Comment.Math.Univ.Carolin. 42,4 (2001)753–762 753

Admissible maps, intersection results, coincidence theorems

Mircea Balaj

Abstract. We obtain generalizations of the Fan’s matching theorem for an open (or closed) covering related to an admissible map. Each of these is restated as a KKM theorem. Finally, applications concerning coincidence theorems and section results are given.

Keywords: acyclic map, convex space, matching theorem, coincidence theorem

Classification: 47H10, 54H25, 54C60

1. Introduction

The KKM principle provides the foundations for many of the modern essential results in diverse areas of mathematical sciences (see [23]). In 1987, the “open” version of the KKM principle was presented by Kim [14] and Shih and Tan [27], and later Lassonde [16] showed that the classical (closed) and open versions of the KKM principle can be derived from each other. Each of the two versions of the KKM principle may be restated in its contraposition form and in terms of the complements of the covering members obtaining in this manner the two versions, open and closed, of Fan’s matching theorem (see [10] and [16]). In this paper, using a fixed point theorem due to Gorniewicz [12] we obtain a matching theorem involving an admissible map (in the sense of Gorniewicz). Further on we establish new KKM theorems related to an admissible map, mutually equivalent with another matching theorems. In the last section we give two versions of a coincidence theorem and some applications. Our results include, as particular cases, a large number of known theorems, specified in the paper.

2. Preliminaries

A convex space X ([15]) is a nonempty convex set X in a vector space with any topology that induces the Euclidean topology on the convex hulls of its finite subsets. In fact, we may regard that X has the relative finite topology.

A subset A of a topological space Y is said to be compactly open (respectively closed) in Y if for every compact set K ⊂ Y the set A ∩ K is open (respectively closed) in K.

A nonempty topological space is acyclic if all its reduced Čech homology groups over rationals vanish. In particular, any contractible space is acyclic, and thus any convex or star-shaped set is acyclic.

A map F : X → Y is a function from a set X into the power set 2^Y of Y , that is, a function with the values F x ⊂ Y for x ∈ X and the fibers F^{−1}y = {x ∈ X : y ∈ F x} for y ∈ Y . If A ⊂ X, let F (A) = ⋃ {F x : x ∈ A}.

For topological spaces X and Y , a map F : X → Y is upper semicontinuous (u.s.c.) if: (i) F x is compact for each x ∈ X and (ii) for each open set U ⊂ Y the set {x ∈ X : F x ⊂ U} is open in X. Note that the image of a compact set under an upper semicontinuous map is compact. A map F : X → Y is said to be compact if the range F (X) is contained in a compact subset of the topological space Y .

Let X and Y be two Hausdorff topological spaces. A function p : X → Y is said to be a Vietoris function provided the following conditions are satisfied:

(i) for any compact K ⊂ Y , the counter image p^{−1}(K) is also compact; (ii) for each y ∈ Y the set p^{−1}(y) is acyclic.

A map F : X → Y is called admissible (in the sense of Gorniewicz, see [11] and [12]) if there exists a diagram X^p←− Z^q−→ Y such that:

(i) Z is a Hausdorff topological space and p, q are continous functions; (ii) p is a Vietoris function; (iii) q(p^{−1}(x)) ⊂ F x for each x ∈ X.

Observe that an acyclic map (i.e. an upper semicontinous map with acyclic values) or, in particular, a continous function is an admissible map. It is worth noticing that if F : X → Y and T : Y → Z are two admissible maps, then the composition T ∘ F is an admissible map (see [12, Theorem 2.7]).

Throughout this paper the topological spaces will be supposed Hausdorff. For a set D, let ⟨D⟩ denote the set of all nonempty finite subsets of D.

3. Matching theorems and KKM theorems

The following lemma is an immediate consequence of Corollary 3.7 in [12].

Lemma 1. Let X be a compact convex set in a Euclidian space and F : X → X be an admissible map. Then there exits a point x_0 ∈ X such that x_0 ∈ F x_0.

The following result generalizes Theorem 1 in [18] which in turn extends the open version of Fan’s matching theorem ([10]).

Theorem 2. Let D be a nonempty subset of a convex space, Y a topological space and G : D → Y a map such that:

(i) for each x ∈ D, Gx is compactly open in Y ; (ii) G(D) = Y .

Then for each admissible compact map F : co D → Y there exists A ∈ ⟨D⟩ such that F (co A) ∩ ⋂ {Gx : x ∈ A} ≠ ∅.

