Comment.Math.Univ.Carolin. 41,3 (2000)459–467 459

Bounds for the spectral radius of positive operators

Roman Drnovšek

Abstract. Let f be a non-zero positive vector of a Banach lattice L, and let T be a positive linear operator on L with the spectral radius r(T ). We find some groups of assumptions on L, T and f under which the inequalities

sup{c ≥ 0 : T f ≥ c f} ≤ r(T ) ≤ inf{c ≥ 0 : T f ≤ c f}

hold. An application of our results gives simple upper and lower bounds for the spectral radius of a product of positive operators in terms of positive eigenvectors corresponding to the spectral radii of given operators. We thus extend the matrix result obtained by Johnson and Bru which was the motivation for this paper.

Keywords: Banach lattices, positive operators, spectral radius Classification: 46B42, 47B65, 47A10

1. Introduction and preliminaries

Let L be a (real or complex) Banach lattice of dimension at least two. Let L^+ denote the cone of positive elements in L. The norm of L is said to be a weakly Fatou norm if there exists a finite constant k ≥ 1 such that 0 ≤ f_τ ↑ f in L implies that ‖f‖ ≤ k ·sup_τ ‖f_τ ‖, and the norm of L is order continuous if ‖f_α‖ ↓ 0 for any downwards directed system f_α ↓ 0 in L. A Banach lattice L is Dedekind complete if every non-empty subset which is bounded from above has a supremum. An element f ∈ L^+ is called a quasi-interior point of L^+ if the principal ideal I_f (generated in L by f) is dense in L, and it is said to be a weak order unit if the principal band B_f (generated in L by f) is equal to L. The Banach lattice of all bounded linear functionals on L is denoted by L^∗. A functional φ ∈ L^∗ is called σ-order continuous if it follows from f_n ↓ 0 in L that inf_n |φ(f_n)| = 0, and it is called order continuous if inf_α |φ(f_α)| = 0 for any downwards directed system f_α ↓ 0 in L. Let L^′ denote the band of all order continuous functionals in L^∗. The Banach lattice L^′ separates points of L whenever for each non-zero f ∈ L there exists φ ∈ L^′ such that φ(f) ≠ 0. A functional φ ∈ L^∗ is said to be strictly positive if φ(f) > 0 for all f ≥ 0, f ≠ 0.

By B(L) we denote the space of all bounded linear operators on a Banach lattice L. An operator T ∈ B(L) is called positive if T f ≥ 0 for all f ≥ 0. A positive operator T ∈ B(L) is called σ-order continuous whenever it follows from f_n ↓ 0 in L that T f_n ↓ 0 in L, and it is called order continuous if it follows from f_α ↓ 0 in L that T f_α ↓ 0 in L. An operator T ∈ B(L) is called power-compact if T^n is a compact operator for some n ∈ N. For T ∈ B(L), let T^∗ denote the adjoint operator in B(L^∗). The spectral radius of an operator T is denoted by r(T ). Here, in case of a real Banach lattice, we understand the spectral radius of the canonical extension of T to the complexification of L. A positive operator T ∈ B(L) is called band irreducible, if T leaves no band in L invariant except {0} and L itself, and it is said to be irreducible, if T leaves no closed ideal in L invariant except {0} and L itself. For notions not explained in the text, we refer the reader to the books of Zaanen [12], Schaefer [9], and Aliprantis, Burkinshaw [1].

Throughout the paper L denotes a Banach lattice. Let f, g ∈ L^+, and assume that g is non-zero. Define the following sets

Δ(f, g) = {c ≥ 0 : f ≥ c g} and Σ(f, g) = {c ≥ 0 : f ≤ c g}.

Since L is Archimedean, one can show easily that Δ(f, g) is a non-empty bounded closed interval, and so we can define δ(f, g) = max Δ(f, g). Also, we set σ(f, g) = min Σ(f, g) if Σ(f, g) is non-empty, and σ(f, g) = ∞ otherwise.

Let T be a positive operator on L, and let f ∈ L^+ be a non-zero element. The numbers δ(T f, f) and σ(T f, f) are known as the lower and upper Collatz-Wielandt numbers, respectively. In the present paper we study the following inequalities

δ(T f, f) ≤ r(T ) ≤ σ(T f, f).

