Comment.Math.Univ.Carolin. 41,3 (2000)493–508 493

On very weak solutions of a class of nonlinear elliptic systems

Menita Carozza, Antonia Passarelli di Napoli^∗

Abstract. In this paper we prove a regularity result for very weak solutions of equations of the type − div A(x, u, Du) = B(x, u, Du), where A, B grow in the gradient like t^{p−1} and B(x, u, Du) is not in divergence form. Namely we prove that a very weak solution u ∈ W^{1,r} of our equation belongs to W^{1,p}. We also prove global higher integrability for a very weak solution for the Dirichlet problem { − div A(x, u, Du) = B(x, u, Du) in Ω, u − u_o ∈ W^{1,r}(Ω, R^m).

Keywords: nonlinear elliptic systems, maximal operator theory Classification: Primary 35J50, 35J55, 35J99; Secondary 46E30

1. Introduction

Let us consider equations of the type

(1.1) − div A(x, u, Du) = B(x, u, Du),

where x ∈ Ω, a bounded open subset of R^n, n ≥ 2, u : Ω −→ R^m, m ≥ 1 and A : Ω × R^m × R^{mn} −→ R and B : Ω × R^m × R^{mn} −→ R^n are Carathéodory functions such that

| A(x, u, z) | ≤ c_1 + c_2|u|^{p−1} + c_3|z|^{p−1},

(H1) ⟨ A(x, u, z) , z⟩ ≥ |z|^p − c_4|u|^p − c_5

(H2) and (H3) | B(x, u, z) | ≤ c_6 + c_7|u|^{p−1} + c_8|z|^{p−1},

where c_i, i = 1, . . . , 8, and c are positive constants.

The previous assumptions allow us to give the following

∗ This work was performed as a part of a National Research Project supported by M.U.R.S.T. 40%.

Definition 1.1. A mapping u ∈ W^{1,r}_{loc} (Ω, R^m), max{1, p − 1} ≤ r < p, is called a very weak solution of the equation (1.1) if ∫ Ω [A(x, u, Du)DΦ − B(x, u Du)Φ] dx = 0

for all Φ ∈ W^{1, rr−p+1} (Ω, R^m) with compact support.

The main result is the following

Theorem 1.2. Let the assumptions (H1)–(H3) hold. Then there exists an exponent r_1 = r_1(m, n, p), max{1, p − 1} < r_1 < p, such that if u ∈ W^{1,r}_{loc} (Ω, R^m), r_1 ≤ r < p, is a very weak solution of the equation (1.1), then u ∈ W^{1,p}_{loc} (Ω, R^m).

The theory of very weak solutions of equations of type (1.1) with the right hand-side in divergence form has been initiated by T. Iwaniec and C. Sbordone in [IS]. For that type of equations they proved that if r is sufficiently close to p, then a very weak solution really is a solution (see [I], [IS]). The main tool they used is the Hodge decomposition and later other authors used the same technique to approach similar problems (see [GLS], [M1]). In our case (the right hand-side of (1.1) is not in divergence form) the Hodge decomposition seems to be not useful. In proving Theorem 1.2 we follow the techniques of Lewis (see [Le], [M2]) using the theory about the Hardy-Littlewood maximal function and the A_p-weights. A fundamental tool in our proof is the choice of a suitable test function, involving level sets of maximal function defined by using a Lemma due to Acerbi and Fusco (see [AF] and Lemma 2.5 below). Another fundamental tool is a well known Hedberg estimate (see [H] and Lemma 2.6 below).

Remark 1.3. With the same techniques we can reobtain Theorem 1.2 for equations of the following type

− div(w(x) A(x, u, Du)) = w(x) B(x, u, Du)

with w(x) an A_p-weight (see [Mu] and Definition 2.1).

Remark 1.4. Note that the Euler-Lagrange system of the functional

(1.2) I(u) = ∫ Ω [|Du|^p + |u|^p + a(x)] dx

is of type (1.1). Then Theorem 1.2 says also that a weak minimum of the functional (1.2) (see [IS], [M2]) really is a minimum. Instead for the general functional

I(u) = ∫ Ω f(x, u, Du) dx, where f grows as |Du|^p, the Euler-Lagrange system has the right hand-side not in divergence form but growing with respect to the gradient as t^p. So that, unfortunately, Theorem 1.2 does not recover the previous general case.

Moreover, we consider the boundary value problem

(1.3) { − div A(x, u, Du) = B(x, u, Du) in Ω u − u_o ∈ W^{1,r}(Ω, R^m),

where Ω is a bounded open subset of R^n with Lipschitz boundary and A and B verify the assumptions (H1)–(H3). We will prove the global higher integrability of Du, with u solution of the problem (1.3). More precisely, we will prove the following:

Theorem 1.5. Let (H1)–(H3) hold and assume u_o ∈ W^{1,p}(Ω, R^m). Then there exists an exponent r_1 = r_1(m, n, p), max{1, p − 1} < r_1 < p such that if u ∈ W^{1,r}(Ω, R^m), r_1 ≤ r < p, is a very weak solution of the Dirichlet problem (1.3), then u ∈ W^{1,p}(Ω, R^m).

