Comment.Math.Univ.Carolin. 42,3 (2001)459–468 459

Multipoint boundary value problems for discrete equations

Pavel Drábek, H. Bevan Thompson, Christopher Tisdell

Abstract. In this work we establish existence results for solutions to multipoint boundary value problems for second order difference equations with fully nonlinear boundary conditions involving two, three and four points. Our results are also applied to systems.

Keywords: second order difference equations, discrete boundary value problems, multipoint boundary conditions, degree theory, nonlinear boundary conditions

Classification: 39A10

1. Introduction

In this work we establish existence results for solutions to multipoint boundary value problems for second order difference equations with fully nonlinear boundary conditions involving two, three and four points. Our results are also applied to systems.

The problem under consideration is

y(i + 1) − 2y(i) + y(i − 1) = f(i, y(i)), i = 1, . . . , n − 1, (1) (0, 0) = G(y(0), y(n), y(c), y(d)), c, d ∈ {1, . . . , n − 1}, (2) where f is continuous and nonlinear. The equation defining the boundary conditions G is continuous and may be nonlinear. Note that we use the backward difference y(i) − y(i − 1) for i = 1, . . . , n.

By a solution of (1) we mean a vector ȳ = (y(0), . . . , y(n)) ∈ R^{n+1} satisfying (1) for i = 1, . . . , n − 1.

As stated by Agarwal in [1] and [2], the discretization of a two-point boundary value problem for ordinary differential equations gives rise to discrete problems and this can lead to certain fundamental changes. For example, two-point boundary conditions involving derivatives for the continuous case lead to three or four-point boundary conditions for the discrete problem and thus (2) deserves particular attention when c = 1 and d = n − 1. In [1] Agarwal provides some excellent examples illustrating that even though the continuous problem has a solution, its discrete analogue may not. Thus the question of existence of solutions to (1), (2) is naturally raised.

Motivated by [1], [2], [4], [5] and [6] in this paper we formulate some existence theorems for solutions to (1), (2).

The methods used throughout the work include discrete lower and discrete upper solutions, and we incorporate a degree-based relationship between the boundary conditions and the discrete lower and upper solutions, known as discrete compatibility. Once this method of discrete compatibility is introduced, most of the standard existence results in the literature for two-point boundary value problems will have analogues for discrete equations subject to four-point boundary conditions, provided that the appropriate assumptions concerning discrete lower and discrete upper solutions are made. The compatibility conditions are usually quite easy to identify.

As opposed to the approach of various fixed point theorems in [7] and [17], we employ degree theoretic arguments using homotopy methods.

Special cases of our theory include the boundary conditions

G = (y(0), y(n)) = (0, 0), (3) G = (y(c) − y(0), y(n)) = (0, 0), c ∈ {1, . . . , n − 1}, (4) G = (y(c) − y(0), y(n) − y(d)) = (0, 0), c, d ∈ {1, . . . , n − 1}. (5) Our results also apply to the inhomogeneous cases of the above and moreover, our theory may be applied to the case where G is nonlinear.

We also apply our theory to systems of equations. These generalizations include the use of discrete lower and discrete upper solutions for discrete systems of equations.

For additional information regarding discrete equations we refer the reader to the excellent texts by Agarwal [3], Kelley and Peterson [11] or Lakshmikantham and Trigiante [13].

2. Definitions and preliminary results

We now introduce some notation. We denote the boundary of a set A by ∂A and the closure of A by Ā. We denote C(A; B) to be the space of continuous functions mapping from A to B endowed with the maximum norm. If B = R then we omit the B. For any vector s̄ = {s(i)}^n_{i=0} ∈ R^{n+1} we write s̄ ≤ z̄ if s(i) ≤ z(i) for all i = 0, . . . , n.

If A is a bounded, open subset of R^d, q ∈ R^d, f ∈ C(Ā; R^d) and q /∈ f(∂A) we denote the Brouwer degree of f at q relative to A by d(f, A, q).

Our existence theorems require the use of discrete lower and discrete upper solutions.

