Comment.Math.Univ.Carolin. 43,1 (2002)33–42 33

On p-injectivity, YJ-injectivity and quasi-Frobeniusean rings

Roger Yue Chi Ming

Dedicated to Professor Carl Faith on his 75-th birthday

Abstract. A new characteristic property of von Neumann regular rings is proposed in terms of annihilators of elements. An ELT fully idempotent ring is a regular ring whose simple left (or right) modules are either injective or projective. Artinian rings are characterized in terms of Noetherian rings. Strongly regular rings and rings whose two-sided ideals are generated by central idempotents are characterized in terms of special annihilators. Quasi-Frobeniusean rings are characterized in terms of p-injectivity. Also, a commutative YJ-injective ring with maximum condition on annihilators and finitely generated socle is quasi-Frobeniusean.

Keywords: von Neumann regular, V -ring, Artinian ring, p-injectivity, YJ-injectivity, quasi-Frobeniusean Classification: 16D30, 16D36, 16D50

Introduction

Von Neumann regular rings, V -rings, self-injective rings and generalizations are extensively studied since several years (cf. for example, [1], [3]–[16], [28]–[30]). This sequel of [21] and [24] contains the following results for a ring A: (1) A is von Neumann regular iff A is a semi-prime ring such that every finitely generated one-sided ideal is the annihilator of an element of A (Theorem 1); (2) A is strongly regular iff for every b ∈ A, Ab + I(AbA) is a complement right ideal of A (Proposition 3); (3) Left Noetherian rings whose essential right ideals are idempotent two-sided ideals are left Artinian (Proposition 4); (4) Special twosided ideals are used to characterize rings whose two-sided ideals are generated by central idempotents (Proposition 8), (5) A is quasi-Frobeniusean iff A has a p-injective left generator and projective p-injective left A-modules are injective (Theorem 9); (6) If every simple right A-module is flat and every maximal left ideal of A is either injective or a two-sided ideal of A, then A is either a left selfinjective regular left V -ring or strongly regular; (7) If A is commutative, then A is quasi-Frobeniusean iff A is a YJ-injective ring with maximum condition on annihilators and a finitely generated socle (Theorem 11).

Throughout, A denotes an associative ring with identity and A-modules are unital. Recall that a left A-module M is p-injective (resp f-injective) if, for any principal (resp. finitely generated) left ideal I of A, every left A-homomorphism of I into M extends to A (cf. [4, p. 122], [14, p. 340], [17]). A is called left p-injective (resp. f-injective) if_AA is p-injective (resp. f-injective). Similarly, p-injectivity and f-injectivity are definited on the right side. (P -injectivity is also called principal injectivity in the literature). Following C. Faith, A is called a left V -ring if every simple left A-module is injective. A well-known theorem of I. Kaplansky asserts that a commutative ring is von Neumann regular iff it is a V -ring. In general, von Neumann regular rings need not be V -rings and the converse is not true either. A theorem of M. Ikeda-T. Nakayama asserts that A is a left p-injective ring iff every principal right ideal of A is a right annihilator. It is well-known that A is von Neumann regular iff every left (right) A-module is flat ([4, p. 91]). This remains true if “flat” is replaced by “p-injective” ([17]).

Our first result is motivated by [19, Question 1] and [27, Question 1].

Theorem 1. The following conditions are equivalent:

(1) A is von Neumann regular;

(2) A is a semi-prime ring whose finitely generated one-sided ideals are annihilators of an element of A;

(3) A is a semi-prime ring such that every finitely generated left ideal is the left annihilator of an element of A and every principal right ideal of A is the right annihilator of an element of A.

