Comment.Math.Univ.Carolin. 43,1 (2002)103–117 103

Duality properties and Riesz representation theorem in the Besicovitch-Orlicz space of almost periodic functions

M. Morsli, F. Bedouhene, F. Boulahia

Abstract. In [6], the classical Riesz representation theorem is extended to the class of Besicovitch space of almost periodic functions B^q a.p., q ∈]1, +∞[ . It is also shown that this space is reflexive. We shall consider here such results in the context of Orlicz spaces, namely in the class of Besicovitch-Orlicz space of almost periodic functions B^ϕ a.p., where ϕ is an Orlicz function.

Keywords: Besicovitch-Orlicz space, almost periodic function, reflexivity, duality

Classification: 46B20, 42A75

1. Introduction

The class B^q a.p., q ≥ 1 of Besicovitch almost periodic functions was introduced and developed in [2]. In [1], [4], this class was extended to the context of Orlicz spaces, namely, the authors introduced the Besicovitch-Orlicz space of almost periodic functions B^ϕ a.p.

The paper [4] is a large investigation on structure and topological properties of this space. Some duality properties are also stated using an identification argument based on the Bohr compactification of the real line.

In [8], we characterized the fundamental metric properties of this space, giving necessary and sufficient conditions for the strict and uniform convexity.

In this paper, we shall give first, necessary and sufficient conditions for the reflexivity of B^ϕ a.p. and then state a Riesz type representation theorem in this space.

2. Preliminaries and notations

2.1 Orlicz functions. In all what follows, the notation ϕ is used for an Orlicz function, i.e., a function ϕ : R → R^+ which is even, convex and satisfies ϕ(0) = 0, ϕ(u) > 0 if u ≠ 0, moreover lim_{u→0}^{ϕ(u)}_u = 0, lim_{u→∞}^{ϕ(u)}_u = +∞.

This function is called of Δ_2-type if there exist constants K > 2 and u_0 ≥ 0 for which ϕ(2u) ≤ Kϕ(u), ∀ u ≥ u_0.

We recall here some useful results concerning Orlicz functions (cf. [3], [7], [12]).

An Orlicz function admits a derivative ϕ^′ unless on a denumerable set of points. It satisfies ϕ^′(0) = 0, ϕ^′(u) > 0 if u ≠ 0, and lim_{|u|→∞} ϕ^′(|u|) = +∞ so that it is strictly increasing to infinity.

The derivative satisfies the inequality:

(2.1) uϕ^′(u) ≤ ϕ(2u) ≤ 2uϕ^′(2u), ∀ u ≥ 0.

From [3], we know that if ϕ is an Orlicz function then, for every ε > 0 there exists an Orlicz function ϕ_ε with continuous derivative and satisfying

ϕ_ε(x) ≤ ϕ(x) ≤ (1 + ε)ϕ_ε(x), ∀ x ∈ R.

In view of this, we may assume in the following ϕ^′ to be continuous. The function ψ(y) = sup{x|y| − ϕ(x), x ≥ 0} is called conjugate to ϕ. It is an Orlicz function when ϕ is. The pair (ϕ, ψ) satisfies the Young’s inequality:

xy ≤ ϕ(x) + ψ(y), x ∈ R, y ∈ R.

Let us note that equality holds in the Young’s inequality iff x = ψ^′(y) or y = ϕ^′(x).

With each pair (ϕ, ψ) of conjugate Orlicz functions, we may associate an equivalent normalized pair (~ϕ, ~ψ), i.e. such that ϕ is equivalent to ~ϕ (respectively ψ is equivalent to ~ψ) and ~ϕ(1) + ~ψ(1) = 1. The functions ϕ and ~ϕ (respectively ψ and ~ψ) define the same Orlicz space and the corresponding norms are equivalent (cf. [12]).

With all these considerations, we may use in the following, without any restriction, normalized pairs of conjugate functions.

2.2 The Besicovitch-Orlicz space of almost periodic functions. Let M(R) be the set of all real Lebesgue measurable functions. The functional

ρ_ϕ : M(R) → [0, +∞], ρ_ϕ(f) = lim_{T →+∞} 1 2T �_{+T} −T ϕ(|f(t)|) dt

is a pseudomodular (cf. [4], [8]).

The associated modular space,

B^ϕ(R) = � f ∈ M(R), lim_{α→0} ρ_ϕ(αf) = 0 �

= � f ∈ M(R), ρ_ϕ(λf) < +∞, for some λ > 0 �

is called the Besicovitch-Orlicz space.

This space is endowed with the Luxemburg pseudonorm (cf. [4], [8]),

‖f‖_ϕ = inf � k > 0, ρ_ϕ � f k � ≤ ϕ(1) � . Let P be the set of all generalized trigonometric polynomials, i.e.;

P = � P (t) = n� j=1 α_j exp(iλ_jt), λ_j ∈ R, α_j ∈ C, j ∈ N, n ∈ N � .