Proof: Since F is a compact map, we may and shall assume that Y is a compact space, and for each x ∈ D, Gx is an open subset of Y . Consequently there is a finite subset D_1 = {x_1, x_2, . . . , x_n} of D such that Y =

⋃_n i=1 Gx_i. Let {α_i}^n_{i=1} be a continuous partition of unity subordinated to this covering of Y . Define a continuous function g : Y → co D_1 by

g(y) = α_1(y) · x_1 + · · · + α_n(y) · x_n, y ∈ Y.

Since g ∘ F is an admissible map, by Lemma 1, it has a fixed point. Hence there exist x_0 ∈ co D_1 and y_0 ∈ Y such that x_0 = g(y_0) and y_0 ∈ F x_0. Denote by I = {i ∈ {1, 2, . . . , n} : α_i(y_0) > 0}. Clearly I ≠ ∅. If i ∈ I, then y_0 is in the support of α_i and therefore in Gx_i. Thus y_0 ∈ ⋂ {Gx_i : i ∈ I}. On the other side x_0 = g(y_0) ∈ co{x_i : i ∈ I}, whence y_0 ∈ F x_0 ⊂ F (co{x_i : i ∈ I}).

Taking A = {x_i : i ∈ I} we get y_0 ∈ F (co A) ∩ ⋂ {Gx : x ∈ A}. □

Theorem 2 can be restated in its contraposition form and in terms of the complement Sx of Gx in Y as follows.

Theorem 3. Let D be a nonempty subset of a convex space, Y a topological space and S : D → Y a map with compactly closed values. If there exists an admissible compact map F : co D → Y such that

(1) F (co A) ⊂ S(A) for each A ∈ ⟨D⟩ ,

then ⋂ {Sx : x ∈ D} ≠ ∅.

Proof: Suppose that ⋂ {Sx : x ∈ D} = ∅. Then Y = G(D), where G(x) = Y \Sx, for each x ∈ D. By Theorem 2 there exists A ∈ ⟨D⟩ such that

F (co A) ∩ ⋂ {Gx : x ∈ A} ≠ ∅, that is, F (co A) ⊄ S(A).

This contradicts (1). □

The above KKM theorem includes earlier results of Lassonde [15], Chang [5], Sehgal, Singh and Whitfield [25], Shioji [29]. The compactness condition imposed to the map F can be relaxed as in the next theorem. The relaxing method used is not new. Its origin goes back to Lassonde [15] and it appeared in many papers (see for instance [6], [10], [18], [22]).

Theorem 4. Let D be a nonempty subset of a convex space, Y a topological space, S : D → Y a map and F : co D → Y an admissible u.s.c. map such that (i) for each x ∈ D, Sx is compactly closed in Y ;

(ii) for each A ∈ ⟨D⟩, F (co A) ⊂ S(A);

(iii) there exists a nonempty compact subset K of Y such that either (a) ⋂ {Sx : x ∈ A_0} ⊂ K for some A_0 ∈ ⟨D⟩; or (b) for each A ∈ ⟨D⟩ there exists a compact convex subset L_A of co D containing A such that F (L_A) ∩ ⋂ {Sx : x ∈ L_A ∩ D} ⊂ K.

Then F (co D) ∩ K ∩ ⋂ {Sx : x ∈ D} ≠ ∅.

Proof: Suppose the conclusion does not hold and put Gx = Y \Sx, x ∈ D. Since F (co D) ∩ K is compact and Gx is compactly open for each x ∈ X, there exists A_1 ∈ ⟨D⟩ such that

(2) F (co D) ∩ K ⊂ G(A_1).

We examine successively the two cases looking every time for obtaining a contradiction.

Case (a). In this case

(3) F (co D) \K ⊂ Y \K ⊂ G(A_0),

hence, by (2) and (3) F (co D) ⊂ G(A), where A = A_0 ∪A_1. Since co A is compact and F is upper semicontinuous, F (co A) is a compact set and F (co A) ⊂ G(A).

By Theorem 2 there exists a nonempty set B ⊂ A such that

F (co B) ∩ ⋂ {Gx : x ∈ B} ≠ ∅, that is, F (co B) ⊄ S(B).

This contradicts (ii).

Case (b). By hypothesis there exists a compact convex set L such that A_1 ⊂ L ⊂ co D and

(4) F (L) ∩ ⋂ {Sx : x ∈ L ∩ D} ⊂ K.