Proof: It is clear that (1) implies (2) while (2) implies (3). Assume (3). Let F be a finitely generated left ideal of A. Then F = I(u), u ∈ A. Since uA = r(w), w ∈ A, F = I(uA) = I(r(w)) = I(r(Aw)). But Aw is a left annihilator which implies that Aw = I(r(Aw)). Therefore F = Aw which shows that every finitely generated left ideal of A is principal. Since A is semi-prime, A is left semihereditary by [4, Theorem 7.5B] and it follows that every principal left ideal of A is projective. Since every principal right ideal is a right annihilator, by Ikeda-Nakayama’s theorem, A is left p-injective. Now A being a left p.p. ring is equivalent to “every quotient of a p-injective left A-module is p-injective” ([18, Remark 2]). Since A is left p-injective, every cyclic left A-module is p-injective which yields that A is von Neumann regular ([17, Lemma 2]). Thus (3) implies (1). □ In Theorem 1, the term “semi-prime” cannot be omitted (otherwise, any principal ideal quasi-Frobeniusean ring would be von Neumann regular !).

Remark 1. If every finitely generated one-sided ideal of A is the annihilator of an element, then A is a left and right IF-ring whose finitely generated one-sided ideals are principal (cf. [4, Theorem 6.9]).

Remark 2. The fact that a strongly regular ring is unit-regular follows from a cancellation theorem of G. Ehrlich (cf. [4, Corollary 6.3C] and [5, Corollary 4.2]).

The proof of [17, Proposition 1] shows in an elementary way that this result holds. Note that a left and right V -ring whose essential left ideals are two-sided is a unit-regular ring (whose prime factor rings are Artinian).

We may note the following characterization of principal ideal rings in terms of p-injectivity.

Remark 3. A is a principal left ideal ring iff every finitely generated left ideal of A is principal and every p-injective left A-module is injective.

Another result on annihilators.

Proposition 2. If every finitely generated left ideal of A is the left annihilator of a finite subset of A and every finitely generated right ideal of A is a right annihilator, then A is left f-injective and right p-injective.

Proof: Since every principal one-sided ideal of A is an annihilator, A is a left and right p-injective ring by Ikeda-Nakayama’s theorem. Let F, K be finitely generated left ideals of A. By hypothesis, we have F = I(U), K = I(V ), where U, V are finitely generated right ideals of A. Then U = r(I(U)), V = r(I(V )) which imply r(F ) + r(K) = r(I(U)) + r(I(V )) = U + V = r(I(U + V )) = r(I(U) ∩ I(V )) = r(F ∩ K). By Ikeda-Nakayama’s theorem, A is left f-injective. □ Question 1. If A is left p-injective such that every finitely generated left ideal of A is the left annihilator of an element of A, is A left f-injective ?

Remark 4. In Proposition 2, Soc(_AA) = Soc(A_A).

Proposition 3. The following conditions are equivalent:

(1) A is strongly regular;

(2) for any b ∈ A, Ab + I(AbA) is a complement right ideal of A.

Proof: Assume (1). For any b ∈ A, Ab = Ae, where e is a central idempotent. Then I(AbA) = I(b) = A(1−e) and Ab+I(AbA) = Ae⊕A(1−e) = A. Therefore (1) implies (2) evidently.

Assume (2). Suppose that c ∈ A such that (Ac)^2 = 0. Then I(AcA) is an essential right ideal of A. By hypothesis, I(AcA) = Ac + I(AcA) is a complement right ideal of A which proves that A = I(AcA), whence c = 0. This proves that A must be semi-prime. It follows that for any b ∈ A, I = Ab ⊕ I(AbA) (because Ab ∩ I(Ab) = 0) is a complement right ideal of A. Now there exists a complement right ideal C of A such that I ⊕ C is an essential right ideal of A. Then CAb ⊆ C ∩ Ab ⊆ C ∩ I = 0 implies that C ⊆ I(AbA) ⊆ I and hence C ⊆ C ∩ I = 0. Therefore I is an essential right ideal of A which yields I = A. Therefore A = Ab ⊕ I(AbA) which proves that A is von Neumann regular. Since AbA ∩ I(AbA) = 0 (in as much as A is semi-prime), then A = Ab ⊕ I(AbA) ⊆ AbA ⊕ I(AbA) which yields A = AbA ⊕ I(AbA). For any u ∈ AbA, u = v + w, v ∈ Ab, w ∈ I(AbA). Then u − v ∈ AbA ∩ I(AbA) = 0 which implies u = v ∈ Ab, proving that Ab = AbA is generated by a central idempotent (because A is semiprime). Thus (2) implies (1). □ Question 2. If Ab + r(AbA) is a complement left ideal of A for every b ∈ A, is A regular, biregular ?