2. Preliminaries

In this section we introduce notations, definitions and preliminary results. Let B(x, r) = {y ∈ R^n : |y −x| < r} and |B(x, r)| denote its Lebesgue measure.

For a measurable function f on R^n we set

f_{x,r} = ∫ B(x,r)

|f(y)| dy = 1 |B(x, r)| ∫ B(x,r)

|f(y)| dy.

Denote the Hardy-Littlewood maximal function of f by

Mf(x) = sup_{r>0} ∫ B(x,r)

|f(y)| dy

and set M^kf(x) = M^{k−1}(Mf)(x) for k ≥ 2.

Definition 2.1. For 1 < p < ∞, we say that a nonnegative measurable function a ∈ L^1_{loc}(R^n) is in the Muckenhoupt class A_p, or is an A_p-weight if and only if the quantity

A_p(a) = sup

x∈R^n,r>0 ( ∫ B(x,r) a )( ∫ B(x,r)

a^{− 1p−1}

)_{p−1}

is finite.

Now let us list some lemmas useful in the sequel.

Lemma 2.2. Let 1 < p < ∞. There exists a positive constant c = c(n, p) such that for any 0 < 2δ < p−1, the function (Mf)^{−δ} is an A_p-weight and the quantity A_p((Mf)^{−δ}) is less or equal to c for all f ∈ L^1(R^n), f ≠ 0.

For the proof see [Do], [Le] and [T].

We also recall the following well known theorem about A_p-weights (see [Mu]) Theorem 2.3. For 1 < p < ∞ and a ∈ A_p, there exists a positive constant c = c(p, n, A_p(a)) such that ∫ R^n

a(x)(Mf(x))^p dx ≤ c ∫ R^n

a(x)|f(x)|^p dx

for all f ∈ L^p(R^n, a).

Moreover we will use the following lemmas.

Lemma 2.4. Let 1 < p < ∞, x_0 ∈ R^n, r > 0 and B = B(x_0, r). If f ∈ W^{1,p}(B) then there exists c = c(n, p) such that for any x ∈ B |f(x) − f_{x0,r}| ≤ c rM(|Df|χ_B )(x), where χ_B is the characteristic function of B.

Lemma 2.5. Let λ > 0, 1 < q < ∞, x_0 ∈ R^n and r > 0. Suppose f ∈ W^{1,q}(R^n), supp f ⊂ B(x_0, r) and F (λ) = {x : M(|Df|)(x) ≤ λ} ∩ B(x_0, 2r) ≠ ϕ.

Then f_{/F (λ)} has an extension to R^n, denoted by v = v(·, λ), such that (i) v = f on F (λ), (ii) supp v ⊂ B(x_0, 2r), (iii) v ∈ W^{1,∞}(R^n) with ‖v‖_∞ ≤ c λ r and ‖Dv‖_∞ ≤ cλ.

Proof: See [AF] and [Le]. □ The following lemma is a result due to Hedberg (see [H]).

Lemma 2.6. Let u be a function in W^{1,p}_0 (Ω) and Ω a bounded open subset of R^n. Set I(|Du|)(x) = ∫ Ω |Du|(y)|x − y|^{1−n} dy.

Then, the following estimate holds u(x) ≤ c I(|Du|)(x) ≤ c M(|Du|)(x) a.e.

where c is a positive constant depending on the dimension n and on the Lebesgue measure of Ω.

Proof: See [H] and [GT]. □ Finally, we need the theorem (see [G] and [Gi])

Theorem 2.7. Let R > 0, q > 1 and g ∈ L^q(B(x_0, R)) be such that ∫ B(x,^r_8 )

|g|^q dx ≤ c ( ∫ B(x,r)

|g| dx

)_q + ϑ ∫ B(x,r)

|g|^q dx + c̃

for 0 < ϑ < 1 and x ∈ B(x_0, R/2), 0 < r ≤ R/8.

Then there exists c^′ = c^′(n, ϑ, c, q) and η = η(n, ϑ, c, q) > 0 such that if τ = q(1 + η) then ( ∫ B(x,R/4)

|g|^τ dx

) 1_τ ≤ c^′ ( ∫ B(x,R/2)

|g|^q dx

)_{1/q}

+ c̃.

3. Main results Proof of Theorem 1.2. Let B = B(x_0, R) ⊂ Ω for some R ≤ 1. For fixed y_0 ∈ B(x_0, R/2) and 0 < ρ < R/8, let Bρ = B(y_0, ρ) and φ ∈ C^∞_0 (B_{2ρ}) be such that φ = 1 on Bρ, 0 ≤ φ ≤ 1 on B_{2ρ} and |Dφ| ≤ c ρ^{−1}.