We claim that F (L) ⊂ G(L ∩ D). Taking into account (2) we have

F (L) ∩ K ⊂ F (co D) ∩ K ⊂ G(A_1) ⊂ G(L ∩ D).

Taking into account (4) we have F (L)\K ⊂ G(L ∩ D). Hence, we have F (L) ⊂ G(L ∩ D). Since F (L) is compact, there exists B ∈ ⟨L ∩ D⟩ such that F (co B) ⊂ F (L) ⊂ G(B). For the remainder of the proof we can just follow that of Case (a). □ Theorem 4 is a slight generalization of Theorem 3 in [21] which in turn generalizes earlier results of Fan [9], [10], Lassonde [15], Chang [5], Park [20].

Theorem 4 can be also stated in its contraposition form and in terms of the complement G(x) of S(x) obtaining in this way a generalization of Theorem 2, namely:

Theorem 5. Let D be a nonempty subset of a convex space, Y a topological space, G : D → Y a map and F : co D → Y an admissible u.s.c. map. Suppose that

(i) for each x ∈ D, Gx is compactly open in Y ; (ii) there exists a nonempty compact subset K of Y such that F (co D) ∩ K ⊂ G(D); and (iii) either (a) Y \K ⊂ G(A_0) for some A_0 ∈ ⟨D⟩; or (b) for each A ∈ ⟨D⟩, there exists a compact convex subset L_A of co D containing A such that F (L_A)\K ⊂ G(L_A ∩ D).

Then there exists an A ∈ ⟨D⟩ such that F (co A) ∩ ⋂ {Gx : x ∈ A} ≠ ∅.

Proof: Suppose, on contrary, that for each A ∈ ⟨D⟩, F (coA) ∩ ⋂ {Gx : x ∈ A}= ∅.

Consider the map S : D → Y , defined by Sx = Y \Gx. It can be easily verified that all the conditions of Theorem 4 are satisfied. Therefore F (co D)∩K ∩ ⋂ {Sx :

x ∈ D} ≠ ∅. But this contradicts (ii). □

The following lemma is necessary in order to obtain an open-valued version of Theorem 3. Its proof uses the machinery developed by Shih in the proof of Theorem 1 in [26] and Park and Kim in the proof of Theorem 5 in [24]. Lemma 6. Let D be a nonempty finite subset of a convex space, Y a compact space, G : D → Y an open-valued map and F : co D → Y an admissible u.s.c. map such that F (co A) ⊂ G(A) for each nonempty set A ⊂ D.

Then there is a closed-valued map S : D → Y such that Sx ⊂ Gx for all x ∈ D and F (co A) ⊂ S(A) for each nonempty A ⊂ D. Proof: For any y ∈ G(D), let Hy = ⋂ {Gx : x ∈ D}. Then Hy is an open set containing y. As Y is regular, there exists an open set U_y in Y such that y ∈ U_y ⊂ U_y ⊂ Hy.

Now for any A ∈ ⟨D⟩ we have

F (co A) ⊂ G(A) ⊂ ⋃ {U_y : y ∈ G(A)}.

Since F (co A) is compact, there exists B_A ∈ ⟨G(A)⟩ such that

F (co A) ⊂ ⋃ {U_y : y ∈ B_A}.

Let B = ⋃ {B_A : A ∈ ⟨D⟩}. Define S : D → Y by

Sx = ⋃ {U_y : y ∈ B ∩ Gx}, x ∈ D.

Then Sx is closed in Y for each x ∈ D and Sx ⊂ Gx, since U_y ⊂ Hy ⊂ Gx if y ∈ Gx. For each A ∈ ⟨D⟩ and any z ∈ F (co A), we have z ∈ U_y for some y ∈ B_A ⊂ G(A) ∩ B; that is y ∈ Gx ∩ B for some x ∈ A. Hence F (co A) ⊂ S(A). □

Theorem 7. Let D be a nonempty subset of a convex space, Y a topological space and G : D → Y be a map with compactly open values. If there exists an admissible u.s.c. map F : co D → Y such that F (co A) ⊂ G(A) for each A ∈ ⟨D⟩, then {Gx : x ∈ D} has the finite intersection property.

