Comment.Math.Univ.Carolin. 43,2 (2002)261–270 261

Homogeneous geodesics in a three-dimensional Lie group

Rosa Anna Marinosci

Dedicated to Professor Oldřich Kowalski on the occasion of his 65th birthday

Abstract. O. Kowalski and J. Szenthe [KS] proved that every homogeneous Riemannian manifold admits at least one homogeneous geodesic, i.e. one geodesic which is an orbit of a one-parameter group of isometries. In [KNV] the related two problems were studied and a negative answer was given to both ones: (1) Let M = K/H be a homogeneous Riemannian manifold where K is the largest connected group of isometries and dim M ≥ 3. Does M always admit more than one homogeneous geodesic? (2) Suppose that M = K/H admits m = dim M linearly independent homogeneous geodesics through the origin o. Does it admit m mutually orthogonal homogeneous geodesics? In this paper the author continues this study in a three-dimensional connected Lie group G equipped with a left invariant Riemannian metric and investigates the set of all homogeneous geodesics.

Keywords: Riemannian manifold, homogeneous space, geodesics as orbits

Classification: 53C20, 53C22, 53C30

1. Introduction

Let (M, g) be a homogeneous Riemannian manifold, i.e., a connected Riemannian manifold on which the largest connected group K of isometries acts transitively. Then M can be interpreted as a homogeneous space (K/H, g) where H is the isotropy group at a fixed point o of M. In this situation the Lie algebra k of K has an ad(H)-invariant direct sum decomposition (= reductive decomposition) k = m ⊕ h, where m ⊂ k is a linear subspace of k and h is the Lie algebra of H ([KoNo]). In general such decomposition is not unique. The ad(H)-invariant subspace m can be naturally identified with the tangent space T_o(M) via the projection p : K → K/H.

A geodesic γ(t) through the origin o of M = K/H is called homogeneous if it is an orbit of a one-parameter subgroup of K, that is

(1) γ(t) = exp(tZ)(o), t ∈ R,

where Z is a nonzero vector of k.

A homogeneous Riemannian manifold is called a g.o. space if all geodesics are homogeneous with respect to the largest connected group of isometries. All naturally reductive spaces ([KoNo]) are g.o. spaces, but the converse does not hold. In [Kp] A. Kaplan proved the existence of g.o. spaces that are in no way naturally reductive; the examples of A.Kaplan are generalized Heisenberg groups with two-dimensional center. O. Kowalski and L. Vanhecke made an explicit classification of all naturally reductive spaces up to dimension five ([KPV]). In [KV] they gave a classification of all g.o. spaces, which are in no way naturally reductive, up to dimension six.

About the existence of homogeneous geodesics in a general homogeneous Riemannian manifold, we have, at first, a result due to V.V. Kajzer who proved that a Lie group endowed with a left-invariant metric admits at least one homogeneous geodesic ([Ka]). More recently O. Kowalski and J. Szenthe extended this result to all homogeneous Riemannian manifolds ([KS]).

Hence the study of the set of all homogeneous geodesics of a general homogeneous Riemannian manifold arises as a natural problem. In [KNV] O. Kowalski, S. Nikčević and Z. Vlášek started this study by considering the following problems: (1) Let M = K/H be a homogeneous Riemannian manifold where K is the largest connected group of isometries and dim M ≥ 3. Does M always admit more than one homogeneous geodesic?

(2) Suppose that M = K/H admits m = dim M linearly independent homogeneous geodesics through the origin o. Does it admit m mutually orthogonal homogeneous geodesics?

They gave a negative answer to both ones by considering the case of a threedimensional non-unimodular Lie group G = K/H endowed with a left-invariant Riemannian metric g and with distinct Ricci principal curvatures.

In the present paper the author extends the study for the case of a threedimensional non-unimodular Lie group whose principal Ricci curvatures are not all distinct. Then she studies homogeneous geodesics in a three-dimensional unimodular Lie group. The main results are resumed in Theorems 3.1 and 3.2.