These inequalities were considered by some authors, even in more general setting of ordered Banach space (see [7], [2] and [8]). While the left-hand inequality always holds, the right-hand inequality is not true even under the assumption that f is a quasi-interior point of L^+. We obtain some results under various assumptions on L, T and f. An application of our results gives simple upper and lower bounds for the spectral radius of a product of positive operators. We thus extend the matrix result obtained by Johnson and Bru [5] which was our motivation for this work.

Let T be a order continuous operator on L. It is easily seen that L^′ is invariant under the adjoint T^∗. The restriction T^∗|_L′ of T^∗ to L^′ is denoted by T^′.

Proposition 1.1. Assume that L is a Dedekind complete lattice with a weakly Fatou norm, and that L^′ separates points of L. If T is an order continuous operator on L, then r(T^′) = r(T ).

Proof: It follows from Theorem 107.7 of [12] (see also the equality (2) on p. 393 of [12]) that L can be (not necessarily isometrically) embedded into (L^′)^′ as a Banach space. Then we have

r(T ) ≥ r(T^′) ≥ r((T^′)^′) ≥ r(T ),

so that r(T^′) = r(T ). □

Proposition 1.2. Let f be a weak unit of L^+. Let I be the closed ideal of L generated by f. Then the positive operator γ : L^′ → I^′ defined by γ(φ) = φ|_I is an isometric isomorphism of Banach lattices.

Proof: Assume that φ|_I = 0 for some φ ∈ L^′ and choose g ∈ L^+. Put g_n = inf{g, nf} for each n ∈ N. Then g_n ∈ I and (g − g_n) ↓ 0. Since φ ∈ L^′, we have inf_n |φ(g − g_n)| = 0, and so φ(g) = 0. Now the equality L = L^+ − L^+ implies that φ = 0. Hence γ is injective.

To prove surjectivity of γ, pick ψ ∈ I^′. By [12, Theorem 83.7] there exist positive functionals φ_1, φ_2 ∈ L^′ such that φ_1|_I = ψ^+ and φ_2|_I = ψ^−. Then φ := φ_1 − φ_2 ∈ L^′ and φ|_I = ψ. The last consideration also shows that the operator γ^{−1} is positive. Indeed, if ψ is positive, then its extension φ is also positive. It is well-known that this implies that γ is a Riesz isomorphism (see e.g. [1, Theorem 7.3]).

Let us show that γ is isometric. Pick φ ∈ L^′. It is clear that ‖φ|_I ‖ ≤ ‖φ‖. So, we have to show that ‖φ|_I ‖ ≥ ‖φ‖. Choose ε > 0 and g ∈ L with norm 1 such that |φ(g)| ≥ ‖φ‖ − ε. Define u_n = inf{g^+, nf}, v_n = inf{g^−, nf}, and g_n = u_n − v_n, Then g_n ∈ I for each n ∈ N, and the sequence {g_n}_{n∈N} order converges to g, since u_n ↑ g^+ in v_n ↑ g^−. From |g_n| ≤ u_n + v_n ≤ g^+ + g^− = |g| it follows that ‖g_n‖ ≤ ‖g‖ = 1. We thus have |φ(g_n)| ≤ ‖φ|_I ‖‖g_n‖ ≤ ‖φ|_I ‖. On the other hand, since inf_n |φ(g − g_n)| = 0, there is n ∈ N such that |φ(g_n)| ≥ |φ(g)| − ε. We therefore conclude that ‖φ|_I ‖ ≥ |φ(g)| − ε ≥ ‖φ‖ − 2 ε. This shows that ‖φ|_I ‖ ≥ ‖φ‖. □ The following result was actually shown in the proof of Theorem 5 of [4].

Theorem 1.3. Let T > 0 be a σ-order continuous, power-compact operator on L with r(T ) > 0. Then there exists a σ-order continuous, non-zero positive functional φ ∈ L^∗ satisfying T^∗φ = r(T ) φ. If, in addition, T is band irreducible, φ can be chosen to be strictly positive.