Definition 1. We call ᾱ (β̄) a discrete lower (discrete upper) solution for (1) if

α(i + 1) − 2α(i) + α(i − 1) ≥ f(i, α(i)), (β(i + 1) − 2β(i) + β(i − 1) ≤ f(i, β(i)), ) for all i = 1, . . . , n − 1.

We say ᾱ (β̄) is a strict discrete lower (strict discrete upper) solution for (1) if the above inequalities are strict. We set Δ_d = (α(0), β(0)) × (α(n), β(n)) and we will refer to the pair ᾱ, β̄ as nondegenerate if α(0) < β(0) and α(n) < β(n).

Existence proofs for boundary value problems commonly employ modifications on f. We will make the necessary modifications by using the following functions. Definition 2. If a ≤ b are given, let π : R → [a, b] be (the retraction) given by π(y, a, b) = max{min{b, y}, a}.

Let K ∈ C(R; [−1, 1]) satisfy

K(t) = 1, t > 1, (i) K(t) = t, −1 ≤ t ≤ 1,

(iii) K(t) = −1, t < −1.

(iii)

If a ≤ b are given, let T ∈ C(R) be given by T (y, a, b) = K(y − π(y, a, b)). Let l(i, y(i)) = f(i, π(y(i), α(i), β(i))) for i = 0, . . . , n and let

k(i, y(i)) = (1 − |T (y(i), α(i), β(i))|) l(i, y(i)) + T (y(i), α(i), β(i)) (|l(i, y(i))| + 1) . Let Q(i, j) = { (1 − i)j, for 0 ≤ j ≤ i ≤ n, (1 − j)i, for 0 ≤ i ≤ j ≤ n, and w̄(C, D)(i) = [C(n − i) + Di]/n for i = 0, . . . , n where C, D ∈ R. Define C : R^{n+1} → R^{n+1} by

C(ȳ)(i) = n−1∑ j=1 Q(i, j)y(j), for i = 0, . . . , n and ȳ ∈ R^{n+1}.

Clearly C is continuous. Given ḡ ∈ R^{n+1} then ȳ is a solution of

y(i + 1) − 2y(i) + y(i − 1) = g(i), for i = 1, . . . , n − 1, y(0) = C, y(n) = D,

if and only if ȳ = C(ḡ) + w̄(C, D).

3. Nonlinear boundary conditions

We now introduce the concept of discrete compatible boundary conditions for two, three and four points. The idea is a discrete analogue to the definition of compatibility for boundary value problems for ordinary differential equations from [15].

Definition 3. Let G ∈ C(Δ̄_d ×R^2; R^2). We say G is strongly discrete compatible with ᾱ and β̄ if for all continuous functions ϕ_c : [α(0), β(0)] → [α(c), β(c)] and ϕ_d : [α(n), β(n)] → [α(d), β(d)] we have

G(C, D, ϕ_c(C), ϕ_d(D)) = G(C, D) ≠ (0, 0) for all (C, D) ∈ ∂Δ_d, d(G, Δ_d, (0, 0)) ≠ 0.

The degree-based relationship between the boundary conditions and the discrete lower and discrete upper solutions which defines discrete compatibility applies to well-known boundary conditions already in the literature. Special cases include (3), (4) and (5) and moreover G may be nonlinear.

4. Existence of solutions

The following lemma mirrors standard results in the literature concerning solutions to the modified difference equation (see [3] or [5]).

Lemma 1. Let ᾱ ≤ β̄ be nondegenerate discrete lower and upper solutions for (1). Let k(i, y(i)) be the modification to f(i, y(i)) given in Definition 2. Let ȳ ∈ R^{n+1} be any solution to (6) y(i + 1) − 2y(i) + y(i − 1) = k(i, y(i)), i = 1, . . . , n − 1, which satisfies α(0) ≤ y(0) ≤ β(0) and α(n) ≤ y(n) ≤ β(n). Then ȳ satisfies ᾱ ≤ ȳ ≤ β̄.