Proof: Let D_1 ∈ ⟨D⟩. Since F is an upper semicontinuous map, Y_1 = F (co D_1) is a compact set. By Lemma 6 there exists a closed-valued map S : D_1 → Y_1 such that Sx ⊂ Gx ∩ Y_1 for all x ∈ D_1 and F (co A) ⊂ S(A) for each A ∈ ⟨D_1⟩. According to Theorem 3 we have ⋂ {Gx ∩ Y_1 : x ∈ D_1} ⊃ ⋂ {Sx : x ∈ D_1} ≠ ∅. □ The origin of Theorem 7 is due to Kim [14, Theorem 1]. Our theorem includes earlier results of Lassonde [16] and Park [19], [22].

In turn Theorem 7 can be easily reformulated obtaining the following matching theorem which is a closed-valued version of Theorem 2.

Theorem 8. Let D be a nonempty finite subset of a convex space, Y a topological space and S : D → Y a map such that:

(i) for each x ∈ D, Sx is compactly closed in Y ; (ii) S(D) = Y .

Then for each admissible u.s.c. map F : co D → Y there exists A ∈ ⟨D⟩ such that F (co A) ∩ ⋂ {Sx : x ∈ A} ≠ ∅.

4. Coincidence theorems and applications

As an application of Theorem 5 we give the following coincidence theorem.

Theorem 9. Let D be a nonempty subset of a convex space, Y a topological space, G : D → Y , T : co D → Y maps and F : co D → Y an admissible u.s.c. map. Suppose that the conditions (i)–(iii) in Theorem 5 are satisfied and moreover assume that:

(iv) for each y ∈ F (co D), co(G^{−1}y) ⊂ T^{−1}y. Then there exists x_0 ∈ co D such that F (x_0) ∩ T (x_0) ≠ ∅.

Proof: By Theorem 5 there exist A ∈ ⟨D⟩ and

y_0 ∈ F (co A) ∩ ⋂ {Gx : x ∈ A}.

Therefore y_0 ∈ F (x_0) for some x_0 ∈ co A.

On the other hand, from y_0 ∈ ⋂ {Gx : x ∈ A}, taking into account (iv) we get x_0 ∈ co A ⊂ co(G^{−1}y_0) ⊂ T^{−1}y_0. Consequently y_0 ∈ F (x_0) ∩ T (x_0). □

Theorem 9 extends results of Tarafdar [31], [32], Ben-El-Mechaiekh and others [3], Park [18] on fixed points and coincidences for multivalued maps, these results being themselves generalizations of the well known Fan-Browder fixed point theorem [4], [7].

Similarly, using as argument Theorem 8 instead of Theorem 5 we can readily prove the following theorem:

Theorem 10. Let D be a nonempty finite subset of a convex space, Y a topological space, S : D → Y , T : co D → Y maps and F : co D → Y an admissible u.s.c. map. Suppose that conditions (i), (ii) in Theorem 8 are satisfied and moreover assume that:

(iii) for each y ∈ F (co D), co(S^{−1}y) ⊂ T^{−1}y. Then there exists x_0 ∈ co D such that F (x_0) ∩ T (x_0) ≠ ∅.

Using his infinite version of the KKM theorem, Fan proved in [7] a section lemma leading to a proof of Tychonoff’s fixed point theorem. Using Theorems 9 and 10 we obtain two section theorems including results previously given by Takahashi [30], Ha [13], Shioji [26], Lin [17], Balaj [2].

Theorem 11. Let D be a nonempty subset of a convex space, Y a topological space, F : co D → Y an admissible u.s.c. map, Ω ⊂ co D × Y , Γ ⊂ D × Y sets. Suppose that:

(i) Γ ⊂ Ω;

(ii) for each x ∈ co D, {x} × F x ⊂ Ω;

(iii) for each x ∈ D, {y ∈ Y : (x, y) ∈ Γ} is compactly closed in Y ; (iv) for each y ∈ F (co D), {x ∈ co D : (x, y) /∈ Ω} is convex; (v) there exists a nonempty compact subset K of Y such that either (a) for each y ∈ Y \K, A_0 × {y} ⊄ Γ, for some A_0 ∈ ⟨D⟩; or (b) for each A ∈ ⟨D⟩, there exists a compact convex subset L of co D containing A such that for each y ∈ F (L_A)\K, (L_A ∩ D) × {y} ⊄ Γ.

Then there exists y_0 ∈ F (co D) ∩ K such that D × {y_0} ⊂ Γ.

Proof: Consider the maps G : D → Y and T : co D → Y given by

Gx = {y ∈ Y : (x, y) /∈ Γ} for x ∈ D, and T x = {y ∈ Y : (x, y) /∈ Ω} for x ∈ co D.