With u_{4ρ} = ∫ B_{4ρ} u(x) dx, we set ũ = (u−u4ρ)φ, E(λ) = {x ∈ R

n : M(|Dũ|) ≤ λ} and F_λ = E_λ ∩ B_{4ρ}.

Since supp ũ ⊂ B_{2ρ}, we observe that for x ∈ R^n − B_{3ρ}

(3.1) M(|Dũ|)(x) ≤ c ρ^{−n} ∫ B_{2ρ}

|Dũ|(y) dy,

where c is a constant depending only on the dimension n, and setting

λ_0 = c ρ^{−n} ∫ B_{2ρ}

|Dũ|(y) dy,

F (λ) is not empty for λ > λ_0 and thanks to Lemma 2.5 we can extend the function ũ_{|F (λ)} to whole R^n.

Let v be the extension of ũ_{|F (λ)}. v satisfies the conditions (i)–(iii) (see Lemma 2.5) so that we can consider v as a particular test function in Definition 1.1. By (H1) and (H3) we get ∫ F (λ)

[A(x, u, Du) Dũ − B(x, u, Du) ũ] dx = ∫ B_{4ρ}−F (λ)

[B(x, u, Du) v − A(x, u, Du) Dv ] dx

≤ c λ ∫ B_{4ρ}−F (λ)

[|Du|^{p−1} + |u|^{p−1} + 1] + ρ[|Du|^{p−1} + |u|^{p−1} + 1] dx.

Multiplying both sides of the previous inequality by λ^{−(1+δ)}, where δ = p − r will be chosen at the end of the proof, and integrating from λ_0 to +∞, we have (3.2)

∫_{+∞}

λ_0

λ^{−(1+δ)} dλ ∫ B_{4ρ}

[A(x, u, Du) Dũ − B(x, u, Du) ũ] χ_{{M(|Dũ|)≤λ}} dx ≤ c ∫_{+∞}

λ_0

λ^{−δ} dλ ∫ B_{4ρ}−F (λ)

[(|Du|^{p−1}+|u|^{p−1}+1)+ρ(|Du|^{p−1}+|u|^{p−1}+1)] dx.

Interchanging the order of integration, the left hand side of (3.2) becomes

(3.3)

∫ B_{4ρ}−E(λ_0)

[A(x, u, Du) Dũ − B(x, u, Du) ũ] dx

∫_{+∞}

M(|Dũ|)

λ^{−(1+δ)} dλ + ∫_{+∞}

λ_0

λ^{−(1+δ)} dλ ∫ E(λ_0)

[A(x, u, Du) Dũ − B(x, u, Du) ũ] dx = 1 δ ∫ B_{4ρ}−E(λ_0)

[A(x, u, Du) Dũ − B(x, u, Du) ũ] M(|Dũ|)^{−δ} dx

+ λ^{−δ}_0 δ ∫ E(λ_0)

[A(x, u, Du) Dũ − B(x, u, Du) ũ] dx

≡ 1 δ J_1 + λ^{−δ}_0 δ J_2.

Let us recall that supp ũ ⊂ B_{2ρ}, ũ = u on B_ρ and B_{4ρ} − E(λ_0) = B_{4ρ} − F (λ_0), so we have

(3.4)

J_1 = ∫ B_{4ρ}

[A(x, u, Du)] Dũ − B(x, u, Du) ũ] M(|Dũ|)^{−δ} dx − ∫ F (λ_0)

[A(x, u, Du)] Dũ − B(x, u, Du) ũ] M(|Dũ|)^{−δ} dx = ∫ B_{2ρ}−B_ρ

[A(x, u, Du) Dũ − B(x, u, Du) ũ] M(|Dũ|)^{−δ} dx − ∫ F (λ_0)

[A(x, u, Du) Dũ − B(x, u, Du) ũ] M(|Dũ|)^{−δ} dx + ∫ B_ρ

[A(x, u, Du) Du − B(x, u, Du) u] M(|Dũ|)^{−δ} dx. By (3.2), (3.3) and (3.4) we obtain 1 δ ∫ B_ρ

[A(x, u, Du) Du − B(x, u, Du) u] M(|Dũ|)^{−δ} dx ≤ 1 δ ∫ F (λ_0)

[A(x, u, Du) Dũ − B(x, u, Du) ũ] M(|Dũ|)^{−δ} dx

+ 1 δ ∫ B_{2ρ}−B_ρ

[B(x, u, Du) ũ − A(x, u, Du) Dũ ] M(|Dũ|)^{−δ} dx

+ λ^{−δ}_0 δ ∫ E(λ_0)∩B_{2ρ}

[B(x, u, Du) ũ − A(x, u, Du) Dũ ] dx +c ∫_{+∞}

λ_0

λ^{−δ}dλ ∫ B_{4ρ}−F (λ)

[|Du|^{p−1} + |u|^{p−1} + 1] dx.