Proof: Now suppose ȳ is a solution of (6). Suppose y(i) < α(i) for some i ∈ {0, . . . , n}. From our assumptions we may assume that i ∈ {1, . . . , n − 1} and that α(i)−y(i) attains its positive maximum at i = m for some m ∈ {1, . . . , n−1}. Thus (7) α(m + 1) − 2α(m) + α(m − 1) − [y(m + 1) − 2y(m) + y(m − 1)] ≤ 0 and α(m) − y(m) > 0. Therefore y(m + 1) − 2y(m) + y(m − 1) = k(m, y(m)) = (1 − |T (y(m), α(m), β(m))|)l(m, y(m)) + T (y(m), α(m), β(m))(|l(m, y(m))| + 1) = (1 − |K(y(m) − α(m))|)f(m, α(m)) + K(y(m) − α(m))(|f(m, α(m))| + 1) < f(m, α(m)) ≤ α(m + 1) − 2α(m) + y(m − 1) which contradicts (7). Thus α(i) ≤ y(i) for all i = 0, . . . , n and similarly ȳ ≤ β̄. □

Remark 1. It follows from Lemma 1 that any solution to (6) is also a solution to (1).

Lemma 2. Let the assumptions of Lemma 1 hold. If G is strongly discrete compatible with ᾱ and β̄ then any solution ȳ to (6) and (2) satisfies y(0) ≠ α(0), β(0) and y(n) ≠ α(n), β(n).

Proof: Assume y(0) = α(0). Let ϕ_c and ϕ_d be continuous functions as in Definition 3. Take C = y(0) = α(0); thus we have G(C, D) = G(α(0), D) = (0, 0) which is a contradiction to the compatibility conditions since G ≠ (0, 0) on ∂Δ_d. Thus y(0) ≠ α(0). The other cases follow in a similar fashion. □

We now present our first existence theorem.

Theorem 1. Let f ∈ C({0, 1, . . . , n} × R; R). Assume that there exist nondegenerate discrete lower and discrete upper solutions ᾱ ≤ β̄ for (1) and that G ∈ C(Δ̄_d × R^2; R^2) is strongly discrete compatible with ᾱ and β̄. Then there exists a solution ȳ to problem (1), (2) with ᾱ ≤ ȳ ≤ β̄.

Proof: Our proof draws on discrete variants of the ideas from [14] and [15]. Consider

(8) y(i + 1) − 2y(i) + y(i − 1) = k(i, y(i)), i = 1, . . . , n − 1,

where k(i, y(i)) is the modification to f(i, y(i)) given in Definition 2. Consider (8) together with the boundary conditions (2). From Lemma 1 a solution, if it exists, actually lies in the region where f is unmodified and hence is a solution to (1), (2) as well.

Take ᾱ_ε ∈ R^{n+1} with α_ε(i) = min{α(i) : i = 0, . . . , n} − 1 and β̄_ε ∈ R^{n+1} with β_ε(i) = max{β(i) : i = 0, . . . , n} + 1. Now

T (α_ε(i), α(i), β(i)) = K(α_ε(i) − π(α_ε(i), α(i), β(i))) = K(α_ε(i) − α(i)) = K(−1) = −1.

Hence

α_ε(i + 1) − 2α_ε(i) + α_ε(i − 1) = 0 > −(|l(i, α_ε(i)| + 1) = k(i, α_ε(i)), for i = 1, . . . , n − 1.

Thus ᾱ_ε is a strict discrete lower solution for (8). Similarly, β̄_ε is a strict discrete upper solution for (8). We show problem (8) and (2) has a solution with (y(0), y(n)) ∈ Δ̄_d. Since f and k agree in this region this is the required solution of problem (1) and (2). Set

Ω_ε = {ȳ ∈ R^{n+1} : ᾱ_ε < ȳ < β̄_ε} and Γ_ε = Ω_ε × Δ_d. Define K : R^{n+1} → R^{n+1} by

K(ȳ)(i) = k(i, y(i)), for i = 0, . . . , n and ȳ ∈ R^{n+1}.