We now give a sufficient condition for left Noetherian rings to be left Artinian.

Proposition 4. If A is a left Noetherian ring such that every essential right ideal of A is an idempotent two-sided ideal, then A is left Artinian.

Proof: Let B be a prime factor ring of A. Then every essential right ideal of B is an idempotent two-sided ideal of B. For any 0 ≠ b ∈ B, set T = BbB. Let K be a complement right subideal of T such that E = bB ⊕ K is an essential right subideal of T . Since T is an essential right ideal of B (B being prime), E is an essential right ideal of B which implies that E is an idempotent two-sided ideal of B. Now b ∈ E = E^2 implies that b =

∑_n i=1(bb_i + k_i)(bc_i + s_i), b_i, c_i ∈ B and k_i, s_i ∈ K, whence b −

∑_n i=1 bb_i(bc_i + s_i) =

∑_n

i=1 k_i(bc_i + s_i) ∈ bB ∩ K = 0.

Then b ∈ bBbB which proves that every right ideal of B is idempotent. Since every essential right ideal of B is two-sided, then B is von Neumann regular by [1, Theorem 3.1]. Since B is left Noetherian, it is well-known that B must be simple Artinian. If A is prime, then A is Artinian as just seen. If A is not prime, then by [3, Lemma 18.34B], A is left Artinian. This establishes the proposition. □

Note that the ring in Proposition 4 needs not be right duo. The proof of Proposition 4 yields a characterization of Artinian rings.

Theorem 5. The following conditions are equivalent:

(1) A is left Artinian;

(2) A is a left Noetherian ring such that for any prime factor ring B of A, every essential right ideal of B is an idempotent two-sided ideal of B.

An ideal of A will always mean a two-sided ideal of A. Recall that A is ELT (resp. ERT) if every essential left (resp. right) ideal of A is an ideal of A. As usual, A is called fully (resp. (1) fully left; (2) fully right) idempotent if every ideal (resp. (1) left ideal; (2) right ideal) of A is idempotent.

Note that if A is fully idempotent and every maximal left (with even every maximal right) ideal of A is an ideal, then A needs not be von Neumann regular ([28, Theorem 1]).

Theorem 6. If A is an ELT fully idempotent ring, then A is a von Neumann regular ring whose simple right (or left) modules are either projective or injective.

Proof: Let B be a prime factor ring of A. Then B is an ELT fully idempotent ring. The proof of Proposition 4 shows that B is fully left idempotent. By

[1, Theorem 3.1], B is von Neumann regular. Looking carefully at the proof of [1, Theorem 3.1], we see that A is also ERT. Let M be a maximal right ideal of A. If A/M_A is not projective, then M_A is essential in A_A which implies that M is an ideal of A and is therefore a maximal left ideal of A. For any y ∈ M, y ∈ yAyA ⊆ yM which implies that the simple left A-module A/M is flat ([2, p. 458]). By [21, Lemma 1], A/M_A is injective. This proves that every simple right A-module is either injective or projective. Similarly, every simple left A-module is either injective or projective. □

Corollary 7. An ELT fully idempotent ring is either regular with non-zero socle or strongly regular.

The next remark is connected with [6, Corollary 6], [18, Lemma 1] and [26, Question 1].

Remark 5. If A is an ERT (or ELT) ring whose simple left modules are pinjective, then A is regular and every simple one-sided A-module is either injective or projective.

Remark 6. If A is a semi-prime ELT ring containing an injective maximal left ideal, then A is a left and right self-injective, left and right V -ring of bounded index. Consequently, A is left and right FPF by a theorem of S. Page [4, Theorem 5.49].