Moreover, since λ^{−δ}_0 ≤ M(|Dũ|)^{−δ} on E(λ_0), using (H1),(H2),(H3) and multiplying by δ we obtain ∫ Bρ (|Du|^p)M(|Dũ|)^{−δ} dx ≤ c ∫ E(λ_0)∩B_{2ρ}

|(Dũ + ũ)|(|Du|^{p−1} + |u|^{p−1} + 1)M(|Dũ|)^{−δ} dx +c ∫ B_{2ρ}−B_ρ

(|Dũ||Du|^{p−1} + |Dũ||u|^{p−1} + |Dũ|)M(|Dũ|)^{−δ} dx +c ∫ B_{2ρ}

(|ũ||Du|^{p−1} + |ũ||u|^{p−1} + |ũ| + c)M(|Dũ|)^{−δ} dx +cδ ∫_{+∞}

λ_0

λ^{−δ}dλ ∫ B_{4ρ}

(|Du|^{p−1} + |u|^{p−1} + 1)χ_{{M(|Dũ|)>λ}} dx.

We write the previous relation as (3.5) I_0 ≤ c[I_1 + I_2 + I_3] + cδI_4.

To simplify the presentation we will estimate the integrals I_i, i = 1, 2, 3, 4 at the end of this section. Conclusion.

By the estimates of the integrals I_i below, we get

(3.6)

I_0 ≤ c ( η^{1−δ} + δ^{1−δ} + δ 1 − δ ) ∫ B_{4ρ}

|Du|^{p−δ} dx

+ c(η^{1−p} + η^{11−p} + δ^{−δ})ρ^n ( ∫ B_{4ρ}

|Du|^t

) p−δ_t

+ cδ^{−δ} ∫ B_{2ρ}\B ρ_2

|Du|^{p−δ} dx + cρ^n.

Observe that by Lemma 2.4 |u(x) − u_{4ρ}| ≤ cρ[M(|Du|χ_{B4ρ} )] for any x ∈ B_{4ρ} and then (3.7) |Dũ| ≤ |Du| + c[M(|Du|χ_{B4ρ} )]. Since ũ = u on B_ρ, we see that for x ∈ B ρ_2

M(|Dũ|) ≤ M(|Du|χ_{Bρ} ) + c ∫ B_{4ρ}

|Dũ| dx

≤ M(|Du|χ_{Bρ} ) + c ∫ B_{4ρ}

[M(|Du|χ_{B4ρ} )] dx.

On the other hand, setting

H = {x ∈ B ρ_2 : M(|Du|χ_{Bρ} )(x) ≥ c ∫ B_{4ρ}

M(|Du|χ_{B4ρ} )(x) dx}

we have M(|Dũ|)(x) ≤ cM(|Du|χ_{Bρ} )(x) on H.

Then ∫

B_ρ

|Du|^pM(|Dũ|)^{−δ} ≥ c ∫ B_ρ

M(|Du|χ_{Bρ} )^pM(|Dũ|)^{−δ} ≥ c ∫ H M(|Du|χ_{Bρ} )^pM(|Dũ|)^{−δ} ≥ c ∫ H M(|Du|χ_{Bρ} )^pM(|Du|χ_{Bρ} )^{−δ} dx = c ∫ B ρ_2

M(|Du|χ_{Bρ} )^{p−δ} dx − c ∫ B ρ_2 \H

M(|Du|χ_{Bρ} )^{p−δ} dx

≥ c ∫ B ρ_2

|Du|^{p−δ} − cρ^n ( ∫ B_{4ρ}

M(|Du|χ_{B4ρ} ) dx

)_{p−δ}

≥ c ∫ B ρ_2

|Du|^{p−δ} − cρ^n ( ∫ B_{4ρ}

M(|Du|χ_{B4ρ} )^t dx

) p−δ_t

≥ c ∫ B ρ_2

|Du|^{p−δ} − cρ^n ( ∫ B_{4ρ}

|Du|^t dx

) p−δ_t , where we applied Lemma 2.2 and Muckenhoupt’s Theorem in the first and last inequality, in previous estimate. Since we will apply Sobolev-Poincaré inequality in the estimates of I_i, we have to choose (p − δ)_∗ ≤ t ≤ p − δ, where as usual (p − δ)_∗ =^{n(p−δ)}_{n+p−δ} . Then we have

(3.8)

I_0 = ∫ B_ρ

|Du|^pM(|Dũ|)^{−δ}

≥ c ∫ B ρ_2

|Du|^{p−δ} − cρ^n ( ∫ B_{4ρ}

|Du|^t dx

) p−δ_t .

