder-Tychonoff theorem (Theorem 2.1) we can conclude that N has a fixed point y in Ω which is a solution of (1.1)–(1.2). □ Acknowledgment. The research of the first author was partially supported by grants from MERS-DRS: B^∗ 2201/07/98.

References

[1] Balachandran K., Ilamaran S., Existence and uniqueness of mild solutions of a semilinear evolution equation with nonlocal conditions, Indian J. Pure Appl. Math. 25 (1994), 411– 418.

[2] Balachandran K., Chandrasekaran M., Existence of solutions of nonlinear integrodifferential equation with nonlocal conditions, J. Appl. Math. Stoch. Anal. 10 (1996), 279–288.

[3] Balachandran K., Chandrasekaran M., Nonlocal Cauchy problem for quasilinear integrodifferential equation in Banach spaces, Dynam. Systems Appl. 8 (1999), 35–44.

[4] Balachandran K., Chandrasekaran M., Existence of solutions of a delay differential equation with nonlocal condition, Indian J. Pure Appl. Math. 27 (1996), 443–449.

[5] Byszewski L., Existence and uniqueness of solutions of semilinear evolution nonlocal Cauchy problem, Zeszyty Nauk. Politech. Rzeszowskiej Mat. Fiz. 18 (1993), 109–112.

[6] Byszewski L., Theorems about the existence and uniqueness of solutions of a semilinear evolution nonlocal Cauchy problem, J. Math. Anal. Appl. 162 (1991), 494–505.

[7] Corduneanu C., Integral Equations and Applications, Cambridge Univ. Press, New York, 1990.

[8] Dauer J.P., Balachandran K., Existence of solutions for an integrodifferential equation with nonlocal condition in Banach spaces, Libertas Math. 16 (1996), 133–143.

[9] Dugundji J., Granas A., Fixed Point Theory, Monografie Mat., PWN, Warsaw, 1982. [10] Goldstein J.A., Semigroups of Linear Operators and Applications, Oxford, New York, 1985. [11] Ntouyas S.K., Tsamatos P.Ch., Global existence for semilinear evolution equations with nonlocal conditions, J. Math. Anal. Appl. 210 (1997), 679–687.

[12] Ntouyas S.K., Tsamatos P.Ch., Global existence for semilinear evolution integrodifferential equations with delay and nonlocal conditions, Appl. Anal. 64 (1997), 99–105.

[13] Yosida K., Functional Analysis, Springer-Verlag, Berlin, 1980.

Department of Mathematics, University of Sidi Bel Abbes, BP 89, 22000 Sidi Bel Abbes, Algeria E-mail: benchohra@yahoo.com

Department of Mathematics, University of Ioannina, 451 10 Ioannina, Greece E-mail: sntouyas@cc.uoi.gr

(Received November 8, 1999)