In [4] the following extension of the famous Jentzsch-Perron theorem is also proved.

Theorem 1.4. Let T be a positive σ-order continuous, band irreducible, powercompact operator on L. Then r(T ) > 0 and r(T ) is an eigenvalue of T of algebraic multiplicity one. Furthermore, the eigenspace contains a weak order unit.

2. On Collatz-Wielandt bounds

The first part of the next result is known even in more general setting of ordered Banach spaces (see [6], [7], [2], and [8]). We include here its proof because of its simplicity. The second part is concerned with the case of equality, and it seems to be new.

Theorem 2.1. Let T be a positive operator on a Banach lattice L, and let f ∈ L^+ be a non-zero element. Then δ(T f, f) ≤ r(T ).

If T is a σ-order continuous, band irreducible, power-compact operator, then there is an equality in this inequality if and only if f is a positive eigenfunction of T pertaining to r(T ).

Proof: By a successive application of T ≥ 0 to the inequality T f ≥ δf, where δ = δ(T f, f), we obtain T^nf ≥ δ^nf for all n ∈ N, so that δ^n‖f‖ ≤ ‖T^nf‖ ≤ ‖T^n‖‖f‖. This gives δ ≤ ‖T^n‖^{1/n} for all n ∈ N, and hence δ ≤ r(T ).

To prove the second assertion, assume that δ(T f, f) = r(T ), that is T f − r(T )f ≥ 0. By Theorem 1.4, r(T ) > 0, and so Theorem 1.3 gives a strictly positive functional φ ∈ L^∗ satisfying T^∗φ = r(T )φ. We then have

φ(T f − r(T )f) = (T^∗φ)f − r(T ) φ(f) = 0.

It follows that T f = r(T )f, and the theorem is proved. □

Motivated by Proposition 2 of [3] we introduce the following class of operators. We say that a positive operator T on L has property (p) if r(T ) belongs to the closure of the set (−∞, r(T )) ∩ ρ(T ), where ρ(T ) denotes the resolvent set of T .

Theorem 2.2. Suppose that L is a Dedekind complete lattice with a weakly Fatou norm, and that L^′ separates points of L. Let T be an order continuous positive operator on L having property (p), and let f ∈ L^+ be a weak order unit. Then r(T ) ≤ σ(T f, f).

Proof: We assume on the contrary that σ := σ(T f, f) < r(T ). The principal ideal I_f = {g ∈ L : |g| ≤ λf for some λ ≥ 0} is an AM-space under the norm defined by ‖g‖_0 := σ(|g|, f). If g ∈ I_f ∩ L^+, then T g ≤ ‖g‖_0T f ≤ σ‖g‖_0f implies that I_f is invariant under T and ‖T g‖_0 ≤ σ‖g‖_0. Denoting by T_0 the restriction of T on I_f , we have ‖T_0‖_0 ≤ σ. Therefore, for any λ ∈ (σ, r(T )), the resolvent (λ − T_0)^{−1} exists and it is a positive operator on I_f . By the assumption there exists λ ∈ (σ, r(T )) that belongs to the resolvent set of T . Let I be the closure of I_f in L. Then the resolvent (λ − T |_I )^{−1} is a positive operator on I. This implies that λ ≥ r(T |_I ) (see e.g. [9, Exercise V.5] or [10, Lemma 2]). We claim that r(T |_I ) = r(T ) which then gives a contradiction. By Proposition 1.2 the map φ → φ|_I is an isometric isomorphism of Banach lattices L^′ and I^′. It follows that

r(T^′) = r((T |_I )^′) ≤ r(T |_I ) ≤ r(T ).

Since r(T^′) = r(T ) by Proposition 1.1, we conclude that r(T |_I ) = r(T ) as desired. □ The following example shows that in Theorem 2.2 the assumption that T is an order continuous operator cannot be omitted.

Example 2.3. Let ϕ be a Banach limit on l^∞, and e = (1, 1, 1, . . . ) ∈ l^∞. By T f = ϕ(f) e we define a positive compact operator on l^∞ with r(T ) = ϕ(e) = 1.

