Comment.Math.Univ.Carolin. 43,1 (2002)175–179 175

A proof for the Blair-Hager-Johnson theorem on absolute z-embedding

Kaori Yamazaki

Abstract. In this paper, a simple proof is given for the following theorem due to Blair [7], Blair-Hager [8] and Hager-Johnson [12]: A Tychonoff space X is z-embedded in every larger Tychonoff space if and only if X is almost compact or Lindelöf. We also give a simple proof of a recent theorem of Bella-Yaschenko [6] on absolute embeddings.

Keywords: absolute z-embedding, absolute C-embedding, absolute C^∗-embedding, absolute embeddings, almost compact, Lindelöf, compact, pseudocompact Classification: 54C25, 54D20

All spaces are assumed to be Tychonoff spaces. For a subspace A of a space X, A is said to be C (resp. C^∗)-embedded in X if every real-valued (resp. every bounded real-valued) continuous function on A can be continuously extended over X. A subspace A of a space X is said to be z-embedded in X if for every zero-set Z of A there exists a zero-set Z^′ ofX with Z^′ ∩ A = Z. Clearly, C-embedding implies C^∗-embedding, and the latter implies z-embedding. As it is known, there have been several results on z-embeddings, which are closely related to those on C or C^∗-embeddings and other extension properties (see [1]). Let us recall the following theorem which describes the so-called absolute C-embedding or absolute C^∗-embedding; a Tychonoff space X is said to be almost compact if |βX −X| ≤ 1, where βX denotes the Stone-Čech compactification of X.

Theorem 1 (Doss [9], Hewitt [14], Smirnov [16]; see also [1], [11]). A Tychonoff space X is C (or equivalently, C^∗)-embedded in every larger Tychonoff space if and only if X is almost compact.

As concerns z-embeddings, recall the following result due to Jerison (see [13, Lemma 5.3] or [1, Theorem 7.8]).

Theorem 2 (Jerison). If X is a Lindelöf subspace of a Tychonoff space Y , then X is z-embedded in Y .

Corresponding to Theorem 1, the result characterizing the so-called absolute z-embedding has been established by Blair [7], Blair-Hager [8] and Hager-Johnson [12] as the following; the “if” part directly follows from Theorems 1 and 2.

This research was partially supported by the Ministry of Education, Science, Sports and Culture, Grant-in-Aid for Encouragement of Young Scientists, No. 13740034, 2001.

Theorem 3 (Blair [7], Blair-Hager [8], Hager-Johnson [12]). A Tychonoff space X is z-embedded in every larger Tychonoff space if and only if X is almost compact or Lindelöf.

The proofs of the “only if” part of Theorem 3 given in [7], [8] and [12] are obtained through several consequences under their own interests on realcompactness or rings of continuous functions. In the present paper, we give an alternative and simple proof to this theorem, with only a use of the following well-known fact: a Tychonoff space X is Lindelöf if and only if for every compact subspace F of βX with F ⊂ βX − X there exists a zero-set Z of βX such that F ⊂ Z ⊂ βX − X (see [10, 3.12.25(b)]). Other terminology may be found in [1], [10] and [11].

Proof of the “only if” part of Theorem 3: Assume that X is z-embedded in every larger Tychonoff space. Suppose that X is not almost compact. We show that X is Lindelöf. Let F be a compact subspace of βX with F ⊂ βX − X.

Claim. For every x ∈ F , there exist an open neighborhood U_x of x in the subspace F and a zero-set Z_x of βX such that U_x ⊂ Z_x ⊂ βX − X.

