Comment.Math.Univ.Carolin. 41,3 (2000)611–617 611

On weakly bisequential spaces

Chuan Liu

Abstract. Weakly bisequential spaces were introduced by A.V. Arhangel’skii [1], in this paper. We discuss the relations between weakly bisequential spaces and metric spaces, countably bisequential spaces, Fréchet-Urysohn spaces.

Keywords: bisequential spaces, filter base, s-map Classification: 54E99, 54A25

1. Introduction

Let X be a topological space. A filter base (ω-filter base) is defined to be a family ξ of nonempty sets such that if A, B ∈ ξ (for countable subfamily μ ⊂ ξ), there is a C ∈ ξ such that C ⊂ A ∩ B (C ⊂ ∩μ). A filter base ξ converges to a point x in a space X (accumulates at the point x) if each neighborhood base of x contains an element of ξ (respectively, if x ∈ ∩{P̄ : P ∈ ξ}). We say that a filter base ξ meshes with a filter base η if every A ∈ ξ intersects every B ∈ η. A space X is said to be bisequential (countably bisequential, weakly bisequential) at a point x ∈ X if for any filter base (countable filter base, ω-filter base) in X accumulating at x there is a countable filter base μ in X that converges to x and meshes with ξ. A space is called bisequential (countable bisequential, weakly bisequential) if it is bisequential (countably bisequential, weakly bisequential) at each point.

A space X is called Fréchet-Urysohn if given A ⊂ X, x ∈ X, and x ∈ Ā, there exists a sequence {x_n : n ∈ N} ⊂ A which converges to x.

A map f : X → Y is weakly bi-quotient if, whenever y ∈ Y and U is a cover of f^{−1}(y) by open subsets of X, then countably many f(U) with U ∈ U, cover a neighborhood base of y in Y .

Let S_κ be a quotient space of the topological sum of κ many convergent sequences by identifying all limit points to a point. S_ω is called sequential fan.

All the maps in this paper are continuous and onto, spaces are regular T_1. Readers may refer to [1], [2] and [3] for unstated notations and definitions.

The following diagrams indicate the relation between weakly bisequential spaces (bi-quotient maps) and other spaces (maps).

bisequential → weakly bisequential → Fréchet-Urysohn. bisequential → countably bisequential → Fréchet-Urysohn. bi-quotient → weakly bi-quotient → pseudo-open. bi-quotient → countably bi-quotient → pseudo-open.

2. Main results

The following proposition is quite similar to the Proposition 3.2 in [7]. Proposition 2.1. The following properties of a map f : X → Y are equivalent:

(a) f is weakly bi-quotient;

(b) if an ω-filter base F accumulates at y in Y , then f^{−1}(F) accumulates at some x ∈ f^{−1}(y).

Proof: (a)→(b). Suppose that f^{−1}(F) does not accumulate at any x ∈ f^{−1}(y). For x ∈ f^{−1}(y), there is a F_x ∈ F and a nbd V_x of x such that V_x ∩ f^{−1}(F_x) = ∅. {V_x : x ∈ f^{−1}(y)} is an open cover for f^{−1}(y). Since f is weakly biquotient, there exists a countable family U^′={V_{xi} : i ∈ N} ⊂ {V_x : x ∈ f^{−1}(y)} such that y ∈ intf(∪U^′). Let {F_{xi} : i ∈ N} ⊂ F such that V_{xi} ∩ f^{−1}(F_{xi} ) = ∅ for i ∈ N. So f(V_{xi} ) ∩ F = ∅ for all i ∈ N, where F ⊂ ∩{F_{xi} : i ∈ N}. Then f(∪U^′) ∩ F = ∅, but y ∈ F̄ and f(∪U^′) is a nbd of y, a contradiction.