Suppose that the conclusion is false. Then F (co D) ∩ K ⊂ G(D). By (iii), for each x ∈ D, Gx is compactly open. The conditions (va), (vb) are clearly equivalent with the conditions (iiia), respectively (iiib) in Theorem 5. By (iv), for each y ∈ F (co D), T^{−1}y is convex, and taking into account (i) we infer that co(G^{−1}y) ⊂ T^{−1}y.

Therefore all hypothesis of Theorem 9 are satisfied, hence T and F have a coincidence point x_0 ∈ co D. For y ∈ T (x_0) ∩ F (x_0), we have (x_0, y) /∈ Ω. But this contradicts (ii). □

In similar manner, from Theorem 10 we can obtain

Theorem 12. Let D be a finite nonempty subset of a convex space, Y a topological space, F : co D → Y an admissible u.s.c. map, Ω ⊂ co D × Y , Γ ⊂ D × Y sets. Suppose that conditions (i), (ii), (iv) in Theorem 11 hold and moreover assume that

(iii^′) for each x ∈ D, {y ∈ Y : (x, y) ∈ Γ} is compactly open in Y . Then there exists y_0 ∈ Y such that D × {y_0} ⊂ Γ.

As direct consequences of Theorems 11 and 12 we have the next dual corollaries. The first one generalizes earlier results of Fan [8], Allen [1], Lin [17], Shih and Tan [28].

Corollary 13. Let D be a nonempty subset of a convex space, Y a topological space, F : co D → Y an admissible u.s.c. map. If f : co D×Y → R, g : D×Y → R are two real-valued functions satisfying:

(i) for each (x, y) ∈ D × Y , g(x, y) ≤ 0 implies f(x, y) ≤ 0; (ii) for each x ∈ co D and any y ∈ F x, f(x, y) ≤ 0;

(iii) for each x ∈ D, the function y → g(x, y) is lower semicontinuous on each compact subset of Y ;

(iv) for each y ∈ F (co D), {x ∈ co D : f(x, y) > 0} is convex; (v) there exists a nonempty subset K of Y such that either

(a) there exists an A_0 ∈ ⟨D⟩ such that for each y ∈ Y \K, g(x, y) > 0 for some x ∈ A_0; or (b) for each A ∈ ⟨D⟩, there exists a compact convex subset L of co D containing A such that, for each y ∈ F (L_A)\K, g(x, y) > 0 for some x ∈ L_A ∩ D.

Then there is y_0 ∈ F (co D) ∩ K such that g(x, y_0) ≤ 0 for all x ∈ D.

Proof: Put Ω = {(x, y) ∈ co D × Y : f(x, y) ≤ 0}, Γ = {(x, y) ∈ D × Y : g(x, y) ≤ 0} and apply Theorem 11. □

Corollary 14. Let D be a nonempty finite subset of a convex space, Y a topological space, F : co D → Y an admissible u.s.c. map. If f : co D × Y → R, g : D × Y → R are two real-valued functions satisfying:

(i) for each (x, y) ∈ D × Y , g(x, y) < 0 implies f(x, y) < 0; (ii) for each x ∈ co D and any y ∈ F x, f(x, y) < 0;

(iii) for each x ∈ D, the function y → g(x, y) is upper semicontinuous on each compact subset of Y ;

(iv) for each y ∈ F (co D), {x ∈ co D : f(x, y) ≥ 0} is convex. Then there is y_0 ∈ Y such that g(x, y_0) < 0 for all x ∈ D.

Acknowledgment. The author wishes to express his sincere thanks to the referee for his constructive comments which resulted in an improvement of the first draft of the paper.

References

[1] Allen G., Variational inequalities, complementary problems and duality theorems, J. Math.

Anal. Appl. 58 (1977), 1–10.

[2] Balaj M., A variant of a fixed point theorem of Browder and some applications, Math.

Montisnigri 9 (1998), 5–13.

[3] Ben-El-Mechaiekh H., Deguire P., Granas A., Points fixes et coincidences pour les applications multivoque, I, C.R. Acad. Sci. Paris 295 (1982), 337–340; II, 381–384.

[4] Browder F.E., The fixed point theory of multi-valued mappings in topological vector spaces, Math. Ann. 177 (1968), 283–301.

[5] Chang S.Y., A generalization of KKM principle and its applications, Soochow J. Math. 15 (1989), 7–17.