Let ϕ_c and ϕ_d be continuous functions as in Definition 3. Define H : Γ̄_ε × [0, 1] → R^{n+3} by

H(ȳ, C, D, λ) = ( ȳ − 3λw̄(C, D) − (1 − 3λ)(ᾱ_ε + β̄_ε)/2, G(C, D) ) for 0 ≤ λ ≤ 1/3,

H(ȳ, C, D, λ) = (ȳ − 3(λ − 1/3)CK(ȳ) − w̄(C, D), G(C, D))

for 1/3 ≤ λ ≤ 2/3, and

H(ȳ, C, D, λ) = (ȳ − CK(ȳ) − w̄(C, D), S(ȳ, C, D, λ))

for 2/3 ≤ λ ≤ 1, where

S(ȳ, C, D, λ) = G(C, D, 3(λ − 2/3)(y(c), y(d)) + 3(1 − λ)(ϕ_c(C), ϕ_d(D))).

Clearly H is continuous.

It is easy to see that ȳ is a solution of problem (8), (2) with (ȳ, y(0), y(n)) ∈ Γ_ε if and only if H(ȳ, y(0), y(n), 1) = 0.

Now if there is a solution with (ȳ, y(0), y(n)) ∈ ∂Γ_ε then there is nothing to prove so we assume there is no solution in ∂Γ_ε. We show H is an admissible homotopy for the Brouwer degree on Γ_ε at 0. We argue by contradiction and assume solutions exist to H(ȳ, C, D, λ) = 0 with λ ∈ [0, 1] and (ȳ, C, D) ∈ ∂Γ_ε. We investigate the cases λ ∈ [2/3, 1] and [1/3, 2/3); the case λ ∈ [0, 1/3) is trivial because G(C, D) ≠ (0, 0) with (C, D) ∈ ∂Δ_d and ȳ − 3λw̄(C, D) − (1 − 3λ)(ᾱ_ε + β̄_ε)/2 ≠ 0 for ȳ ∈ ∂Ω_ε.

Case (i) λ ∈ [2/3, 1].

By assumption there is no solution with λ = 1, so we assume there is a solution (ȳ, C, D) with λ ∈ [2/3, 1), ᾱ ≤ ȳ ≤ β̄, y(0) = C and y(n) = D.

Firstly, let us assume that (C, D) ∈ ∂Δ_d. If α(0) = y(0) then we see that S ≠ (0, 0) which is a contradiction. The other cases follow similarly. Thus (C, D) /∈ ∂Δ_d.

Secondly, let us assume that ȳ ∈ ∂Ω_ε. Assume y(i) = α_ε(i) for some i ∈ {0, . . . , n}. Since y(0) ≥ α(0) > α_ε(0) and y(n) ≥ α(n) > α_ε(n) it follows that i ∈ {1, . . . , n−1}. Thus y(i+1)−2y(i)+y(i−1) ≥ α_ε(i+1)−2α_ε(i)+α_ε(i−1) = 0. However, from the definition of k we have

y(i + 1) − 2y(i) + y(i − 1) = k(i, y(i)) = −(|f(i, α(i))| + 1) < 0, which is a contradiction. Thus y(i) ≠ α_ε(i) for any i ∈ {0, . . . , n}. Similarly, the assumption y(i) = β_ε(i) for some i ∈ {0, . . . , n} also leads to a contradiction. Thus ȳ /∈ ∂Ω_ε and there are no solutions of H(ȳ, C, D, λ) = 0 with λ ∈ [2/3, 1] and (ȳ, C, D) ∈ ∂Γ_ε.

Case (ii) λ ∈ [1/3, 2/3].

Since G is strongly discrete compatible, from the previous lemma there are no solutions (ȳ, C, D) to H = 0 with (C, D) ∈ ∂Δ_d. The proof of the case ȳ ∈ ∂Ω_ε leads to a contradiction in a similar way as for λ ∈ [2/3, 1).