(b)→(a). Suppose that f is not weakly biquotient, then there is an open cover U of f^{−1}(y) for some y ∈ Y such that for any countable subfamily λ of U, y /∈ intf(∪U^′). Let F = {Y − f(∪λ) : λ ⊂ U, |λ| ≤ ω}, then F is an ω-filter base accumulating at y. By (b), f^{−1}(F) accumulates at some x ∈ f^{−1}(y). Let U ∈ U with x ∈ U, let λ = {U}. U ∩ (f^{−1}(Y − f(U))) ≠ ∅, hence f(U) ∩ (Y − f(U)) ≠ ∅, a contradiction. □

Similar to the proof of Theorem 3.D.2 in [7], we have the following: Theorem 2.1. A topological space Y is a weakly bisequential space if and only if it is a weakly bi-quotient image of a metrizable space. Corollary 2.1. A weakly bisequential space is Fréchet-Urysohn [1]. Theorem 2.2. A closed image X of a metric space is a closed s-image of a metric space if and only if X is weakly bisequential.

Proof: It is easy to see that a closed s-mapping is weakly bi-quotient, so X is weakly bisequential. (In fact, a pseudo-open Lindelöf map is weakly bi-quotient).

Now we prove that a weakly bisequential closed image of a metric space is a closed s-image of a metric space. First, we prove that S_{ω1} is not weakly bisequential.

We write S_{ω1} = {∞} ∪ {S_α : α < ω_1}, where S_α is a sequence converging to ∞. Let H_α = ∪{S_β : β < α} for α < ω_1, ∞ ∈ H̄_α. Suppose S_{ω1} is weakly bisequential, then there exists a decreasing sequence {A_n : n ∈ N} such that {A_n : n ∈ N} meshes with {H_α : α < ω_1}. We may choose x_n ∈ A_n ∩ S_{αn} − {x_1, . . . , x_{n−1}} recursively, then x_n → ∞, a contradiction.

X is a closed image of a metric space, so it is a Fréchet-Urysohn space with a σ-hereditarily closure preserving k-network ([4]). X contains no closed copy of S_{ω1} , hence X is a Fréchet-Urysohn and ℵ-space ([5]), and thus it is a closed s-image of a metric space ([6]). □

Next, we discuss some relations between weakly bisequential spaces and other topological spaces.

From the definition, we know that bisequential spaces are weakly bisequential. Weakly bisequential spaces are Fréchet-Urysohn ([1]). Also, it is well known that countably bisequential spaces are Fréchet-Urysohn. What is the relation between countably bisequential spaces and weakly bisequential spaces? In fact, we have the following examples:

Proposition 2.2. There exists a weakly bisequential space which is not countably bisequential.

Proof: The sequential fan S_ω is such a space, since every countable Fréchet- Urysohn space is weakly bisequential ([1]), so it is weakly bisequential. But it is not countably bisequential. Suppose not, we write S_ω = {∞} ∪ {S_n : n ∈ N}, where S_n is a sequence converging to ∞. Let H_n = ∪{S_i : i ≥ n}. Then {H_n : n ∈ N} is a decreasing sequence accumulating at ∞ and we choose a sequence {x_k} such that x_k ∈ H_k ∩ S_{nk} for each k ∈ N and {x_k} converges to ∞, this is a contradiction. □

Proposition 2.3. There exists a countably bisequential space which is not weakly bisequential.

Proof: Let X be the Σ-product of {D_α : α < ω_1}, where D_α = {0, 1} for each α < ω_1. It is well known that X is countably bisequential. But X is not weakly bisequential ([1]). □

Simon [8] gave an example that the product of two compact Fréchet-Urysohn spaces is not Fréchet-Urysohn. We prove that the spaces in Simon’s example are weakly bisequential. So, not every product of compact weakly bisequential spaces is Fréchet-Urysohn.

Let P be an almost disjoint family in ω, let Ω = ω ∪ {P : P ∈ P}. Endow Ω with a topology as follow: each singleton in ω is open, for P ∈ P, a neighborhood base of P is {P } ∪ {P − A : A ∈ [P ]^{<ω}}. Then Ω is a locally compact space. Let Ω^′ be the one point compactification of Ω, we write Ω^′=Ω ∪ {∞}.