[6] Ding X.-P., Tan K.-K., Matching theorems, fixed point theorems, and minimax inequalities without convexity, J. Austral. Math. Soc. (Ser. A) 49 (1990), 111–128.

[7] Fan K., A generalization of Tychonoff’s fixed point theorem, Math. Ann 142 (1961), 305– 310.

[8] Fan K., A minimax inequality and applications, in “Inequalities III”, O Shisha (ed.), Academic Press, New York, 1972, pp. 103–113.

[9] Fan K., Fixed-point and related theorems for non-compact convex sets, in “Game Theory and Related Topics”, O. Moeschlin and D. Pallaschke (eds.), North-Holland, Amsterdam, 1979, pp. 151–156.

[10] Fan K., Some properties of convex sets related to fixed point theorems, Math. Ann. 266 (1984), 519–537.

[11] Gorniewicz L., A Lefschetz-type fixed point theorem, Fund. Math. 88 (1975), 103–115. [12] Gorniewicz L., Homological methods in fixed point theory of multi-valued maps, Dissertationes Math. 129 (1976), 1–71.

[13] Ha C.-W., Minimax and fixed point theorems, Math. Ann. 248 (1980), 73–77. [14] Kim W.K., Some applications of the Kakutani fixed point theorem, J. Math. Anal. Appl.

121 (1987), 119–122.

[15] Lassonde M., On the use of KKM multifunctions in fixed point theory and related topics, J. Math. Anal. Appl. 97 (1983), 151–201.

[16] Lassonde M., Sur le principle KKM, C.R. Acad. Sci. Paris 310 (1990), 573–576. [17] Lin T.-C., Convex sets, fixed points, variational and minimax inequalities, Bull. Austral.

Math. Soc. (Ser. A) 34 (1986), 107–117.

[18] Park S., Generalizations of Ky Fan’s matching theorems and their applications, J. Math.

Anal. Appl. 141 (1989), 164–176.

[19] Park S., Convex spaces and KKM families of subsets, Bull. Korean Math. Soc. 27 (1990), 11–14.

[20] Park S., Generalizations of Ky Fan’s matching theorems and their applications, II, J.

Korean Math. Soc. 28 (1991), 275–283.

[21] Park S., Some coincidence theorems on acyclic multifunctions and applications to KKM theory, in “Fixed Point Theory and Applications” (K.-K. Tan ed.), World Scientific, Publishing River Edge, NY, 1992, pp. 248–277.

[22] Park S., Foundations of the KKM theory via coincidences of composites of upper semicontinuous maps, J. Korean Math. Soc. 31 (1994), 493–519.

[23] Park S., Ninety years of the Browder fixed point theorem, Vietnam J. Math. 27 (1999), 193–232.

[24] Park S., Kim H., Coincidences of composites of u.s.c. maps on H-spaces and applications, J. Korean Math. Soc. 32 (1995), 251–264.

[25] Sehgal V.M., Singh S.P., Whitfield J.H.M., KKM-maps and fixed point theorems, Indian J.

Math. 32 (1990), 289–296.

762 M. Balaj

[26] Shih M.-H., Covering properties of convex sets, Bull. London Math. Soc. 18 ((1986)), 57– 59. [27] Shih M.-H., Tan K.-K., Covering theorems of convex sets related to fixed-point theorems, in “Nonlinear and Convex Analysis-Proc. in Honor of Ky Fan” (B-L. Lin and S. Simons, eds.), Marcel Dekker, New York, 1987, pp. 235–244.

[28] Shih M.-H., Tan K.K., A geometric property of convex sets with applications to minimax type inequalities and fixed point theorems, J. Austral. Math. Soc. 45 (1988), 169–183.

[29] Shioji N., A further generalization of the Knaster-Kuratowski-Mazurkiewicz theorems, Proc. Amer. Math. Soc. 111 (1991), 187–195.

[30] Takahashi W., Nonlinear variational inequalities and fixed point theorems, J. Math. Soc.

Japan 28 (1976), 168–181.

[31] Tarafdar E., On nonlinear variational inequalities, Proc. Amer. Math. Soc. 67 (1977), 95–98.

[32] Tarafdar E., On minimax principles and sets with convex sections, Publ. Math. Debrecen 29 (1982), 219–226.

Department of Mathematics, Oradea University, 3700 Oradea, Romania E-mail: mbalaj@math.uoradea.ro

(Received July 4, 2000, revised March 9, 2001)