Proof of Claim: Let x ∈ F . Since |βX − X| ≥ 2, pick up a point y ∈ βX − X with y ≠ x. Let f : βX → [0, 1] be a continuous function satisfying that f(x) = 0 and f(y) = 1. Let Y = βX/(F ∪ {y}) be the quotient space obtained from βX by identifying F ∪ {y} with a single point and q : βX → Y be the natural quotient map. Since f^{−1}([0, 1/2)) ∩ X is a cozero-set of X and X is z-embedded in Y , there exists a cozero-set V of Y such that V ∩ X = f^{−1}([0, 1/2)) ∩ X. Then, q(x) /∈ V . Indeed, if q(x) ∈ V , then y ∈ q^{−1}(V ) ∩ f^{−1}((1/2, 1]) ⊂ βX − X, a contradiction. Put U_x = f^{−1}([0, 1/3)) ∩ F and Z_x = f^{−1}([0, 1/3]) − q^{−1}(V ). These are the required sets. This completes the proof of Claim. □

Finally, for some finite points x_1, . . . , x_n ∈ F with F =

⋃_n i=1 U_{xi} , put Z = ⋃_n

i=1 Z_{xi} . Then, Z is a zero-set of βX and F ⊂ Z ⊂ βX − X. Hence X is Lindelöf. This completes the proof. □

We apply our technique in the above proof to give a simple proof to the following theorem which was recently obtained by Bella and Yaschenko [6], their proof is long and complicated.

Theorem 4 (Bella-Yaschenko [6]). For a Tychonoff space X, the following statements are equivalent:

(1) if a Tychonoff space Y contains two disjoint closed copies X_1 and X_2 of X, then these copies can be separated in Y by open sets;

(2) X is Lindelöf.

See [3] for the motivation of Theorem 4. For the proof, let us consider another condition (∗) below; recall that separated subsets mean those subsets A and B of X with A ∩ B = A ∩ B = ∅.

(∗) If a Tychonoff space Y contains two copies X_1 and X_2 of X which are separated subsets, then these copies can be separated in Y by cozero-sets.

Proof of Theorem 4: (1) ⇒ (2): Assume (1). We shall first prove that (∗) holds. Let X_1 and X_2 be copies of X and assume that they are separated subsets of a Tychonoff space Y . Embed Y into the Tychonoff cube T . Moreover, embed T into the product space T × [0, 1] as a subspace T × {0} and denote the subspace (T × (0, 1]) ∪ ((X_1 ∪ X_2) × {0}) by Z. Then, X_1 and X_2 are disjoint closed subsets in Z. From the assumption, X_i × {0}, i = 1, 2, can be separated by open sets U_1 and U_2 in Z. Since Z is a dense subset of T × [0, 1], these open sets can be extended to disjoint open sets U^∗_1 and U^∗_2 in T × I. Since T × I is a Tychonoff cube, it is known that U^∗_1 and U^∗_2 can be separated by cozero-sets G_1 and G_2 in T × I, use [15, Theorem 2] and [17, Theorem 2]. Then, it follows that X_i × {0} ⊂ G_i ∩ (Y × {0}), i = 1, 2. Hence, X_1 and X_2 can be separated by cozero-sets in Y . So, (∗) holds.

We now prove X is Lindelöf. Let F be a compact subspace of βX with F ⊂ βX − X and let X_1 = X_2 = X. Denote F in βX_i by F_i, i = 1, 2. Let Y = (βX_1 ⊕βX_2)/(F_1 ∪F_2) be the quotient space obtained from βX_1 ⊕βX_2 identifying F_1 ∪ F_2 to a single point, and q : βX_1 ⊕ βX_2 → Y the natural quotient map. Since q(X_1) and q(X_2) are separated subsets in Y , by (∗), there exists disjoint cozero-sets U_1 and U_2 of Y such that q(X_i) ⊂ U_i, i = 1, 2. We may assume q(F_1 ∪ F_2) /∈ U_1. Then, X_1 ⊂ q^{−1}(U_1) ∩ βX_1 ⊂ βX_1 − F_1 and q^{−1}(U_1) ∩ βX_1 is a cozero-set of βX_1. Hence X_1 is (that is, X is) Lindelöf.