The Besicovitch-Orlicz space of almost periodic functions denoted by B^ϕ a.p. (respectively ~B^ϕ a.p.) is the closure of the linear set P in B^ϕ(R), with respect to the pseudonorm ‖.‖_ϕ (respectively to the modular convergence), more exactly:

B^ϕ a.p. = � f ∈ B^ϕ(R), ∃p_n ∈ P, n = 1, 2, . . . ; s.t. lim_{n→∞} ‖f − p_n‖_ϕ = 0 �

= � f ∈ B^ϕ(R), ∃p_n ∈ P, n = 1, 2, . . . ; s.t. ∀k > 0, lim_{n→∞} ρ_ϕ(k(f − p_n)) = 0 � , ~B^ϕ a.p. = � f ∈ B^ϕ(R), ∃p_n ∈ P, n = 1, 2, . . . ; s.t. ∃k > 0, lim_{n→∞} ρ_ϕ(k(f − p_n)) = 0 � , clearly B^ϕ a.p. ⊂ ~B^ϕ a.p. and the equality holds when ϕ ∈ Δ_2. Some structural and topological properties of this spaces are considered in [1], [4].

From [4], [8], we know that ϕ(|f|) ∈ B^1 a.p. if f ∈ B^ϕ a.p. and then (cf. [2]) the limit exists in the expression of ρ_ϕ(f), i.e.:

ρ_ϕ(f) = lim_{T →+∞} 1 2T �_{+T} −T ϕ(|f(t)|) dt, f ∈ B^ϕ a.p.

This fact will be very useful in our computations.

Let us denote by {u.a.p.} the classical algebra of Bohr’s almost periodic functions, or what is the same, the uniform closure of the linear set P. It is known that if f ∈ {u.a.p.} then

(2.2) ϕ(|f|) ∈ {u.a.p.}, (cf. [2]).

In [2], the following property is stated:

(2.3) if f ∈ {u.a.p.}, f ≠ 0, then M(|f|) > 0,

where M(f) = lim_{T →+∞}^1_{2T}

�_{+T} −T f(t) dt.

Notice that from (2.2) and (2.3), we deduce that ‖.‖_ϕ is in fact a norm on {u.a.p.}.

From now on, B^ϕ a.p. will denote the quotient space obtained when identifying the elements of the subspace {f ∈ B^ϕ a.p.; ‖f‖_ϕ = 0}.

With each f ∈ B^ϕ a.p., we can associate a formal Fourier series, more precisely: define the Bohr’s transform of f,

a(λ, f) = M(f exp(iλt)), λ ∈ R.

There is at most a denumerable set of scalars {λ_1, λ_2, . . . , λ_n, . . . } for which a(λ, f) ≠ 0 (these are called the Fourier-Bohr’s exponents). The associated coefficients {a(λ_i, f)}_{i≥1} are the Fourier-Bohr’s coefficients.

Questions concerning the convergence of the associated formal Fourier series

S(f)(x) = � n≥1 a(λ_n, f) exp(iλ_nx)

are not trivial and only partial results are available.

The Bochner’s approximation result will be of importance here: Let f ∈ B^ϕ a.p. and S_n(f)(x) =

�_n k=1 a(λ_k, f) exp(iλ_kx) be the partial sums of its formal Fourier series. Then there exists a sequence

σ_m(f)(x) = m� k=1 μ_{mk} a(λ_k, f) exp(iλ_kx), (cf. [4])

where the convergence factors {μ_{mk} } depend only on the sequence of characteristic exponents {λ_k} of the function f and satisfy 0 < μ_{mk} ≤ 1.

The sequence {σ_m(f)} has the following approximation properties (cf. [4]):

1. ‖σ_m(f)‖_ϕ ≤ ‖f‖_ϕ, m = 1, 2, . . . (ρ_ϕ(σ_m(f)) ≤ ρ_ϕ(f)). 2. ‖σ_m(f) − f‖_ϕ → 0 when m → ∞ (∀ α > 0, ρ_ϕ(α(σ_m(f) − f)) → 0 when m → ∞).

To end this section, we define an Orlicz pseudonorm in the B^ϕ a.p. space as usual, |||f|||_ϕ = sup � M(|fg|), g ∈ B^ψ a.p., ρ_ψ(g) ≤ 1 � . 3. Convergence results in the B^ϕ a.p. space

A sequence {f_k}_{k≥1} from B^ϕ(R) is called modular convergent to some f ∈ B^ϕ(R), when lim_{k→∞} ρ_ϕ(f_k − f) = 0.

Let P (R) be the family of subsets of R and Σ(R) be the Σ-algebra of its Lebesgue measurable sets. We define the set function μ(A) = lim_{T →∞} 1 2T �_{+T} −T χ_A(t) dt = lim_{T →∞} 1 2T μ([−T, +T ] ∩ A).

Clearly, μ is null on sets with μ-finite measure and is not σ-additive. As usual, a sequence of Σ-measurable functions {f_k}_{k≥1} will be called μconvergent to f when, for all ε > 0,

lim_{k→∞} μ {t ∈ R, |f_k(t) − f(t)| ≥ ε} = 0.

We now state some fundamental convergence results that will be used below: Proposition 1. Let {f_k}_{k≥1} be a sequence of functions from B^ϕ(R). We have the following (cf. [8], [9], [10]):

(i) Suppose there exist f ∈ B^ϕ(R) such that lim_{k→∞} ρ_ϕ(f_k − f) = 0 and g ∈ B^ϕ a.p. for which max(|f_k|, |f|) ≤ g. Then lim_{k→∞} ρ_ϕ(f_k) = ρ_ϕ(f).