From inequalities (3.6) and (3.8) it follows that ∫ B ρ_2

|Du|^{p−δ} dx

≤ c ( η^{1−δ} + δ^{1−δ} + δ 1 − δ ) ∫ B_{4ρ}

|Du|^{p−δ} dx

+ c(η^{1−p} + δ^{−δ} + η^{11−p} )ρ^n ( ∫ B_{4ρ}

|Du|^t

) p−δ_t

+ cδ^{−δ} ∫ B_{2ρ}\B ρ_2

|Du|^{p−δ} dx + cρ^n.

Now, applying the “hole filling”, we add the quantity

c δ^{−δ} ∫ B ρ_2

|Du|^{p−δ} dx

to both sides of the previous inequality and we get ∫ B ρ_2

|Du|^{p−δ} dx

≤ c cδ^{−δ} + 1 ( η^{1−δ} + δ^{−δ} + δ^{1−δ} + δ 1 − δ ) ∫ B_{4ρ}

|Du|^{p−δ} dx

+ ĉ ( ∫ B_{4ρ}

|Du|^t

) p−δ_t

+ c̃.

Notice that there exist 0 < δ_1 < 1 and 0 < η_1 < 1 such that if 0 < δ < δ_1 and 0 < η < η_1, c cδ^{−δ} + 1 ( η^{1−δ} + δ^{−δ} + δ^{1−δ} + δ 1 − δ ) ≤ ϑ < 1.

From the estimates above we have for 0 < δ < δ_1 and 0 < η < η_1 ∫ B_{ρ/2}

|Du|^{p−δ} dx

≤ ϑ ∫ B_{4ρ}

|Du|^{p−δ} dx + ĉ ( ∫ B_{4ρ}

|Du|^t dx

) p−δ_t + c̃,

where ĉ depends on m, n, p but not on δ.

The result follows from Theorem 2.6 with an argument similar to the one of [GLS].

Now let us estimate the integrals I_i, i = 1, 2, 3, 4. Estimate of I_1.

I_1 = ∫ E(λ_0)∩B_{2ρ}

(|Dũ| + |ũ|)(|Du|^{p−1} + |u|^{p−1} + 1)M(|Dũ|)^{−δ} dx ≤ c ∫ E(λ_0)∩B_{2ρ}

(|Du|^{p−1} + |u|^{p−1} + 1)M(|Dũ|)^{1−δ} dx by Lemma 2.6.

Let us suppose 0 < η ≤^1_2 and |Du| ≥ η^{−1}λ_0, then at x ∈ E(λ_0) we have (3.9) M(|Dũ|) ≤ λ_0 ≤ |Du|η and, therefore, (3.10) |Du|^{p−1}M(|Dũ|)^{1−δ} ≤ η^{1−δ}|Du|^{p−δ}. On the other hand, if x ∈ E(λ_0) and |Du| < η^{−1}λ_0 we get (3.11) |Du|^{p−1}M(|Dũ|)^{1−δ} ≤ η^{1−p}λ^{p−δ}_0 . Then by (3.10), (3.11) in E(λ_0) ∩ B_{2ρ} we have |Du|^{p−1}M(|Dũ|)^{1−δ} ≤ c(η^{1−p}λ^{p−δ}_0 + η^{1−δ}|Du|^{p−δ}).

By the definition of λ_0 and formula (3.7), we note that

(3.12) η^{1−p}λ^{p−δ}_0 ≤ c η^{1−p} ( ∫ B_{4ρ}

M(|Du|χ_{B4ρ} ) dx

)_{p−δ}

≤ cη^{1−p} ( ∫ B_{4ρ}

M(|Du|χ_{B4ρ} )^t dx

) p−δ_t ,

where (p − δ)_∗ =^{n(p−δ)}_{n+p−δ} ≤ t < p − δ. Finally, by the estimates above and the Hardy-Littlewood theorem we get

I_1 ≤ c η^{1−δ} ∫ B_{4ρ}

|Du|^{p−δ} dx + c η^{1−p}ρ^n (∫ −_B 4ρ |Du|^t dx

) p−δ_t

+ ∫ E(λ_0)∩B_{2ρ}

(|u|^{p−1} + 1)M(|Dũ|)^{1−δ} dx.

On the other hand, for 0 < η ≤^1_2 and |u| ≥ η^{−1}λ_0, we have for x ∈ E(λ_0) |u|^{p−1}M(|Dũ|)^{1−δ} ≤ |u|^{p−δ}η^{1−δ}λ^{δ−1}_0 M(|Dũ|)^{1−δ} ≤ η^{1−δ}|u|^{p−δ}.

If |u| < η^{−1}λ_0, we have |u|^{p−1}M(|Dũ|)^{1−δ} ≤ cη^{1−p}λ^{p−1}_0 λ^{1−δ}_0 = cη^{1−p}λ^{p−δ}_0 .