We now consider a particular class of biregular rings which generalizes simple non-Artinian rings and semi-simple Artinian rings.

We introduce two definitions.

Definitions. Let E, T be ideals of A, E ⊆ T . We say that

(1) T is an essential extension of E (or E is essential in T ) if E ∩ N ≠ 0 for any non-zero ideal N of A contained in T ;

(2) E is a complement ideal of A if E has no proper essential extension in A.

Proposition 8. The following conditions are equivalent for a ring A:

(1) every ideal of A is generated by a central idempotent; (2) for every ideal T of A, T + (I(T ) ∩ r(T )) is a complement ideal of A.

Proof: Assume (1). Let T be an ideal of A. If I = T + (I(T ) ∩ r(T )), since T = Ae, where e is a central idempotent, then I(T ) = I(eA) = A(1 − e) = (1 − e)A = r(T ) and A = Ae ⊕ A(1 − e) = T ⊕ (I(T ) ∩ r(T )). Therefore (1) implies (2).

Assume (2). Let T be an ideal of A such that T^2 = 0. Then r(T ) is an essential left ideal of A which implies r(T ) is an essential ideal of A. Similarly, I(T ) is an essential ideal of A. Therefore r(T ) ∩ I(T ) is an essential ideal of A which implies that T + I(T ) ∩ r(T ) is an essential ideal of A. By hypothesis, T + (I(T ) ∩ r(T )) is a complement ideal of A which yields T + (I(T ) ∩ r(T )) = A.

But T^2 = 0 implies that T ⊆ I(T ) ∩ r(T ), whence A = I(T ) ∩ r(T ), yielding A = I(T ) = r(T ). This implies T = 0 and proves that A must be semi-prime. Now for any ideal U of A, U ∩I(U) = 0 and I(U) = r(U). If I = U +(I(U)∩r(U)), then I = U +I(U) = U ⊕I(U). Suppose that I is not an essential ideal of A: there exists a non-zero ideal N of A such that I ∩N = 0. Now NU ⊆ N ∩U ⊆ N ∩I = 0 which implies that N ⊆ I(U) = r(U), whence N = N ∩ I(U) ⊆ N ∩ I = 0. This contradiction proves that I must be essential in A. By hypothesis, I = A which proves that U is generated by a central idempotent (in as much as A is semiprime). Thus (2) implies (1). □ The following property of p-injectivity seems interesting.

Remark 7. If T is an ideal of A such that_AA/T is p-injective, then the factor ring A/T is left p-injective.

Quasi-Frobeniusean rings are now characterized in terms of p-injectivity.

Theorem 9. The following conditions are equivalent:

(1) A is quasi-Frobeniusean;

(2) A is left pseudo-Frobeniusean and projective p-injective right A-modules are injective;

(3) there exists a p-injective left generator of A-Mod and projective p-injective left A-modules are injective.

Proof: (1) implies (2) and (3) by [3, Theorem 24.20].

Assume (2). Since A is left pseudo-Frobeniusean, then every left ideal of A is a left annihilator which implies that A is right p-injective. For any projective right A-module P , there exist B, a direct sum of copies of A_A, and an epimorphism p of B onto P_A. Then B/ ker p ≈ P_A implies that B ≈ ker p ⊕ B/ ker p. Since B is a direct sum of p-injective right A-modules, then B_A is p-injective. Therefore B/ ker p is a p-injective right A-module and hence P_A is p-injective. By hypothesis, P_A is injective. Then (2) implies (1) by [3, Theorem 24.20].