(ii) If f ∈ B^ϕ a.p. and {P_n} is the associated sequence of Bochner-Fejèr’s polynomials, we have lim_{n→∞} ρ_ϕ(P_n) = ρ_ϕ(f).

(iii) If f ∈ B^ϕ a.p. is such that lim_{n→∞} ρ_ϕ(f_n − f) = 0, then (a) lim_{n→∞} ρ_ϕ(f_n) ≥ ρ_ϕ(f). (b) {f_n}_{n≥1} is μ-convergent to f.

4. Auxiliary results Lemma 1. Let f ∈ B^ϕ a.p., f ≠ 0 and {f_n}_{n≥1} be modular convergent to f. Then there exist constants α_1, β_1, θ_1, with θ_1 ∈ ]0, 1[ , 0 < α_1 < β_1, n_1 ∈ N and G_n = {t ∈ R, α_1 ≤ |f_n(t)| ≤ β_1} such that μ(G_n) ≥ θ_1, ∀ n ≥ n_1. Proof: By [8], there exist α, β and θ with θ ∈ ]0, 1[ , 0 < α < β and G = {t ∈ R, α ≤ |f(t)| ≤ β} such that μ(G) ≥ θ. Take α_1 = α 2 , β_1 = α 2 + β and

θ_1 = θ 2 . Then, since {f_n}_{n≥1} is modular convergent to f, it is also μ-convergent to f (cf. Proposition 1(iii)) and so, μ � t ∈ R, |f_n(t) − f(t)| ≥ α 2 � < θ 2 , for n ≥ n_1.

Let G^′_n = {t ∈ R, |f_n(t) − f(t)| ≥^α_2 }, then G\G^′_n ⊂ G_n, ∀ n ≥ n_1. Indeed, if t ∈ G\G^′_n we have α ≤ |f(t)| ≤ β and |f_n(t) − f(t)| ≤^α_2 . It follows that α_1 ≤ |f_n(t)| ≤ β_1, ∀ n ≥ n_1, i.e. t ∈ G_n, ∀ n ≥ n_1. Finally, we get

μ(G_n) ≥ μ(G\G^′_n) ≥ μ(G) − μ(G^′_n) ≥ θ − θ 2 = θ_1, ∀ n ≥ n_1. □

Lemma 2. (i) Let {a_n}_{n≥1}, a_n > 0, be a sequence of real numbers. With every n ≥ 1, we associate a measurable set A_n ⊂ [0, 1] such that:

(a) A_i ∩ A_j = ∅ for i ≠ j and � n≥1 A_n ⊂ [0, α], where 0 < α < 1; (b) � n≥1 ϕ(a_n)μ(A_n) < +∞.

Consider the function f = � n≥1 a_nχ_{An} on [0; 1] and let ~f be its periodic extension to the whole R, with period τ = 1. Then, ~f ∈ ~B^ϕ a.p.

(ii) If ϕ satisfies the Δ_2-condition then the mapping

i : (L^ϕ[0, 1], ‖.‖_ϕ) −→ ~B^ϕ a.p.

f → ~f

where ~f is the periodic extension of f, is an isometry (and also a modular isometry). L^ϕ[0, 1] is the classical Orlicz space on [0, 1]. The result remains true if we take an interval [a, b], a, b ∈ R.

Proof: The part (i) of the lemma is in [8].

(ii) We have only to prove that ~f ∈ ~B^ϕ a.p. Indeed, if f ∈ L^ϕ[0, 1], then, for every ε > 0 there exists a step function f_ε =

�_n i=1 a_iχ_{Ai} defined on [0, 1] and such that ‖f − f_ε‖_ϕ ≤ ε (cf. [12]). Let ~f and ~f_ε be the respective periodic extension (with the same period τ = 1) of f and f_ε to the whole R. From (i), we know that f_ε ∈ B^ϕ a.p. and then, there exists a trigonometric polynomial P_ε such that ‖ ~f_ε − P_ε‖_ϕ ≤ ε, hence � ~ f − P_ε � ϕ ≤ � ~ f − ~f_ε � ϕ + � ~ f_ε − P_ε � ϕ ≤ � �f − f_ε � �_{Lϕ} + � � ~f_ε − P_ε � �_ϕ

≤ ε + ε,

i.e. ~f ∈ ~B^ϕ a.p. □

Lemma 3. Let (ϕ, ψ) be a complementary pair of normalized Orlicz functions. Then:

(i) if f ∈ B^ϕ a.p. and ‖f‖_ϕ ≠ 0 we have ρ_ϕ

�_f

‖f‖_ϕ � = ϕ(1). Moreover if f ∈ {u.a.p.}, then

ρ_ϕ(f) = ϕ(1) ⇐⇒ ‖f‖_ϕ = 1;

(ii) if f ∈ B^ϕ a.p. and g ∈ B^ψ a.p., we have f · g ∈ B^1 a.p., and,

(4.1) M(|fg|) ≤ ‖f‖_ϕ · ‖g‖_ψ (Hölder’s inequality).

Proof: (i) Let ε_n > 0 be such that lim_{n→∞} ε_n = 0. Then ρ_ϕ

�_f

‖f‖_ϕ+ε_n � ≤ ϕ(1).