Letting f = (1, 1/2, 1/3, 1/4, . . .) ∈ l^∞, we have T f = 0, and so 0 = σ(T f, f) < r(T ) = 1.

The following result on the upper bound for the spectral radius follows also from [3, Proposition 2] and [2, Proposition 2.3].

Theorem 2.4. Let T be a positive operator on L having property (p), and let f ∈ L^+ be a quasi-interior point. Then

r(T ) ≤ σ(T f, f).

Proof: The proof goes along the lines of the last proof, except that the equality r(T |_I ) = r(T ) is trivially true, since I = L by the assumption on f. □

Theorem 2.4 is not true without the assumption that T has property (p).

Example 2.5. The backward shift S on l^2 defined by S(x_1, x_2, x_3, . . . ) = (x_2, x_3, . . . ) has the spectral radius r(S) = 1. However, f = (1, 1/2, 1/4, 1/8, . . .) ∈ l^2 is a quasi-interior point satisfying σ(Sf, f) = 1/2.

Under a strong assumption on T we obtain the following

Theorem 2.6. Let T be a positive σ-order continuous, power-compact operator on a Banach lattice L, and let f ∈ L^+ be a weak order unit. Then

r(T ) ≤ σ(T f, f).

If, in addition, T is a band irreducible operator, then there is an equality if and only if f is an eigenfunction of T corresponding to r(T ).

Proof: We clearly may assume that r(T ) > 0. Suppose on the contrary that σ(T f, f) = r(T ) − c for some c > 0. By Theorem 1.3 there exists a non-zero σ-order continuous functional φ ∈ L^∗ such that T^∗φ = r(T )φ. Then

(1) φ(r(T )f − T f) = r(T ) φ(f) − (T^∗φ)f = 0.

Since r(T )f − T f ≥ cf, we obtain φ(f) = 0 which easily yields φ(g) = 0 for all g ∈ B_f as φ is σ-order continuous. Since B_f = L, we get φ = 0 which is a contradiction.

Suppose now that T is a band irreducible operator. Then r(T ) > 0 by Theorem 1.4. If there is an equality in the inequality, it follows from (1) that r(T )f − T f = 0, i.e. f is an eigenelement of T pertaining to r(T ), because φ can be chosen to be strictly positive by Theorem 1.3. □

An application of Theorem 1.4 gives the following consequence of Theorems 2.1 and 2.6 that is known under some similar groups of assumptions, even in the ordered Banach space setting (see [6], [7], [2], and [8]).

Theorem 2.7. Let L be a Banach lattice with non-empty set W of all weak order units. Let T be a σ-order continuous, band irreducible, power-compact operator on L. Then

r(T ) = max {δ(T f, f) : f ∈ W } = min {σ(T f, f) : f ∈ W } .

Moreover, either extremum is attained for some f ∈ W if and only if f ∈ W is the (essentially unique) eigenelement of T .

Theorem 2.7 can be viewed as a generalization of the minimax theorem for the spectral radius of an irreducible non-negative matrix (due to Wielandt [11]). The special case of Theorem 2.7 is following

Corollary 2.8. Let (X, μ) be a σ-finite measure space, and let T be a powercompact operator on L^p(X, μ) (1 ≤ p ≤ ∞). If p < ∞, assume T to be irreducible; if p = ∞, assume T to be the adjoint of an irreducible operator on L^1(X, μ). If W denotes the set of all, almost everywhere positive functions in L^p(X, μ), then

r(T ) = max {δ(T f, f) : f ∈ W } = min {σ(T f, f) : f ∈ W } .

Moreover, either extremum is attained for some f ∈ W if and only if f ∈ W is the (essentially unique) eigenfunction of T .