Assume (3). Let G be a p-injective left generator of A-Mod. For any projective left A-module F , there exists C, a direct sum of copies of_AG, and an epimorphism q :_AC →_AF . As before, we obtain a p-injective left A-module F which is injective by hypothesis. Thus (3) implies (1) by [3, Theorem 24.20]. □

Recall that a left A-module M is YJ-injective if, for any o ≠ a ∈ A, there exists a positive integer n with a^n ≠ 0 such that every left A-homomorphism of Aa^n into M extends to A (cf. [15], [24], [30]). A is called left YJ-injective if_AA is YJ-injective. Similarly, YJ-injectivity is defined on the right side. In [15], it is shown that YJ-injectivity generalizes p-injectivity even for rings (quasiinjectivity generalizes injectivity but the two concepts coincide for rings). Also left YJ-injective rings generalize right IF-rings. If A is left YJ-injective, then every non-zero-divisor is invertible in A. Consequently, A coincides with Q^l_{cl}(A) and Q^r_{cl}(A), the classical left and right quotient rings of A. It is well-known that A is left non-singular iff A has a maximal left quotient ring, noted Q^l_{max}(A), which is a left self-injective regular ring. If A is a reduced ring, Q^l_{max}(A), is not necessarily strongly regular. However, if A is reduced and admits a classical left quotient ring Q^l_{cl}(A), then by [22, Proposition 1.5], Q^l_{cl}(A) is a reduced ring (this is the case when A is left non-singular, left duo). In that case, if Q^l_{cl}(A) is left or right YJ-injective, then it is strongly regular. Consequently, a reduced left YJ-injective ring is strongly regular.

A well-known theorem of Y. Utumi asserts that if A is left and right nonsingular, then Q^l_{max}(A) and Q^r_{max}(A) coincide iff every complement one-sided ideal of A is an annihilator. (The terms “annihilator” and “complement” should be permuted in [4, p. 181]).

Left (or right) Johns rings are studied in [4].

Question 3. Is a left Johns, left YJ-injective ring quasi-Frobeniusean ?

(We know that a left p-injective left Johns ring is quasi-Frobeniusean). Now let J, Y , Z denote respectively the Jacobson radical, the right singular ideal and the left singular ideal of the ring A.

Proposition 10. Let A be a ring whose simple right modules are flat. If every maximal left ideal of A is either injective or an ideal of A, then either A is a left self-injective regular left V -ring or A is strongly regular. Consequently, A must be a regular left V -ring.

Proof: First suppose that every maximal left ideal of A is an ideal of A. For any maximal left ideal N of A, N is a maximal right ideal of A and by hypothesis, A/N_A is flat. Then_AA/N is injective by [21, Lemma 1] which implies that A is a left V -ring, whence A is strongly regular (cf [17, Proposition 3]). Now suppose that there exists a maximal left ideal M of A which is not an ideal of A. Then_AM is injective which implies A = M ⊕ U, where U is a minimal projective left ideal of A. Let V be an arbitrary minimal projective left ideal of A. Write V = Av, 0 ≠ v ∈ A. If MV = 0, then MAv = 0 which implies that MA = M (because MA ≠ A). This contradicts the hypothesis that M is not an ideal of A. Therefore MV ≠ 0 and Mw ≠ 0 for some 0 ≠ w ∈ V . Now Mw = V and we have an epimorphism p : M → V defined by p(m) = mw for all m ∈ M. Then M/ ker p ≈ V which yields M ≈ ker p ⊕ M/ ker p (in as much as AV is projective). Since_AM is injective, then so is M/ ker p, proving that_AV is injective. In particular,_AU is injective which implies that A is left self-injective. Now for any maximal left ideal L of A, if_AL is injective, then_AA/L is injective as just seen. If L is an ideal of A, then A/L_A is flat which implies that_AA/L is injective ([21, Lemma 1]). In any case,_AA/L is injective, proving that A is a left V -ring, whence J = 0 (cf. [18, Lemma 1]). Since A is left self-injective, Z = J = 0 and hence A is von Neumann regular. We conclude that A must be a regular, left V -ring. □

We now turn to a characterization of commutative quasi-Frobeniusean rings.

Theorem 11. The following conditions are equivalent for a commutative ring A:

(1) A is quasi-Frobeniusean;

(2) A is a YJ-injective ring with maximum condition on annihilators and Soc(A), the socle of A, is finitely generated.