Moreover f_n =^f_{‖f‖ϕ+εn} is modular convergent to^f_{‖f‖ϕ} since

ρ_ϕ � f ‖f‖_ϕ + ε_n − f ‖f‖_ϕ � = ρ_ϕ � ε_nf ‖f‖_ϕ(‖f‖_ϕ + ε_n) � ≤ ε_nρ_ϕ � f ‖f‖^2_ϕ � → 0 as n → ∞.

It follows from Proposition 1 that lim_{n→∞} ρ_ϕ(f_n) = ρ_ϕ

�_f

‖f‖_ϕ � ≤ ϕ(1). On the other hand, since ρ_ϕ

�_f

‖f‖_ϕ−ε_n � ≥ ϕ(1), using the same argument we get ρ_ϕ

�_f

‖f‖_ϕ � ≥ ϕ(1) and finally ρ_ϕ

�_f

‖f‖_ϕ � = ϕ(1).

Suppose now that f ∈ {u.a.p.} and ρ_ϕ

�_f a � = ϕ(1) for some a > 0. The function ϕ �_f a � being also u.a.p., from (2.3) we get ϕ

�_f a � = ϕ �_f

‖f‖_ϕ � and then, since ϕ is strictly increasing, ‖f‖_ϕ = a.

(ii) If ‖f‖_ϕ ≠ 0 and ‖g‖_ψ ≠ 0, it follows directly from Young’s inequality and (i) that M(|fg|) ≤ ‖f‖_ϕ · ‖g‖_ψ.

This inequality remains true whenever ‖f‖_ϕ = 0 or (and) ‖g‖_ψ = 0. Let (P_n) and (Q_n) be the sequences of Bochner-Fejèr’s polynomials that converge respectively to f and g in the respective norms. We have

M(|fg − P_nQ_n|) ≤ M(|f| · |g − Q_n|) + M(|Q_n| · |f − P_n|) ≤ ‖f‖_ϕ · ‖g − Q_n‖_ψ + ‖g‖_ψ · ‖f − P_n‖_ϕ,

so that M(|fg − P_nQ_n|) → 0 if n → ∞, i.e. fg ∈ B^1 a.p. □

Lemma 4. For f ∈ B^ϕ a.p., we have:

(i) |||f|||_ϕ = inf

�_1

k (1 + ρ_ϕ(kf)), k > 0 � . Moreover, |||f|||_ϕ =^1_{k0} (1 + ρ_ϕ(k_0f)) for some k_0 > 0.

(ii) ρ_ϕ

�_f

|||f|||_ϕ ) ≤ 1, |||f|||ϕ ≠ 0.

(iii) ϕ(1)‖f‖_ϕ ≤ |||f|||_ϕ ≤^1_{ψ(1)} ‖f‖_ϕ.

Proof: (i) The proof will be done in several steps.

(a) From easy computations we get

|||f|||_ϕ = sup � M(|fg|), g ∈ B^ψ a.p., ρ_ψ(g) ≤ 1 �

≤ 1 ψ(1) sup � M(|fh|), h ∈ B^ψ a.p., ρ_ψ(h) ≤ ψ(1) � .

Now, since ρ_ψ(h) ≤ ψ(1) implies ‖h‖_ψ ≤ 1, using Hölder’s inequality it follows,

(4.2) |||f|||_ϕ ≤ 1 ψ(1)

‖f‖_ϕ.

(b) First, we suppose f = P is a trigonometric polynomial. Consider the function F : [0, +∞[→ [0, +∞[, F (k) = ρ_ψ[ϕ^′(k|P (t)|)]. If P ≠ 0, by Lemma 1, there exist α, β, θ, with 0 < α < β and θ ∈ (0, 1) such that μ(G) ≥ θ, where G = {t ∈ R, α ≤ |P (t)| ≤ β}.

It follows then,

ρ_ψ � ϕ^′(k|P |) � ≥ lim

T →+∞ 1 2T � [−T,+T ]∩G

ψ(ϕ^′(k|P (x)|)) dx ≥ θ · ψ � ϕ^′(kα) � . Now, since an Orlicz function increases to infinity with its derivative (cf. [3], [11]) we get lim_{k→∞} F (k) = +∞. Let us show that F is continuous. For, let k_0 ∈]0, +∞[ and {k_n} be a sequence of scalars converging to k_0. A trigonometric polynomial being uniformly bounded, we put ‖P ‖_∞ = M. Using the uniform continuity of ϕ^′ on the interval

�_{k0M} 2 ,^{3k0M}_2 � , we have: ∀ ε > 0, ∃ n_0 such that

n ≥ n_0 ⇒ � �ϕ^′(k_n|P |) − ϕ^′(k_0|P |) � � ≤ ψ^{−1}(ε);

hence,

(4.3) ρ_ψ � ϕ^′(k_n|P |) − ϕ^′(k_0|P |) � ≤ ε.

Let us put f_n = ϕ^′(k_n|P |) and f = ϕ^′(k_0|P |). Then, clearly f_n ∈ {u.a.p.} and f ∈ {u.a.p.}. Since ϕ^′ is increasing, we have moreover f_n ≤ ϕ^′(2k_0|P |). Now, from (4.3) we have lim_{n→∞} ρ_ψ(f_n − f) = 0. Finally in view of Proposition 1.(i) we get lim_{n→∞} ρ_ψ(f_n) = ρ_ψ(f) and then F is continuous at k_0. Consequently, since F (0) = 0 and lim_{k→∞} F (k) = +∞, there exists k_0 ∈]0, +∞[ for which ρ_ψ[ϕ^′(k_0|P |)] = 1. To end the proof of (b), consider the following inequalities:

M(|P g|) = 1 k M(|kP g|) ≤ 1 k � ρ_ϕ(kP ) + ρ_ψ(g) � , k > 0.