Proof: Since every closed ideal of L^p(X, μ) (1 ≤ p < ∞) is a band, every positive operator on L^p(X, μ) is σ-order continuous (see [1, Theorem 4.8]). The same argument shows that T is irreducible. The assumptions of Theorem 2.7 are satisfied in the case p = ∞ as well. Indeed, it can be shown that the adjoint of a σ-order continuous, (band) irreducible operator on L^1(X, μ) is also σ-order continuous and band irreducible. □

Essentially, Corollary 2.8 was proved in Schaefer [10, Theorem 1], because it is not difficult to show that the numbers introduced there coincide with the Collatz- Wielandt numbers. (The proof of this surprising fact is left to the reader.) The papers [10] and [4] influenced us that we considered the Banach lattice setting. As mentioned before, the same upper bounds for the spectral radius of positive operators are also studied in the ordered Banach space setting, where similar assumptions on L, T , and f are considered. However, it seems that Theorems 2.2, 2.6 and 2.7 are not special cases of those results.

3. Bounds for the spectral radius of a product of positive operators

In general, there is no relation between the spectral radius of a product of positive operators and the product of the respective spectral radii. In this section Theorems 2.1, 2.2, 2.4 and 2.6 are applied in order to obtain simple upper and lower bounds for the spectral radius of a product of positive operators in terms of positive eigenvectors corresponding to the spectral radii of given operators. We thus generalize the matrix result due to Johnson and Bru [5].

Theorem 3.1. Let T_1, T_2, . . . , T_n be positive operators on a Banach lattice L with strictly positive spectral radii. Suppose that there exist non-zero positive elements f_1, f_2, . . . , f_n such that T_i f_i = r(T_i) f_i for i = 1, 2, . . . , n. Then

δ(f_n, f_{n−1}) δ(f_{n−1}, f_{n−2}) . . . δ(f_2, f_1) δ(f_1, f_n) ≤ r(T_1T_2 . . . T_n) r(T_1) r(T_2) . . . r(T_n) . Proof: Since f ≥ δ(f, g) g for any non-zero positive elements f, g ∈ L, we have

(T_1 . . . T_n)f_n = r(T_n) (T_1 . . . T_{n−1})f_n ≥ r(T_n) δ(f_n, f_{n−1}) (T_1 . . . T_{n−1})f_{n−1} ≥ r(T_n) r(T_{n−1}) δ(f_n, f_{n−1}) δ(f_{n−1}, f_{n−2}) (T_1 . . . T_{n−2})f_{n−2} ≥ . . .

. . . ≥ r(T_n) r(T_{n−1}) . . . r(T_2) δ(f_n, f_{n−1}) δ(f_{n−1}, f_{n−2}) . . . δ(f_2, f_1) T_1f_1 ≥ r(T_1) r(T_2) . . . r(T_n) δ(f_n, f_{n−1}) δ(f_{n−1}, f_{n−2}) . . . δ(f_2, f_1) δ(f_1, f_n) f_n.

It follows that

δ((T_1 . . . T_n)f_n, f_n) ≥ r(T_1) . . . r(T_n) δ(f_n, f_{n−1}) . . . δ(f_2, f_1) δ(f_1, f_n).

Theorem 2.1 now completes the proof. □ It should be noted that Theorem 3.1 (as Theorem 2.1) can be generalized to the ordered Banach space setting. However, the situation with the upper bound for the spectral radius is much more involved.

Theorem 3.2. Let T_1, T_2, . . . , T_n be positive operators on a Banach lattice L with strictly positive spectral radii, and let f_1, f_2, . . . , f_n be weak order units of L such that T_i f_i = r(T_i) f_i for i = 1, 2, . . . , n. Let the operator T = T_1T_2 . . . T_n have property (p). Assume also that either

(i) L is a Dedekind complete lattice with a weakly Fatou norm, L^′ separates points of L, and T is σ-order continuous, or (ii) at least one of the elements f_1, . . . , f_n is a quasi-interior point of L^+, or (iii) T is σ-order continuous power-compact operator.

Then

r(T_1T_2 . . . T_n) r(T_1) r(T_2) . . . r(T_n)

≤ σ(f_n, f_{n−1}) σ(f_{n−1}, f_{n−2}) . . . σ(f_2, f_1) σ(f_1, f_n).