Therefore, by estimate (3.12) above, ∫ E(λ_0)∩B_{2ρ}

|u|^{p−1}M(|Dũ|)^{1−δ}

≤ cη^{1−p}ρ^n ( ∫ B_{4ρ}

|Du|^t dx

) p−δ_t + cη^{1−δ} ∫ E(λ_0)∩B_{2ρ}

|u|^{p−δ} with t < p − δ. Moreover using Young inequality we have that ∫ E(λ_0)∩B_{2ρ}

M(|Dũ|)^{1−δ} dx ≤ ∫ B_{4ρ}

M(|Dũ|)^{1−δ} dx

≤ cη^{1−δ} ∫ B_{4ρ}

M(|Dũ|)^{p−δ} dx + cη^{−(1−δ)} 2 p−1 ρ^n ≤ cη^{1−δ} ∫ B_{4ρ}

[M^2(|Duχ_{B4ρ} |)]^{p−δ} dx + cη^{11−p} ρ^n ≤ cη^{1−δ} ∫ B_{4ρ}

|Du|^{p−δ} dx + cη^{11−p} ρ^n. Therefore (3.13) I_1 ≤ cη^{1−p}ρ^n ( ∫ B_{4ρ}

|Du|^t dx

) p−δ_t + cη^{1−δ} ∫ B_{4ρ}

|Du|^{p−δ} dx + cη^{11−p} ρ^n. Estimate of I_2.

We have now to estimate the integral

(3.14)

I_2 ≤ ∫ B_{2ρ}\B_ρ

|Dũ||Du|^{p−1}M(|Dũ|)^{−δ} dx + ∫ B_{2ρ}\B_ρ

|Dũ||u|^{p−1}M(|Dũ|)^{−δ} dx + ∫ B_{2ρ}\B_ρ

|Dũ|M(|Dũ|)^{−δ} dx = c(J + JJ + JJJ).

Let D_1 be the set of all x ∈ B_{2ρ} \ B_ρ such that M(|Dũ|)(x) ≤ δM(|Du|χ_{B4ρ} )(x)

and set D_2 = (B_{2ρ} − B_ρ) − D_1. Then J ≤ ∫ D_1

|Dũ||Du|^{p−1}M(|Dũ|)^{−δ} dx + ∫ D_2

|φ||Du|^pM(|Dũ|)^{−δ} dx + c ρ ∫ D_2

|u − u_{4ρ}||Du|^{p−1}M(|Dũ|)^{−δ} dx.

Next, from the definition of D_1 and the Hardy-Littlewood maximal theorem, we get ∫

D_1

|Dũ| |Du|^{p−1}M(|Dũ|)^{−δ} dx ≤ ∫ D_1

M(|Dũ|)^{1−δ} |Du|^{p−1} dx ≤ cδ^{1−δ} ∫ B_{4ρ}

|Du|^{p−δ} dx.

On the other hand, since M(|Du|χ_{B4ρ} )(x) ≥ (|Du|χ_{B4ρ} )(x), we have ∫ D_2

|φ| |Du|^pM(|Dũ|)^{−δ} dx

≤ δ^{−δ} ∫ D_2

|Du|^{p−δ} dx ≤ δ^{−δ} ∫ B_{2ρ}−B_ρ

|Du|^{p−δ} dx.

Finally, by Young’s inequality, we obtain ∫ D_2

|u − u_{4ρ}| ρ |Du|^{p−1}M(|Dũ|)^{−δ} dx ≤ δ^{−δ} ∫ D_2

|u − u_{4ρ}| ρ |Du|^{p−1−δ} dx

≤ δ^{−δ} ∫ D_2

|Du|^{p−δ} dx + c ∫ B_{4ρ} ( |u − u_{4ρ}| ρ )_{p−δ} dx

≤ δ^{−δ} ∫ B_{2ρ}−B_ρ

|Du|^{p−δ} dx + c ρ^n ( ∫ B_{4ρ}

|Du|^t dx

) p−δ_t ,

where (p − δ)_∗ =^{n(p−δ)}_{n+p−δ} ≤ t < p − δ.

Then, by the previous estimates we can conclude that

(3.15)

J ≤ c δ^{1−δ} ∫ B_{4ρ}

|Du|^{p−δ} dx

+ c δ^{−δ} ∫ B_{2ρ}−B_ρ

|Du|^{p−δ} dx + c ρ^n ( ∫ B_{4ρ}

|Du|^t dx

) p−δ_t .