We get immediately

|||P |||_ϕ ≤ inf_{k>0} � 1 k (1 + ρ_ϕ(kP )) � . Now, considering the case of equality in the Young’s inequality, it follows

|||P |||_ϕ ≥ 1 k_0

M(|k_0P | · ϕ^′(k_0|P |)) ≥ 1 k_0

(ρ_ϕ(k_0P ) + ρ_ψ[ϕ^′(k_0|P |)]) ≥ 1 k_0

(ρ_ϕ(k_0P ) + 1) and, finally,

|||P |||_ϕ = inf_{k>0} � 1 k (ρ_ϕ(kP ) + 1) � = 1 k_0

(ρ_ϕ(k_0P ) + 1).

Notice that we have also |||P |||_ϕ = M(|P (x)| · ϕ^′(k_0|P (x)|)). (c) We now show that the result of (b) remains true for f ∈ B^ϕ a.p. For, let {P_n} be the sequence of Bochner-Fejèr’s polynomials of the approximation of f. From (b) we know that

(4.4) ∀ n ≥ 1, ∃ k_n ∈]0, +∞[ such that |||P_n|||_ϕ = � 1 k_n

(1 + ρ_ϕ(k_nP_n)) � . Hence, from (4.2) and the properties of the Bochner-Fejèr’s polynomials (see 2.2.1.), we get 1 k_n

≤ |||P_n|||_ϕ ≤ 1 ψ(1)

‖P_n‖_ϕ ≤ 1 ψ(1)

‖f‖_ϕ

and thus k_n ≥^{ψ(1)}_{‖f‖ϕ} = c_1 > 0. Let us show that k_n ≤ c_2, ∀ n ≥ 0, for some constant c_2. Indeed, if this were not the case, there would exist a subsequence denoted by {k_n} increasing to infinity and then

1 = ρ_ψ � ϕ^′(k_n|P_n|) � ≥ lim

T →+∞ 1 2T �_{+T} −T ψ(ϕ^′(k_n|P_n(x)|)) dx

≥ lim

T →+∞ 1 2T � G_n

ψ(ϕ^′(k_n|P_n(x)|)) dx

≥ lim

T →+∞ 1 2T � G_n

ψ(ϕ^′(k_nα_1)) dt ≥ θ_1 · ψ � ϕ^′(k_nα_1) � → ∞, as n → ∞,

where G_n, θ_1, α_1 are defined in Lemma 1. A contradiction. Now the sequence {k_n} being bounded, there exists a subsequence denoted by {k_n} that converges to some k_0 with 0 < k_0 < +∞. We assert that lim_{n→∞} ρ_ϕ(k_nP_n) = ρ_ϕ(k_0f). Indeed, we have by 1. and 2. of 2.2.,

ρ_ϕ(k_nP_n − k_0f) ≤ 1 2 ρ_ϕ(2(k_n − k_0)P_n) + 1 2 ρ_ϕ(2k_0(P_n − f))

≤ |k_n − k_0|ρ_ϕ(f) + 1 2 ρ_ϕ(2k_0(P_n − f))

and then lim_{n→∞} ρ_ϕ(k_nP_n − k_0f) = 0. Now, in view of Proposition 1.(iii) it follows that lim_{n→∞} ρ_ϕ(k_nP_n) ≥ ρ_ϕ(k_0f). On the other hand, from the inequality ρ_ϕ(k_nP_n) ≤ ρ_ϕ(k_nf) (cf. 2.2.1.), we have

lim_{n→∞} ρ_ϕ(k_nP_n) ≤ lim_{n→∞} ρ_ϕ(k_nf) = lim_{n→∞} ρ_ϕ(k_nf) = ρ_ϕ(k_0f).

Hence,

lim_{n→∞} ρ_ϕ(k_nP_n) ≤ ρ_ϕ(k_0f) ≤ lim_{n→∞} ρ_ϕ(k_nP ), i.e. lim_{n→∞} ρ_ϕ(k_nP_n) = ρ_ϕ(k_0f).

Finally, letting n → ∞ in (4.4) we get,

|||f|||_ϕ = 1 k_0

(ρ_ϕ(k_0f) + 1).

(ii) Suppose first that f ∈ {u.a.p.}, f ≠ 0. Let g ∈ B^ψ a.p. Then:

(a) If ρ_ψ(g) ≤ 1, we have M(|fg|) ≤ |||f|||_ϕ. (b) If ρ_ψ(g) > 1, we have ρ_ψ

�_g

ρ_ψ (g) � ≤^1_{ρψ(g)} · ρ_ψ(g) = 1 and then, M � f^g_{ρψ (g)} � ≤ |||f|||_ϕ.

It follows that in all cases, we have M(|fg|) ≤ max(1, ρ_ψ(g)) · |||f|||_ϕ. Suppose now that g = ϕ^′(^f_{|||f|||ϕ} ), hence g ∈ {u.a.p.}. Using the case of equality in the Young’s inequality and the fact that in this case the limits exist, it follows:

ρ_ϕ � f |||f|||_ϕ � + ρ_ψ(g) = M � � � f |||f|||_ϕ · g � � � � ≤ max(1, ρ_ψ(g))

so that we get ρ_ϕ

�_f

|||f|||_ϕ � ≤ 1.