Proof: We clearly may assume that σ(f_{i+1}, f_i) < ∞ for all i = 1, 2, . . . , n (letting f_{n+1} = f_1). It follows that in case (ii) all of the elements {f_k}^n_{k=1} are quasi-interior points of L^+. Then the calculation is similar as in the proof of Theorem 3.1 except for that we use the inequality f ≤ σ(f, g) g (where f and g are weak order units with σ(f, g) < ∞), the direction of the inequalities is reversed, and the upper bound is a consequence of Theorems 2.2, 2.4 and 2.6. □

The following examples show that in Theorem 3.2 we cannot drop neither the conditions (i), (ii), and (iii) nor the assumption that T has property (p). It turned out that seeking for counterexamples was not an easy job.

Example 3.3. Let e, f and T be as in Example 2.3. Let L be the Banach lattice l^∞ × l^∞ with the norm ‖(u, v)‖ = max{‖u‖_∞, ‖v‖_∞}. Define the operators T_1 and T_2 on L by T_1 = [ I T 0 I ] and T_2 = [ I 0 T I ] , where I denotes the identity operator on l^∞. Then (f, f) is a weak order unit of L which is an eigenvector of both T_1 and T_2 corresponding to the eigenvalue r(T_1) = r(T_2) = 1. It is easy to see that ((1 + √ 5)e, 2e) is an eigenvector of T_1T_2 belonging to the eigenvalue (3 + √ 5)/2, so that r(T_1T_2) ≥ (3 + √ 5)/2 > 1. Since T_1T_2 is a compact perturbation of the identity on L, it has property (p). Example 3.4. Let f and S be as in Example 2.5, and let operators T_1 and T_2 on L := l^2 × l^2 be defined by

T_1 = [ S S 0 I ] and T_2 = [ I 0 S S ] , where I is the identity on l^2. Then (f, f) is a quasi-interior point of L^+ that is an eigenvector of both T_1 and T_2 corresponding to the eigenvalue r(T_1) = r(T_2) = 1. Letting g = (1, 0.9, 0.9^2, 0.9^3, . . . ) ∈ l^2 a short computation shows that (3g, 2g) is an eigenvector of T_1T_2 pertaining to the eigenvalue 9/4. Hence r(T_1T_2) ≥ 9/4 > 1. Acknowledgments. The author would like to express his gratitude to Professor Matjaž Omladič for his helpful advice. He also thanks the Research Ministry of Slovenia for the support.

References

[1] Aliprantis C.D., Burkinshaw O., Positive Operators, Academic Press, Orlando, 1985. [2] Förster K.-H., Nagy B., On the Collatz-Wielandt numbers and the local spectral radius of a nonnegative operator, Linear Algebra Appl. 120 (1989), 193–205.

[3] Förster K.-H., Nagy B., On the local spectral radius of a nonnegative element with respect to an irreducible operator, Acta Sci. Math. 55 (1991), 155–166.

[4] Grobler J.J., A note on the theorems of Jentzsch-Perron and Frobenius, Indagationes Math.

49 (1987), 381–391.

[5] Johnson C.R., Bru R., The spectral radius of a product of nonnegative matrices, Linear Algebra Appl. 141 (1990), 227–240.

[6] Marek I., Varga R.S., Nested bounds for the spectral radius, Numer. Math. 14 (1969), 49–70.

[7] Marek I., Frobenius theory of positive operators: Comparison theorems and applications, SIAM J. Appl. Math. 19 (1970), 607–628.

[8] Marek I., Collatz-Wielandt numbers in general partially ordered spaces, Linear Algebra Appl. 173 (1992), 165–180.

[9] Schaefer H.H., Banach lattices and positive operators, (Grundlehren Math. Wiss. Bd. 215), Springer-Verlag, New York, 1974.

[10] Schaefer H.H., A minimax theorem for irreducible compact operators in L^p-spaces, Israel J. Math. 48 (1984), 196–204.

[11] Wielandt H., Unzerlegbare, nicht-negative Matrizen,, Math. Z. 52 (1950), 642–648. [12] Zaanen A.C., Riesz Spaces II, North Holland, Amsterdam, 1983.

Faculty of Mathematics and Physics, University of Ljubljana, Jadranska 19, SI-1000 Ljubljana, Slovenia E-mail: roman.drnovsek@fmf.uni-lj.si

(Received September 14, 1998, revised November 8, 1999)