Theorem 2.3. Ω^′ is weakly bisequential if it is Fréchet-Urysohn.

Proof: Let F be an ω-filter base in Ω^′ accumulating at ∞, let F^′ = F ∩ ω, F^{′′} = F ∩ P.

Case 1. F^′ is an ω-filter base in {∞} ∪ ω accumulating at ∞. By [1, Theorem 6], {∞} ∪ ω is weakly bisequential. So there is a countable decreasing sequence {A_n : n ∈ N} which converges to ∞ and meshes with F^′. Hence {A_n : n ∈ N} meshes with F.

Case 2. F^′ is not an ω-filter base in {∞} ∪ ω accumulating at ∞. Then F^{′′} is an ω-filter base in {∞} ∪ P accumulating at ∞. By [7, Example 10.15], {∞} ∪ P is bisequential, so there is a countable decreasing family

{A_n : n ∈ N} which converges to ∞ and meshes with F^{′′}. Hence it meshes with F.

So Ω^′ is weakly bisequential. □

Theorem 2.4. There are two compact weakly bisequential spaces X and Y such that X × Y is not Fréchet-Urysohn.

Proof: Let X and Y be the spaces in Simon’s example ([8]). By the theorem above, X, Y are weakly bisequential, but X × Y is not Fréchet-Urysohn. □

Proposition 2.4. There exists a compact, weakly bisequential space which is not bisequential.

Proof: In fact, both X and Y in Theorem 2.4 are not bisequential. Suppose one of X and Y is bisequential, then so is α_3 ([2]). So the product X × Y is Fréchet-Urysohn ([2]), a contradiction. □

Theorem 2.5. Let X be a discrete space and X^∗ = X ∪ {∞} the one point compactification of X. Then X^∗ is weakly bisequential if and only if it is bisequential.

Proof: We only prove sufficiency. If the cardinality of X is non-measurable then, by [7, Example 10.15], X^∗ is bisequential. If the cardinality of X is measurable, by [7, Lemma 10.14], there is an ultrafilter F such that ∩F = ∅. But ∩F^′ ∈ F for every countable F^′ ⊂ F. F is an ω-filter base accumulating at ∞ [7, Lemma 10.14], then there is a sequence {A_n : n ∈ N} which converge to ∞ and meshes with F. {A_n : n ∈ N} ⊂ F because F is an ultrafilter. ∩{A_n : n ∈ N} ∈ F, so ∩{A_n : n ∈ N} ∩ X ≠ ∅, hence {A_n : n ∈ N} does not converge to ∞, a contradiction. □

Proposition 2.5 (∃ measurable cardinal). There is a compact, countably bisequential space that is not weakly bisequential.

Proof: Let X^∗ be the space in Example 10.15 in [7]. Then X^∗ is not bisequential. By Theorem 2.5, X^∗ is not weakly bisequential. □

A space X is called weakly quasi-first countable ([9]) if for each i ∈ N, there exists a mapping B^i : N × X → P(X), where P(X) denotes the power set of X, such that the following hold:

(i) fix i ∈ N for each n ∈ N and x ∈ X, B^i(n + 1, x) ⊂ B^i(n, x), and {x} = ∩{B^i(n, x) : n ∈ N}; and (ii) a subset V of X is open if and only if for each y ∈ V and for each i ∈ N there exists n(i) with B^i(n(i), y) ⊂ V .

If B^i = B for i ∈ N, then X is called weakly first countable. Obviously, weakly first countable is weakly quasi-first countable.

Theorem 2.6. A Fréchet-Urysohn, weakly quasi-first countable space X is weakly bisequential.

Proof: For x ∈ X, let F be an ω-filter base accumulating at x. Since X is weakly quasi-first countable, there is a family of subsets of X, say, {B^i(n, x) : n ∈ N, i ∈ N} satisfying (i) and (ii).

Claim 1. There exists i_0 ∈ N such that {B^{i0} (n, x) : n ∈ N} meshes with F.