Thus H is an admissible homotopy for the degree and since H(·, 0) = (I − b̄, G) where I is the identity on R^{n+1} and b̄ ∈ Ω_ε is a constant vector, it follows that d(H(·, 1), Γ_ε, 0) = d(H(·, 0), Γ_ε, 0) = d(G, Δ_d, (0, 0)) ≠ 0.

Thus there is a solution (ȳ, C, D) ∈ Γ_ε of H(ȳ, C, D, 1) = 0 and hence a solution ȳ ∈ R^{n+1} to problem (1) and (2). This concludes our proof. □ Remark 2. If G = (y(0), y(n)) = (0, 0) then Theorem 1 coincides with certain results in [2] and [5].

5. Some special boundary conditions

We now give conditions for discrete compatibility for special cases of G. The following is a discrete analogue of [15, Lemma 6].

Lemma 3. Let ᾱ ≤ β̄ be nondegenerate discrete lower and discrete upper solutions respectively for (1) and let the boundary conditions be given by (9) G = (y(c) − y(0), y(n) − y(d)) = (0, 0), c, d ∈ {1, . . . , n − 1}. Then G is strongly discrete compatible if (10) α(0) < α(c), α(n) < α(d), β(0) > β(c), β(n) > β(d).

Proof: Suppose (10) holds. Let G = (G_0, G_1), where G_0(C, D) = y(c) − C, and G_1(C, D) = D − y(d).

Let ϕ_c and ϕ_d be given as in Definition 3. Then G_0(C, D) = ϕ_c(C) − C, G_1(C, D) = D − ϕ_d(D).

This implies

G_0(α(0), D) > 0, G_0(β(0), D) < 0, G_1(C, α(n)) < 0, G_1(C, β(n)) > 0 and, hence, d(G, Δ_d, (0, 0)) = 1 ≠ 0. Thus G is strongly discrete compatible. □

Lemma 4. Let ᾱ ≤ β̄ be nondegenerate discrete lower and discrete upper solutions, respectively, for (1) and let the boundary conditions be given by (11) G = (y(c) − y(0), y(n) − y(d)) = (0, 0), c, d ∈ {1, . . . , n − 1}. If G is strongly discrete compatible then (12) α(0) ≤ α(c), α(n) ≤ α(d), β(0) ≥ β(c), β(n) ≥ β(d).

Proof: Assume α(0) > α(c). Let ϕ_c(C) = α(c) and ϕ_d(D) = α(d) for all (C, D) ∈ Δ̄_d. Then G(C, D) = (ϕ_c(C) − C, D − ϕ_d(D)) = (α(c) − C, D − α(d)).

This implies

d(G, Δ_d, (0, 0)) = d(G_0, (α(0), β(0)), 0)d(G_1, (α(n), β(n)), 0) = 0, since G_0(C) < 0 for all C ∈ [α(0), β(0)] and thus α(0) ≤ α(c). Similarly, we get β(0) ≥ β(c), α(n) ≤ α(d) and β(n) ≥ β(d). □ 6. Application to systems

We now apply some theory from the previous section to systems of equations. Consider (13) ⃗y(i + 1) − 2⃗y(i) + ⃗y(i − 1) = ⃗f(i, ⃗y(i)), i = 1, . . . , n − 1, where ⃗f ∈ C({0, 1, . . . , n} × R^d; R^d) and ⃗y = (⃗y(0), . . . , ⃗y(n)) ∈ R^{(n+1)d}.

For vectors ⃗y(i) ∈ R^d we denote the k-th component by y_k(i) for each k = 1, . . . , d.

Our first step is to extend the definitions of discrete lower and discrete upper solutions, following the ideas of [12] for the continuous case.

Definition 4. We call ⃗ᾱ (⃗β̄) a discrete lower (discrete upper) solution for (13) if for each i = 1, . . . , n − 1 and k = 1, . . . , d

α_k(i + 1) − 2α_k(i) + α_k(i − 1) ≥ f_k(i, ⃗σ(i)), for all ⃗α(i) ≤ ⃗σ(i) with σ_k(i) = α_k(i), β_k(i + 1) − 2β_k(i) + β_k(i − 1) ≤ f_k(i, ⃗σ(i)), for all ⃗β(i) ≥ ⃗σ(i) with σ_k(i) = β_k(i).