Proof: It is clear that (1) implies (2).

Assume (2). Since A is a commutative YJ-injective, then A coincides with its classical quotient ring. Since A satisfies the maximum condition on annihilators, then A/J is Artinian ([4, Theorem 16.31]) and also Y is nilpotent. Now A being YJ-injective implies that J = Y ([24, p. 103]), whence A is semi-primary. Therefore A has an essential socle. Given Soc(A) finitely generated, we then have a finitely embedded ring A satisfying the maximum condition on annihilators which yields A Artinian ([4, p. 164]). Since A is YJ-injective, every minimal ideal of A must be an annihilator. In that case, A is quasi-Frobeniusean by a theorem of H.H. Storrer. Thus (2) implies (1). □

Remark 8. A right YJ-injective ring whose simple right modules are either p-injective or projective is fully right idempotent (this is because Y = J = Y ∩J = 0). Theorem 11 motivates the next question on YJ-injectivity.

Question 4. Is a commutative YJ-injective ring with maximum condition on annihilators quasi-Frobeniusean ?

We add a remark on flatness and p-injectivity.

Remark 9. We know that A is von Neumann regular if every cyclic singular left A-module is flat (Math. J. Okayama Univ. 20 (1978), 123–129 (Theorem 5)). If every singular left A-module is injective, A needs not be von Neumann regular ([4, p. 92]). Consequently, this is also the case when every cyclic singular left A-module is p-injective. However, A is von Neumann regular if A is also left p-injective. We may also recall the following: If I is a p-injective left ideal of A, then_AA/I is flat.

In 1974, we introduced the concept of p-injective modules to study von Neumann regular rings, V -rings and associated rings ([17]). In 1985, this is generalized to YJ-injective modules ([24]). In 1998, Xue Weimin showed that even for rings, YJ-injectivity effectively generalizes p-injectivity [15]. Finally, Zhang-Wu [30] proved that if every left A-module is YJ-injective, then A is von Neumann regular (which answers a question raised in [24]).

K.R. Goodearl’s volume on von Neumann regular rings [5] has motivated numerous papers in that area during the last twenty years. It is now a classic for people interested in VNR rings (cf. [4]).

In view of [17, Proposition 1] and our Theorem 1 here, we raise the last question.

Question 5. Is A von Neumann regular if A is a semi-prime ring such that every principal one-sided ideal is the annihilator of an element of A ?

Note that semi-prime rings whose principal one-sided ideals are annihilators need not be von Neumann regular (cf. K. Beidar–R. Wisbauer, Comm. Algebra 23 (1995), 841–861 (Example 4.8), which answered in the negative a question raised in 1981).

In recent years, Xue Weimin and Zhang Jule solved several problems raised in my papers. Among the still unanswered questions, we recall the following:

U.Q.1. Is A von Neumann regular if A satisfies any one of the following conditions: (a) A is left semi-hereditary and every maximal left ideal of A is p-injective; (b) A is a left p-injective left V -ring; (c) every principal left ideal of A is a projective left annihilator; (d) A is left semi-hereditary and every simple left A-module is flat; (e) A is a semi-prime left self-injective ring whose maximal essential left ideals are two-sided.

U.Q.2. Is A strongly regular if A is a reduced ring whose principal left ideals are complement left ideals ?

U.Q.3. Is A fully left idempotent if every simple left A-module is YJ-injective ? (The answer is “yes” if “YJ-injective” is replaced by “p-injective”).

U.Q.4. Is A Artinian if A is a prime left self-injective ring whose maximal essential left ideals are two-sided ?

U.Q.5. Is A left pseudo-Frobeniusean if A is a left Kasch ring containing an injective maximal left ideal ?

References

[1] Baccella G., Generalized V -rings and von Neumann regular rings, Rend. Sem. Mat. Univ.

Padova 72 (1984), 117–133.