Suppose not; then for each i ∈ N, there exist n(i) and F_i ∈ F such that B^i(n(i), x)∩F_i = ∅. Let F ∈ F where F ⊂ ∩{F_i : i ∈ N}. Then F ∩B^i(n(i), x) = ∅ for all i ∈ N. Since X is Fréchet-Urysohn and x is an accumulating point of F , there is {x_n : n ∈ N} ⊂ F , x_n → x. {x_n : n ∈ N} ∩ B^i(n(i), x) = ∅, it is easy to see that {x_n : n ∈ N} is closed, a contradiction.

So there is i_0 ∈ N such that {B^{i0} (n, x) : n ∈ N} converges to x and meshes with F, hence X is weakly bisequential. □

Remark 2.1. It is natural to ask whether every weakly bisequential space is quasi-weakly first countable, the answer is ‘No’. The one point compactification of a discrete space Y whose cardinality is 2^ω is such a space. Y is bisequential [7, Example 10.15] but not first countable. So Y is not weakly quasi-first countable because of the following Corollary 2.2.

A space X is called an α_4 space if for every point x ∈ X and any countable family {S_n : n ∈ N} of sequences converging to x one can find a sequence S converging to x which meets infinitely many S_n.

A subset B of X is called a sequential neighborhood of x ∈ X if for every sequence converging to x is eventually in B.

Theorem 2.7. A space X is weakly first countable if and only if X is a weakly quasi-first countable, α_4 space.

Proof: Necessity is obvious. We only prove sufficiency.

For x ∈ X, let F_x be the family {B^i(n, x) : n ∈ N, i ∈ N} that satisfies (i) and (ii) in the definition of weakly quasi-first countable. Let

B_x = {∪F^′ : F^′ ⊂ F_x, |F^′| < ω, and ∪F^′ is a sequential neighborhood of x}. We can see that B_x is countable, let B = ∪{B_x : x ∈ X}. We will prove that B is a weak base for X.

Let U be a subset of X, for each x ∈ U. If there is a B ∈ B_x such that x ∈ B ⊂ U, then U is open.

In fact, U is a sequential neighborhood for each x ∈ U, hence U is sequential open. But X is a sequential space [9], so U is open.

Let V be an open subset of X, we prove that for x ∈ V , there is B ∈ B_x such that B ⊂ V .

Let P = {F ∈ F_x : F ⊂ V }, and we rewrite P = {F_n : n ∈ N}.

Claim 2. There is m ∈ N such that ∪{F_n ∈ P : n ≤ m} is a sequential neighborhood of x.

Suppose not, there is a sequence {x^{(1)}(n)} with x^{(1)}(n) → x and {x^{(1)}(n)} ∩ F_1 = ∅. Since F_1 ∪ F_2 is not a sequential neighborhood of x, then there is a sequence x^{(2)}(n) with x^{(2)}(n) → x and {x^{(2)}(n)} ∩ (F_1 ∪ F_2) = ∅. continuing this way, we get countably many convergent sequences {x^{(i)}(n)}, (i ∈ N) with x^{(i)}(n) → x and {x^{(i)}(n)} ∩ ∪{F_j : j ≤ i} = ∅. X is an α_4-space, so there is a sequence S = {y_n : n ∈ N} which converges x and meets infinitely many {x^{(i)}(n)}. We prove that S is eventually in some finite union of a subfamily of P.

If not, pick n_1 ∈ N such that B^1(n_1) ⊂ U. Since B^1(n_1) is not a sequential neighborhood of x, there is subsequence S_1 ⊂ S, S_1 ∩ B^1(n_1) = ∅ and S − S_1 is eventually in B^1(n_1), choose y_{m1} ∈ S_1. Pick n_2 ∈ N such that B^2(n_2) ⊂ U. Since S_1 is not eventually in B^2(n_2), there is a subsequence S_2 ⊂ S_1 such that S_2 ∩ B^2(n_2) = ∅ and S_1 −S_2 is eventually in B^2(n_2). Pick y_{m2} ∈ S_2 −{y_{m1} }. Suppose that B^i(n_i), S_i, y_{mi} (i ≤ j) have been selected in such a way that S_k ⊂ S_l if k < l, S_i is infinite for i ≤ j. S_i ∩ B^i(n_i) = ∅, S_{i−1} − S_i is eventually in B^i(n_i). Since S is not contained in any finite union of subfamily of P, choose B^{j+1}(n_{j+1}) ⊂ U, S_j is not eventually in B^{j+1}(n_{j+1}), there is an infinite subsequence S_{j+1} of S_j such that S_{j+1} ∩ B^{j+1}(n_{j+1}) = ∅. Pick y_{mj+1} ∈ S_{j+1} − {y_{mi} : i ≤ j}.