Consider now the case of f ∈ B^ϕ a.p. Let {P_n} be the sequence of Bochner-Fejèr polynomials of the approximation of f. We have:

ρ_ϕ � P_n |||P_n|||_ϕ � ≤ 1, ∀ n ≥ 1.

But, in view of Lemma 4(i) and 1. of 2.2., we can write:

|||P_n|||_ϕ = inf_{k>0} � 1 k (1 + ρ_ϕ(kP_n)) � ≤ inf_{k>0} � 1 k (1 + ρ_ϕ(kf)) � = |||f|||_ϕ,

so that, ρ_ϕ � P_n |||f|||_ϕ � ≤ ρ_ϕ � P_n |||P_n|||_ϕ � ≤ 1,

and then by (ii) of Proposition 1, ρ_ϕ

�_f

|||f|||_ϕ � ≤ 1.

(iii) From the inequality ρ_ϕ

�_{ϕ(1)f}

|||f|||_ϕ � ≤ ϕ(1) · ρ_ϕ

�_f

|||f|||_ϕ � ≤ ϕ(1) it follows ‖f‖_ϕ ≤ 1 ϕ(1) |||f|||ϕ. Now, in view of (4.2), we get ϕ(1) · ‖f‖ϕ ≤ |||f|||ϕ ≤ 1 ψ(1) ‖f‖ϕ. □

Lemma 5. If f ∈ B^ψ a.p. then

|||f|||_ψ = sup � |M(fg)|, g ∈ B^ϕ a.p., ρ_ϕ(g) ≤ 1 � = sup � |M(fQ)|, Q ∈ P, ρ_ϕ(Q) ≤ 1 � . Proof: We consider first the case when f = P ∈ P. In view of (4.1) we have |M(P Q)| ≤ |||P |||_ψ , ∀ Q ∈ {u.a.p.}, ρ_ϕ(Q) ≤ 1. Moreover, from the proof of Lemma 4.(i), there exists 0 < k_0 < +∞ such that ρ_ψ[ϕ^′(k_0|P |)] = 1 and

|||P |||_ψ = M � |P | · ψ^′(k_0|P (x)|) � = M � P (x) · sign P (x) · ψ^′(k_0|P (x)|) � . Now, since sign P (x) · ψ^′(k_0|P (x)|) ∈ {u.a.p.}, it follows that (4.5) |||P |||_ψ = sup � |M(P Q)| , Q ∈ {u.a.p.}, ρ_ϕ(Q) ≤ 1 � . (To see that sign P (x) · ψ^′(k_0|P (x)|) ∈ {u.a.p.}, note that the function F (u) = u ·^{ψ′(k0|u|)}_{|u|} if u ≠ 0 and F (0) = 0 is continuous so that F (P ) ∈ {u.a.p.} if P ∈ {u.a.p.}.) In fact, we have also |||P |||_ψ = sup{|M(P Q)|, Q ∈ P, ρ_ϕ(Q) ≤ 1}. Indeed, from (4.5) we may write: ∀ ε > 0, ∃ Q_ε ∈ {u.a.p.} such that ρ_ϕ(Q_ε) ≤ 1 and |||P |||_ψ ≤ |M(P Q_ε)| + ε. But, for Q_ε ∈ {u.a.p.}, we may find ~Q_ε ∈ P with ρ_ϕ( ~Q_ε) ≤ ρ_ϕ(Q_ε) ≤ 1 and ‖ ~Q_ε − Q_ε‖_ϕ ≤^ε_{‖P ‖ψ} . It follows then,

|M(P Q_ε)| ≤ |M(P ~Q_ε)| + M(|P | · |Q_ε − ~Q_ε|) ≤ |M(P ~Q_ε)| + ‖P ‖_ψ · ‖Q_ε − ~Q_ε‖_ϕ ≤ |M(P ~Q_ε)| + ε

and then |||P |||_ψ ≤ |M(P ~Q_ε)| + 2ε. Finally, |||P |||_ψ = sup{|M(P Q)|, Q ∈ P, ρ_ϕ(Q) ≤ 1}. Consider now the general case of f ∈ B^ψ a.p. Let {P_n} be the sequence of Bochner-Fejèr’s polynomials that converge to f in B^ψ a.p. Put

I(f) = sup{|M(fQ)|, Q ∈ P, ρ_ϕ(Q) ≤ 1}.

Then I(f) ≤ sup{M(|fQ|), Q ∈ P, ρ_ϕ(Q) ≤ 1} ≤ |||f|||_ψ . Moreover, ∀ ε > 0, ∃ n_0 such that ∀ n ≥ n_0 one has, |||f − P_n|||_ψ ≤ ε and |||f|||_ψ ≤ |||P_n|||_ψ + ε. Then, using the particular case and Hölder’s inequality,

|||f|||_ψ − ε ≤ |||P_n|||_ψ = sup{|M(P_nQ)|, Q ∈ P, ρ_ϕ(Q) ≤ 1} ≤ sup{‖f − P_n‖_ψ · ‖Q‖_ϕ, Q ∈ P, ρ_ϕ(Q) ≤ 1} + sup{|M(fQ)|, Q ∈ P, ρ_ϕ(Q) ≤ 1} ≤ I(f) + ε.