To estimate JJ we remark that by Young inequality and (3.7)

(3.16)

JJ ≤ ∫ B_{2ρ}\B_ρ

|u|^{p−1}M(|Dũ|)^{1−δ} dx ≤ cη^{1−δ} ∫ B_{2ρ}\B_ρ

M(|Dũ|)^{p−δ} dx + cη^{−(1−δ)} 2 p−1 ( ∫ B_{2ρ}\B_ρ

|u|^{p−δ} dx )

≤ cη^{1−δ} ∫ B_{2ρ}\B_ρ

[M^2(|Duχ_{B4ρ} |)]^{p−δ} dx + cη^{11−p} ( ∫ B_{2ρ}\B_ρ

|u|^{p−δ} dx) ≤ cη^{1−δ} ∫ B_{4ρ}

|Du|^{p−δ} dx + cη^{11−p} ( ∫ B_{2ρ}\B_ρ

|u|^{p−δ} dx )

≤ cη^{1−δ} ∫ B_{4ρ}

|Du|^{p−δ} dx + cη^{11−p} ρ^n ( ∫ B_{4ρ}

|Du|^t dx

) p−δ_t ,

where 0 < η <^1_2 . Arguing as in the previous estimate we have

(3.17)

JJJ ≤ ∫ B_{2ρ}\B_ρ

M(|Dũ|)^{1−δ} dx ≤ cη^{1−δ} ∫ B_{2ρ}\B_ρ

M(|Dũ|)^{p−δ} dx + cη^{−(1−δ)} 2 p−1 ρ^n ≤ cη^{1−δ} ∫ B_{2ρ}\B_ρ

[M^2(|Duχ_{B4ρ} |)]^{p−δ} dx + cη^{11−p} ρ^n ≤ cη^{1−δ} ∫ B_{4ρ}

|Du|^{p−δ} dx + cη^{11−p} ρ^n.

Then from (3.15), (3.16), (3.17) we get

(3.18)

I_2 ≤ c(δ^{1−δ} + η^{1−δ}) ∫ B_{4ρ}

|Du|^{p−δ} dx + cη^{11−p} ρ^n ( ∫ B_{4ρ}

|Du|^t dx

) p−δ_t

+ cδ^{−δ} ∫ B_{2ρ}\B_ρ

|Du|^{p−δ} dx + cη^{11−p} ρ^n.

Estimate of I_3.

Using Lemma 2.6 and Young’s inequality we have that

(3.19)

I_3 ≤ ∫ B_{2ρ}

(|ũ||Du|^{p−1} + |ũ||u|^{p−1} + |ũ|)M(|Dũ|)^{−δ} dx ≤ ∫ B_{2ρ}

(|ũ|^{1−δ} |Du|^{p−1} + |ũ|^{p−δ} + |ũ|^{1−δ}) dx

≤ cη^{1−δ} ∫ B_{2ρ}

(|Dũ|)^{p−δ} dx + c(η^{−(1−δ)} 2 p−1 + 1) ( ∫ B_{2ρ}

|ũ|^{p−δ} dx ) + cρ^n

≤ cη^{1−δ} ∫ B_{4ρ}

|Du|^{p−δ} dx + c(η^{11−p} + 1) ( ∫ B_{2ρ}

|u|^{p−δ} dx ) + cρ^n

≤ cη^{1−δ} ∫ B_{4ρ}

|Du|^{p−δ} dx + cη^{11−p} ρ^n ( ∫ B_{4ρ}

|Du|^t dx

) p−δ_t

+ cρ^n,

where 0 < η <^1_2 . Estimate of I_4.

By using Lemma (2.6) and the Hardy-Littlewood maximal theorem, we get

(3.20)

I_4 = ∫ B_{4ρ}

|Du|^{p−1} + |u|^{p−1}

(∫_{M(|Dũ|)}

λ_0

λ^{−δ}dλ ) dx ≤ 1 1 − δ ∫ B_{4ρ}

|Du|^{p−1}M(|Dũ|)^{1−δ} dx + 1 1 − δ ∫ B_{4ρ}

|u|^{p−1}M(|Dũ|)^{1−δ} dx ≤ c 1 − δ ∫ B_{4ρ}

|Du|^{p−δ} dx + c 1 − δ ∫ B_{4ρ}

|u|^{p−δ} dx ≤ c 1 − δ ∫ B_{4ρ}

|Du|^{p−δ} dx.

Proof of Theorem 1.5. First, let us remark that we have only to prove the regularity near the boundary ∂Ω, since the local higher integrability result has been proved in Theorem 1.2. For z ∈ R^n, let us introduce the following notations: Q_R(z) = {x ∈ R^n : |x_i − z_i| < R, i = 1, . . . , n}, Q^+_R(z) = {x ∈ Q_R(z) : x_n > 0}, Q^−_R(z) = {x ∈ Q_R(z) : x_n < 0}, Γ_R(z) = {x ∈ Q_R(z) : x_n = 0}.

The compactness of Ω̄ implies that it is possible to recover ∂Ω with a finite number of neighborhoods V of its points. For every such neighborhood V , there exists a Lipschitz continuous function G, with Lipschitz inverse, such that

G(V ) = Q_1(0), G(V ∩Ω) = Q^+_1 (0), G(V ∩R^n \Ω̄) = Q^−_1 (0), G(V ∩∂Ω) = Γ_1(0).