We can get a subsequence S^′ = {y_{mi} } converging to x. From the construction above, for each i ∈ N, S^′ ∩ B^i(n_i) = ∅, so it is not difficult to see that S^′ is closed, a contradiction.

But from the selection of S, S cannot be eventually in any finite union of P. A contradiction. So the claim has been proved.

So the finite union of P in claim 2 is an element of B_x. Hence B is a weak base for X, and X is weakly first countable. □ Corollary 2.2. Let X be a countably bisequential space. Then X is first countable if X is weakly quasi-first countable.

Proof: Every countably bisequential space is an α_4 space. Thus X is weakly first countable by Theorem 2.7. It is well known that weakly first countable, Fréchet Urysohn spaces are first countable. □

3. Questions

Question 3.1. Let X and Y be weakly bisequential. Is X×Y weakly bisequential provided X × Y is Fréchet-Urysohn ?

Let P be a cover for X. P is called a cs^∗ − network if for any x ∈ X, x ∈ U with U open and a sequence S converging to x, there is a P ∈ P such that x ∈ P , P ⊂ U and P contains a subsequence of S.

Question 3.2. Let X be a weakly bisequential space with a point-countable k-network. Does X have a point-countable cs*-network ?

Remark 3.1. If the answer to Question 3.2 is positive, then we can give an affirmative answer to the Question 10.2 in [3].

Question 3.3. Let X be a Fréchet-Urysohn space with a point-countable knetwork. Is X weakly bisequential if it contains no closed copy of S_{ω1} ?

Question 3.4. Let X be a Fréchet-Urysohn space with countable network. Is X weakly bisequential ?

Question 3.5. Is it possible to characterize weak bisequentiality in terms of the Fréchet-Urysohn property ?

References

[1] Arhangel’skii A.V., Bisequential spaces, tightness of products, and metrizability conditions in topological groups, Trans. Moscow Math. Soc. 55 (1994), 207–219.

[2] Arhangel’skii A.V., The frequency spectrum of a topological space and the product operation, Trans. Moscow Math. Soc. 40 (1981), 163–200.

[3] Gruenhage G., Michael E., Tanaka Y., Spaces determined by point-countable covers, Pacific J. Math. 113 (1984), 303–332.

[4] Foged L., A characterization of closed images of metric spaces, Proc. Amer. Math. Soc.

95 (1985), 487–490.

[5] Junnila H.J.K., Yun Z., ℵ-spaces and spaces with σ-hereditarily closure-preserving k-net-work, Topology Appl. 30 (1990), 209–215.

[6] Lin S., Mapping theorems on ℵ-spaces, Topology Appl. 30 (1988), 159–164. [7] Michael E.A., A quintuple quotient quest, Topology Appl. 2 (1972), 91–138. [8] Simon P., A compact Fréchet space whose square is not Fréchet, Comment. Math. Univ.

Carolinae 21 (1980), 749–753.

[9] Sirois-Dumais R., Quasi- and weakly-quasi-first-countable space, Topology Appl. 11 (1980), 223–230.

Department of Mathematics, Guangxi University, Nanning, Guangxi, 530004, P.R. China

Current address:

Department of Mathematics, Ohio University, Athens, Ohio 45701, U.S.A. E-mail: chuanliu@bing.math.ohiou.edu

(Received November 22, 1999, revised March 27, 2000)