Finally, I(f) ≤ |||f|||_ψ ≤ I(f) + 2ε. Now, since ε > 0 is arbitrary, we get I(f) = |||f|||_ψ . This is the desired result. □

5. Reflexivity of the space ~B^ϕ a.p.

Theorem 1. The space ~B^ϕ a.p. is reflexive iff ϕ ∈ Δ_2 ∩ ▽_2 (i.e. ϕ and its conjugate ψ satisfy the Δ_2-condition).

Proof: Sufficiency. If ϕ ∈ Δ_2 ∩▽_2 then (cf. [5]), there exists an Orlicz function ϕ_1 equivalent to ϕ and satisfying the Δ_2-condition (with its conjugate function) on R^+ = [0, +∞[ . We also know that we may associate with ϕ_1 an equivalent function ϕ_2 which is uniformly convex on R^+. Clearly ϕ_2 satisfies the Δ_2-condition and is also strictly convex on R^+. From [8] the space ~B^ϕ a.p. is then uniformly convex and hence also reflexive.

Necessity. Suppose that ϕ does not satisfy the Δ_2-condition. We will show that ~B^ϕ a.p. contains an isometric copy of C_0, the classical Banach space of sequences converging to 0. This leads to a contradiction with the reflexivity of ~Bϕ a.p. Let S_n, n ≥ 1, be a family of disjoints subsets of [0, 1[ such that 0 < μ(S_n) ≤^{ϕ(1)}_2n and � n≥1 S_n ⊂ [0, 1[ . Let a_{n,1}, n ≥ 1 be a sequence of real numbers with ϕ(a_{n,1}) >^1_{μ(Sn)} ≥^{2n}_{ϕ(1)} . Since ϕ does not satisfy the Δ_2- condition, for every fixed n ≥ 1, we may find a sequence (a_{n,k})_{k≥1} increasing to infinity and such that ϕ((1 +^1_k )a_{n,k}) > 2^kϕ(a_{n,k}), k ≥ 1. For each n ≥ 1, let {S_{n,k}} be a family of disjoint subsets of S_n with μ(S_{n,k}) =^{ϕ(1)}_{2n+kϕ(an,k )} , and set f_n = � k≥0 a_{n,k}χ_{Sn,k} on [0, 1[ . Let ~f_n be the periodic extension of f_n to the whole R, with period τ = 1. By Lemma 2 we know that ~f_n ∈ ~B^ϕ a.p., n = 1, 2, . . . . Moreover,

ρ_ϕ( ~f_n) =

�_1 0 ϕ(|f_n(t)|) dt = � k≥1 ϕ(a_{n,k})μ(S_{n,k})

= � k≥1 ϕ(1) 2^{n+k} = ϕ(1) 2^n

≤ ϕ(1), n = 1, 2, . . . .

For α > 1 there exists k_0 such that 1 +^1_k < α, ∀ k ≥ k_0 and thus,

(5.1) ρ_ϕ(α ~f_n) =

�_1 0 ϕ(α|f_n(t)|) dt = � k≥1 ϕ(αa_{n,k})μ(S_{n,k})

≥ � k≥1 ϕ � 1 + 1 k � a_{n,k} � μ(S_{n,k})

≥ � k≥k_0

2^kϕ(a_{n,k})μ(S_{n,k}) ≥ � k≥k_0

ϕ(1) 2^n

= +∞, ∀ n ≥ 1.

We get finally ‖ ~f_n‖_ϕ = 1.

With each c = (c_n)_{n≥1} ∈ C_0 we associate the function ~f_c = � n≥1 c_n ~f_n. We assert that ~f_c ∈ ~B^ϕ a.p. Indeed, if ~f_N =

�_N

n=1 c_n ~f_n, we have clearly ~f_N ∈ B^ϕ a.p.

and then it is sufficient to show that the sequence { ~f_N } is norm convergent to ~f_c or that for each λ > 0, lim_{N→∞} ρ_ϕ(λ( ~f_c − ~f_N )) = 0.

(5.2) ρ_ϕ(λ( ~f_c − ~f_N )) = ρ_ϕ � � n≥N λc_n ~f_n � = �_1 0 ϕ � � n≥N λc_nf_n � dt

= � n≥N 1� 0 ϕ(λc_nf_n) dt.

Take N such that λc_n < 1 for n ≥ N, we will have,

(5.2) = � n≥N � k≥1 ϕ(λc_na_{n,k})μ(S_{n,k}) ≤ � n≥N � k≥1 ϕ(a_{n,k})μ(S_{n,k})

≤ � n≥N � � k≥1 ϕ(1) 2^{n+k} � ≤ ϕ(1) 2^N

which tends to zero when N → ∞. Hence, the space being complete (cf. [4]), we get ~f_c ∈ ~B^ϕ a.p. Now consider the mapping,

P : C_0 −→ ~B^ϕ a.p.

C = (c_n)_{n≥1} � ~f_c.

We will show that P is an isometry. For λ < ‖c‖_∞ there exists an n_0 such that

c_{n0}

λ = α_0 > 1. Consequently:

ρ_ϕ � ~ f_c λ � = �_1 0 ϕ � � n≥1 c_n λ f_n � dt ≥

�_1 0 ϕ(α_{n0} f_{n0} ) dt = +∞, (see (5.1)).