Setting ū(y) = u(G^{−1}(y)), it is standard to prove that ū solves the equation ∫ Q^+

A(x, ū, Dū)DΦ dx = ∫ Q^+

B(x, ū, Dū)Φ dx ∀ Φ ∈ W^{1, rr−p+1} (Q^+),

where A, B are Carathéodory functions which verify the assumptions (H1)–(H3). Let us consider x_0 ∈ ∂Ω and a cube Q = Q(x_0, R) for some R ≤ 1. For fixed y_0 ∈ Q(x_0, R/2) and 0 < ρ < R/8, let Qρ = B(y_0, ρ) and φ ∈ C^∞_0 (Q_{2ρ}) be such that φ = 1 on Qρ, 0 ≤ φ ≤ 1 on Q_{2ρ} and |Dφ| ≤ c ρ^{−1}.

With (ū − ū_o)_{4ρ} = ∫ Q_{4ρ} ū(x) − ūo(x) dx, we set w̃ = ((ū − ūo) − (ū − ūo)4ρ)φ,

E(λ) = {x ∈ R^n : M(|Dw̃|) ≤ λ} and F_λ = E_λ ∩ Q_{4ρ}.

Since supp w̃ ⊂ Q_{2ρ}, for x ∈ R^n − Q_{3ρ} we observe that

M(|Dw̃|)(x) ≤ c ρ^{−n} ∫ Q_{2ρ}

|Dw̃|(y) dy = λ_0.

F (λ) is not empty for λ > λ_0 and thanks to Lemma 2.5 we can extend the function w̃_{|F (λ)} to whole R^n.

Let Φ be the extension of w̃_{|F (λ)}. Φ satisfies the conditions (i)–(iii) (see Lemma 2.5) so that we can consider Φ as a particular test function. After the choice of that test function the proof can be achieved arguing as in Theorem 1.2.

References

[AF] Acerbi E., Fusco N., Semicontinuity problems in the calculus of variations, Arch. Rational Mech. Anal. 86 (1984), 125–145.

[Do] Dolcini A., A uniqueness result for very weak solutions of p-harmonic type equations, Boll. Un. Mat. Ital., Serie VII X-A (1996), 71–84.

[FS] Fiorenza A., Sbordone C., Existence and uniqueness result for solutions of nonlinear equations with right hand side in L^1, Studia Math. 127 (3) (1998), 223-231.

[G] Giaquinta M., Multiple integrals in the Calculus of variations and nonlinear elliptic systems, Ann. of Math. Stud. 105, Princeton University Press, 1983.

[GG] Giaquinta M., Giusti E., On the regularity of the minima of variational integrals, Acta Math. 148 (1982), 31–46.

[Gi] Giusti E., Metodi diretti nel Calcolo delle Variazioni, U.M.I., 1984. [GIS] Greco L., Iwaniec T., Sbordone C., Inverting the p-harmonic operator, Manuscripta Math. 92 (1997), 249–258.

[GLS] Giachetti D., Leonetti F., Schianchi R., On the regularity of very weak minima, Proc.

Royal Soc. Edinburgh 126A (1996), 287–296.

[GS] Giachetti D., Schianchi R., Boundary higher integrability for the gradient of distributional solutions of nonlinear systems, preprint.

508 M. Carozza, A. Passarelli di Napoli

[GT] Gilbarg D., Trudinger N.S., Elliptic Partial Differential Equations of Second Order, Springer Verlag, 1982.

[H] Hedberg L.I., On certain convolution inequalities, Proc. Amer. Math. Soc. 36 (1972), 505–510.

[I] Iwaniec T., p-harmonic tensors and quasiregular mappings, Ann. of Math. 136 (1992), 589–624.

[IS] Iwaniec T., Sbordone C., Weak minima of variational integrals, J. Reine Angew. Math.

454 (1994), 143–161.

[Le] Lewis J., On very weak solutions of certain elliptic systems, Comm. Partial Differential Equations 18 (1993), 1515–1537.

[M1] Moscariello G., Weak minima and quasiminima of variational integrals, B.U.M.I. 7-11B (1997), 355–364.

[M2] Moscariello G., On weak minima of certain integral functionals, Ann. Polon. Math.

LXIX.1 (1998), 37–48.

[Mu] Muckenhoupt B., Weighted norm inequalities for the Hardy Maximal Function, Trans.

Amer. Math. Soc. 165 (1972), 207–226.

[S] Sbordone C., Quasiminima of degenerate functionals with non polynomial growth, Rend.

Sen. Mat. Fis. Milano LIX (1989), 173–184.

[T] Torchinsky A., Real variable methods in harmonic analysis, Pure Appl. Math. 123, Academic Press, 1986.

Universitá degli Studi di Salerno, Via S. Allende, 84081 Baronissi (SA) Italy

Universitá degli Studi di Napoli “Federico II”, Complesso M. Sant’ Angelo, 80126 Napoli, Italy

(Received May 17, 1999)