Theorem 2. Let ⃗f ∈ C({0, 1, . . . , n} × R^d; R^d). Assume that there exist nondegenerate discrete lower and discrete upper solutions ⃗α ≤ ⃗β for (13) and that G ∈ C(Δ̄_d × R^{2d}; R^{2d}) is strongly discrete compatible with ⃗α and ⃗β. Then there exists a solution ⃗y to problem (13), (2) with ⃗α ≤ ⃗y ≤ ⃗β.

Proof: The proof follows similar lines as that of Theorem 1 and is hence omitted. □ Acknowledgment. The first author was supported partly by the Grant Agency of the Czech Republic, grant # 201/00/0376 and partly by the University of Queensland, St. Lucia.

References

[1] Agarwal R.P., On multipoint boundary value problems for discrete equations, J. Math.

Anal. Appl. 96 (1983), 520–534.

[2] Agarwal R.P., On boundary value problems for second order discrete systems, Appl. Anal.

20 (1985), 1–17.

[3] Agarwal R.P., Difference Equations and Inequalities, Marcel Dekker, New York, 1992. [4] Agarwal R.P., O’Regan D., Boundary value problems for discrete equations, Appl. Math.

Lett. 10 (1997), 83–89.

[5] Agarwal R.P., O’Regan D., Difference equations in abstract spaces, J. Austral. Math. Soc.

(Series A) 64 (1998 277–284).

[6] Agarwal R.P., O’Regan D., Singular discrete boundary value problems, Appl. Math. Lett.

12 (1999), 127–131.

[7] Cheng S.S., Lin S.S., Existence and Uniqueness Theorems for nonlinear difference boundary value problems, Utilitas Math. 39 (1991), 167–186.

[8] Ehme J., Henderson J., Multipoint boundary value problems for weakly coupled equations, Nonlinear Times and Digest 1 (1994), 133–140.

[9] Gaines R., Difference equations associated with boundary value problems for second order nonlinear ordinary differential equations, SIAM J. Numer. Anal. 11 (1974), 411–434.

[10] Henderson J., Thompson H.B., Difference equations associated with boundary value problems for second order nonlinear ordinary differential equations, to appear in J. Differ. Equations Appl.

[11] Kelley W.G., Peterson A.C., Difference Equations, Academic Press, Boston, 1991. [12] Bernfeld S.R., Lakshmikantham V., An Introduction to Nonlinear Boundary Value Problems, Academic Press, New York, 1974.

[13] Lakshmikantham V., Trigiante D., Theory of Difference Equations: Numerical Methods and Applications, Academic Press, Boston, 1988.

[14] Thompson H.B., Second order differential equations with fully nonlinear two point boundary value problems, Pacific J. Math. 172 (1996), 255–277.

[15] Thompson H.B., Tisdell C.C., Nonlinear multipoint boundary value problems for weakly coupled systems, Bull. Austral. Math. Soc. 60 (1999), 45–54.

468 P. Drábek, H.B. Thompson, C. Tisdell

[16] Thompson H.B., Tisdell C., Systems of difference equations associated with boundary value problems for second order systems of ordinary differential equations, J. Math. Anal. Appl. 248 (2000), 333–347.

[17] Wan Zhuang, Yubo Chen, Monotone Methods for a discrete boundary problem, Comput.

Math. Appl. 32 (1996), 41–49.

P. Drábek:

Department of Mathematics, University of West Bohemia, P.O. Box 314, 306 14 Pilsen, Czech Republic E-mail: pdrabek@kma.zcu.cz

H.B. Thompson, C. Tisdell:

Department of Mathematics, The University of Queensland, St Lucia Queensland 4072, Australia E-mail: hbt@maths.uq.edu.au

cct@maths.uq.edu.au

(Received January 26, 2001, revised May 16, 2001)