If λ ≥ ‖c‖_∞, we will have,

ρ_ϕ � ~ f_c λ � = �_1 0 ϕ � � n≥1 c_n λ f_n � dt ≤ � n≥1 �_1 0 ϕ(f_n) dt ≤ � n≥1 � � k≥1 ϕ(1) 2^{n+k} � ≤ ϕ(1).

Finally, ‖ ~f_c‖_ϕ = ‖c‖_∞ and P is an isometry.

Necessity of the Δ_2-condition for ψ. Since ϕ ∈ Δ_2, from Lemma 2.(ii), ~B^ϕ a.p. contains an isometric copy of L^ϕ([a, b]) for each a, b ∈ R. Now, the Δ_2-condition for ψ is necessary for the reflexivity of the Orlicz spaces L^ϕ([a, b]), a, b ∈ R, and hence also for the reflexivity of ~B^ϕ a.p. □

6. Riesz representation theorem in B^ϕ a.p.

Theorem 2 (Riesz representation theorem). If ϕ ∈ Δ_2 ∩ ▽_2 then [B^ϕ a.p.]^∗ is isomorphically isometric to B^ψ a.p. More precisely: If G is a continuous linear functional on B^ϕ a.p. then there exists a unique g ∈ B^ψ a.p. such that:

(i) G(f) = M(fg), ∀ f ∈ B^ϕ a.p.; (ii) ‖G‖ = |||g|||_ψ .

Conversely, the condition ϕ ∈ Δ_2 ∩ ▽_2 is necessary for this identification.

Proof: Let us consider the linear mapping

A : B^ψ a.p. → [B^ϕ a.p.]^∗ g � A(g)

, A(g)(f) = M(fg).

A is well defined, and in fact it is an isometry since by Lemma 5:

‖A(g)‖ = sup_ρ

ϕ(f)≤1

|M(fg)| = |||g|||_ψ .

It remains only to show that A is surjective. Let E = A(B^ψ a.p.). Then E is a complete subspace of [B^ϕ a.p.]^∗. From Banach’s classical results, it is sufficient to show that for each F ∈ [B^ϕ a.p.]^{∗∗} such that F (A(g)) = 0, ∀ g ∈ B^ψ a.p., we have also F ≡ 0 i.e. F (h) = 0, ∀ h ∈ [B^ϕ a.p.]^∗. For, let F ∈ [B^ϕ a.p.]^{∗∗} be such that F (A(g)) = 0, ∀ g ∈ B^ψ a.p. Since B^ϕ a.p. is reflexive, there exists f ∈ B^ϕ a.p. such that π(f) = F , (where π is the canonical isometry), i.e.

π(f)(A(g)) = A(g)(f) = M(fg) = 0, ∀ g ∈ B^ψ a.p.

It follows immediately (see Lemma 5) that |||f|||_ϕ = 0 and then ‖F ‖ = 0.

Conversely, if the identification [B^ϕ a.p.]^∗ = B^ψ a.p. holds, we will also have

[B^ϕ a.p.]^{∗∗} = [B^ψ a.p.]^∗ = B^ϕ a.p.,

so that B^ϕ a.p. is reflexive and, consequently, ϕ ∈ Δ_2 ∩ ▽_2. □

References

[1] Albrycht J., The theory of Marcinkiewicz Orlicz spaces, Dissertationes Math., No. 27 (1962).

[2] Besicovitch A.S., Almost Periodic Functions, Dover Pub. Inc., NewYork, 1954. [3] Chen S., Geometry of Orlicz spaces, Dissertationes Math., No. 356 (1996). [4] Hillmann T.R., Besicovitch-Orlicz spaces of almost periodic functions, Real and Stochastic Analysis, Wiley, 1986, pp. 119–167.

[5] Hudzik H., Kaminska A., On uniformly convexifiable and B-convex Musielak-Orlicz spaces, Comment. Math. 25 (1985), 59–75.

[6] Iannacci R., About reflexivity of B^q a.p. spaces of almost periodic function, Rend. Mat.

Appl. (7) 13 (1993), no. 3, 543–559.

[7] Krasnosel’skii M.A., Rutickii Ya.B., Convex function and Orlicz spaces (translation), P. Noodhoff Ltd., Groningen, 1961.

[8] Morsli M., On some convexity properties of the Besicovitch-Orlicz space of almost periodic functions, Comment. Math. 34 (1994), 137–152.

[9] Morsli M., Espace de Bésicovitch Orlicz de fonctions presque périodiques. Structure générale et géométrie, Thèse de Doctorat, 1996.

[10] Morsli M., On modular approximation property in the Besicovitch-Orlicz space of almost periodic functions, Comment. Math. Univ. Carolinae 38.3 (1997), 485–496.

[11] Musielak J., Orlicz W., On modular spaces, Studia Math. 18 (1959), 49–65. [12] Rao M.M., Ren Z.D., Theory of Orlicz Spaces, Marcel Dekker, Inc., New-York, 1991.

Faculty of Sciences, Department of Mathematics, University of Tizi-Ouzou, Algeria E-mail: Morsli@ifrance.com

fbedouhene@yahoo.fr

(Received April 27, 2001, revised December 13, 2001)