[2] Chase S.U., Direct product of modules, Trans. Amer. Math. Soc. 97 (1960), 457–473. [3] Faith C., Algebra II: Ring Theory, Grundlehren Math. Wiss. 191 (1976). [4] Faith C., Rings and things and a fine array of twentieth century associative algebra, AMS Math. Survey and Monographs 65 (1999).

[5] Goodearl K.R., Von Neumann Regular Rings, Pitman, 1979.

[6] Hirano Y., Tominaga H., Regular rings, V -rings and their generalizations, Hiroshima Math.

J. 9 (1979), 137–149.

[7] Hirano Y., On non-singular p-injective rings, Publ. Math. 38 (1994), 455–461. [8] Huynh D.V., Dung N.V., A characterization of Artinian rings, Glasgow Math. J. 30 (1988), 67–73.

42 R. Yue Chi Ming

[9] Huynh D.V., Dung N.V., Rings with restricted injective condition, Arch. Math. 54 (1990), 539–548.

[10] Huynh D.V., Dung N.V., Smith P.F., Wisbauer R., Extending Modules, Pitman, London, 1994.

[11] Mohamed S.H., Mueller B.J., Continous and discrete modules, LMS Lecture Note 47 (C.U.P.), 1990.

[12] Puninski G., Wisbauer R., Yousif M.F., On p-injective rings, Glasgow Math. J. 37 (1995), 373–378.

[13] Wang Ding Guo, Rings chracterized by injectivity classes, Comm. Algebra 24 (1996), 717– 726.

[14] Wisbauer R., Foundations of Module and Ring Theory, Gordon and Breach, New-York, 1991.

[15] Xue Wei Min, A note on YJ-injectivity, Riv. Mat. Univ. Parma (6) 1 (1998), 31–37. [16] Xue Wei Min, Rings related to quasi-Frobenius rings, Algebra Colloq. 5 (1998), 471–480. [17] Yue Chi Ming R., On von Neumann regular rings, Proc. Edinburgh Math. Soc. 19 (1974), 89–91.

[18] Yue Chi Ming R., On simple p-injective modules, Math. Japonica 19 (1974), 173–176. [19] Yue Chi Ming R., On regular rings and continuous rings, Math. Japonica 24 (1979), 563– 571.

[20] Yue Chi Ming R., On V -rings and prime rings, J. Algebra 62 (1980), 13–20. [21] Yue Chi Ming R., On regular rings and Artinian rings, Riv. Mat. Univ. Parma (4) 8 (1982), 443–452.

[22] Yue Chi Ming R., On von Neumann regular rings, X, Collectanea Math. 34 (1983), 81–94. [23] Yue Chi Ming R., On regular rings and continuous rings, III, Annali di Matematica 138 (1984), 245–253.

[24] Yue Chi Ming R., On regular rings and Artinian rings, II, Riv. Mat. Univ. Parma (4) 11 (1985), 101–109.

[25] Yue Chi Ming R., On von Neumann regular rings, XV, Acta Math. Vietnamica 13 (1988), no. 2, 71–79.

[26] Yue Chi Ming R., On V -rings, p-V -rings and injectivity, Kyungpook Math. J. 32 (1992), 219–228.

[27] Yue Chi Ming R., On self-injectivity and regularity, Rend. Sem. Fac. Sci. Univ. Cagliari 64 (1994), 9–24.

[28] Zhang Jule, Fully idempotent rings whose every maximal left ideal is an ideal, Chinese Sci.

Bull. 37 (1992), 1065–1068.

[29] Zhang Jule, A note on von Neumann regular rings, Southeast Asian Bull. Math. 22 (1998), 231–235.

[30] Zhang Jule, Wu Jun, Generalizations of principal injectivity, Algebra Colloq. 6 (1999), 277–282.

Université Paris VII-Denis Diderot, UFR Maths-UMR 9994 CNRS, 2, Place Jussieu, 75251 Paris Cedex 05, France

(Received July 19, 2001)