(2) ⇒ (1): Easy. □

It should be noted in Theorem 1 (resp. Theorem 3) that X may be equivalently assumed to be C or C^∗ (resp. z)-embedded in every Tychonoff space in which X is embedded as a closed subset ([4], [14], [16]). This can be proved similarly to the above proof showing (∗).

Yajima has given some generalizations of Theorem 4 and characterizations of paracompactness [18].

Next we give some results related to Theorem 4. The technique of making the adjunction space determined by a space and the Tychonoff plank, which is popular in the theory of relative topological properties (cf. [2]), will be used.

Theorem 5. For a Tychonoff space X, the following statements are equivalent:

(1) if a Tychonoff space Y contains two disjoint closed copies X_1 and X_2 of X, then these copies can be completely separated in Y ;

(2) X is compact.

Proof: (1) ⇒ (2): Assume (1). By Theorem 4, X is Lindelöf. It suffices to show that every closed discrete set of X is finite. To prove this, assume the contrary and let {x_n : n < ω} be a closed discrete set in X consisting of distinct points.

Let X_1 = X_2 = X and denote {x_n : n < ω} in X_i by {x^i_n : n < ω}, i = 1, 2. Let Z = (ω_1 + 1) × (ω + 1) − {(ω_1, ω)} be the Tychonoff plank. Let Z_1 = Z_2 = Z, and denote the right edge {(ω_1, n) : n < ω} of Z_i by {(ω_1, n)^i : n < ω}, and the top edge {(α, ω) : α < ω_1} of Z_i by {(α, ω)^i : α < ω_1}, i = 1, 2. For i = 1, 2, define a map f_i : {x^i_n : n < ω} → Z_i by f_i(x^i_n) = (ω_1, n)^i, n < ω. Consider the adjunction spaces X_i ∪_{fi} Z_i, i = 1, 2 (see [10, p. 93]). Define a map g : {(α, ω)^1 : α < ω_1} → X_2 ∪_{f2} Z_2 by g((α, ω)^1) = (α, ω)^2, α < ω_1. Let Y be the adjunction space (X_1 ∪_{f1} Z_1) ∪_g (X_2 ∪_{f2} Z_2). Since Y is a Tychonoff space and X_1 and X_2 are closed subsets of Y , by the assumption, X_1 and X_2 must be completely separated in Y . But this is a contradiction.

(2) ⇒ (1): Easy. □

The following result should be compared with Theorems 4 and 5; this is probably known and is proved similarly to Theorem 5.

Theorem 6. For a Tychonoff space X, the following statements are equivalent:

(1) if a Tychonoff space Y contains a copy X_1 of X and a closed subset F disjoint from X_1, then X_1 and F can be completely separated in Y ;

(2) if a Tychonoff space Y contains a closed copy X_1 of X and a closed subset F disjoint from X_1, then X_1 and F can be separated in Y by open sets;

(3) X is compact.

Analogously, the following holds: (1) ⇔ (3) is due to Blair-Hager [8, Proposition 4.3], (2) ⇔ (3) is due to Aull [5, Theorem 1(b)]. Here, we give a direct proof of (2) ⇒ (3).

Theorem 7 (Blair-Hager [8], Aull [5]). For a Tychonoff space X, the following statements are equivalent:

(1) if a Tychonoff space Y contains a copy X_1 of X and a zero-set F disjoint from X_1, then X_1 and F can be completely separated in Y ;

(2) if a Tychonoff space Y contains a closed copy X_1 of X and a zero-set F disjoint from X_1, then X_1 and F can be separated in Y by open sets;

(3) X is pseudocompact.

Proof: (1) ⇒ (2): Obvious.

(2) ⇒ (3): Assume (2) and assume X is not pseudocompact. Let f : X → (0, +∞) be a positive unbounded continuous function. Then, there exists a closed discrete subset {x_n : n < ω} of X such that n ≤ f(x_n) for every n < ω. Consider the adjunction space X ∪_g Z, where Z is the Tychonoff plank, and g : {x_n : n < ω} → Z is a map defined by g(x_n) = (ω_1, n), n < ω. Then, notice that the top edge of Z is a zero-set of X ∪_g Z. Indeed, define a continuous function h : X ∪_g Z → [0, +∞) by h(x) = 1/f(x) if x ∈ X; h(x) = 1/f(x_n) if x = (α, n) ∈ Z, α ≤ ω_1, n < ω; h(x) = 0 if x = (α, ω) ∈ Z, α < ω_1. Since the top edge of Z is h^{−1}({0}), the condition (2) raises a contradiction.

(3) ⇒ (1): See [8]. □

By [8, Corollary 3.6] (see also [1]), a subspace A of a space X is C-embedded in X if and only if A is z-embedded and well-embedded in X, where A is said to be well-embedded in X if any zero-set of X disjoint from A can be completely separated in X. Hence, it should be noted that Theorems 3 and 7 induce Theorem 1.

References

[1] Alò R.A., Shapiro H.L., Normal Topological Spaces, Cambridge University Press, Cambridge, 1974.

[2] Arhangel’skii A.V., Relative topological properties and relative topological spaces, Topology Appl. 70 (1996), 87–99.

[3] Arhangel’skii A.V., Tartir J., A characterization of compactness by relative separation property, Questions Answers Gen. Topology 14 (1996), 49–52.

[4] Aull C.E., Some embeddings related to C^∗-embeddings, J. Austral. Math. Soc. (Series A) 44 (1988), 88–104.

[5] Aull C.E., On well-embedding, General Topology and Applications (Middletown, CT, 1988), pp. 1–5; Lecture Notes in Pure and Appl. Math., 123, Dekker, New York, 1990.

[6] Bella A., Yaschenko I.V., Lindelöf property and absolute embeddings, Proc. Amer. Math.

Soc. 127 (1999), 907–913.

[7] Blair R.L., On υ-embedded sets in topological spaces, TOPO 72 — General Topology and its Applications (Proc. Second Pittsburgh Internat. Conf., Pittsburgh, Pa., 1972; dedicated to the memory of Johannes H. de Groot), pp. 46–79; Lecture Notes in Math., Vol. 378, Springer, Berlin, 1974.

[8] Blair R.L., Hager A.W., Extensions of zero-sets and of real-valued functions, Math. Z. 136 (1974), 41–52.

[9] Doss R., On uniform spaces with a unique structure, Amer. J. Math. 71 (1949), 19–23. [10] Engelking R., General Topology, Heldermann Verlag, Berlin, 1989. [11] Gillman L., Jerison M., Rings of Continuous Functions, Van Nostrand, Princeton, 1960. [12] Hager A.W., Johnson D.G., A note on certain subalgebras of C(X), Canad. J. Math. 20 (1968), 389–393.

[13] Henriksen M., Johnson D.G., On the structure of a class of archimedian lattice-ordered algebras, Fund. Math. 50 (1961), 73–94.

[14] Hewitt E., A note on extensions of continuous functions, An. Acad. Brasil. Ci. 21 (1949), 175–179.

[15] Noble N., C-embedded subsets of products, Proc. Amer. Math. Soc. 31 (1972), 613–614. [16] Smirnov Y., Mappings of systems of open sets (in Russian), Mat. Sb. 31 (1952), 152–166. [17] Terada T., Note on z-, C^∗-, and C-embedding, Sci. Rep. Tokyo Kyoiku Daigaku Sect. A.

13 (1975), 129–132.

[18] Yajima Y., Characterizations of paracompactness and Lindelöfness by separation property, preprint.

Institute of Mathematics, University of Tsukuba, Tsukuba, Ibaraki 305-8571, Japan E-mail: kaori@math.tsukuba.ac.jp

(Received May 9, 2001, revised November 22, 2001)