2. Preliminaries concerning homogeneous geodesics in homogeneous Riemannian manifolds

As in the introduction, let (M = K/H, g) be a homogeneous Riemannian manifold with a fixed origin o. Let k and h be the Lie algebras of K and H respectively and let

(2) k = m ⊕ h

be a reductive decomposition; the canonical projection p : K → K/H induces an isomorphism between the subspace m and the tangent space T_o(M) and consequently the scalar product g_o on T_o(M) induces a scalar product B on m which is Ad(H)-invariant.

Definition 2.1. A nonzero vector Z ∈ k is called a geodesic vector if the curve (1) is a geodesic.

In the next section we shall use the following lemma which gives a characterization of geodesic vectors ([G], [KN], [KV]).

Lemma 2.2. A nonzero vector Z ∈ k is a geodesic vector if and only if

(3) B([Z, W ]_m, Z_m) = 0

for all W ∈ m (the subscript m denotes the projection into m).

Now if we want to find all homogeneous geodesics of the homogeneous Riemannian manifold (M = K/H, g), we have to calculate all geodesic vectors of the Lie algebra k. For this purpose we shall use the technique presented in [KNV]: at first we calculate the connected component K of the full isometry group I(M), or at least the corresponding Lie algebra k. Then we find a decomposition of the form (2) and look for the geodesic vectors in the form

(4) Z = r� i=1 x_ie_i + s� j=1 a_j A_j ,

where {e_i}_{i=1,2,...,r} is a convenient basis of m and {A_j }_{j=1,2,...,s} is a basis of h.

The condition (3) produces a system of r quadratic equations for the variables x_i and a_j when we write condition (3) taking W = e_i, i = 1, 2, . . . , r. Then we see for which values of x_1, x_2, . . . , x_r and a_1, a_2, . . . , a_s this system is satisfied. The geodesic vectors correspond to those solutions for which x_1, x_2, . . . , x_r are not all equal to zero.

A finite family of geodesics through the origin o is said to be linearly independent if the corresponding initial tangent vectors are linearly independent. Then the following proposition holds ([KNV]):

Proposition 2.3. A finite family {γ_1, γ_2, . . . , γ_k} of homogeneous geodesics through o ∈ M is orthogonal or linearly independent, respectively, if the mcomponents of the corresponding geodesic vectors are orthogonal, or linearly independent, respectively.

3. Homogeneous geodesics in three-dimensional Lie groups

Let G be a three-dimensional connected Lie group endowed with a left invariant metric g and let ∇ be its Riemannian connection with Ricci tensor ϱ. Write G in the form G = K/H, where K is the largest connected group of isometries of (G, g) and consider the reductive decomposition

(5) k = m ⊕ h , where k is the Lie algebra of the Lie group K, h is the Lie algebra of the Lie group H and m is a real vector space isomorphic to the tangent space T_e(G) (e = identity of G) or equivalently to the Lie algebra g of G. Because G = K/H itself is a group space, it admits a canonical connection ~∇ with the torsion tensor ~T (X, Y ) = −[X, Y ] and curvature tensor ~R = 0 ([KoNo]). The tensor D = ∇ − ~∇ satisfies ([Kw]):

(6) 2g(D_Y X, Z) = g( ~T (X, Y ), Z) + g( ~T (X, Z), Y ) + g( ~T (Y, Z), X).

The Lie algebra h consists of all skew-symmetric endomorphisms A of g such that A(g) = 0, A(R) = 0, A(D^nR) = 0 for n = 1, 2, . . . , where R is the Riemannian curvature (note that since G is three-dimensional A(R) = 0 is equivalent to A(ϱ) = 0 and A(D^nR) = 0 is equivalent to A(D^nϱ) = 0).

The algebra h contains as its subalgebra the Lie algebra d of all skew-symmetric derivations of g.

We want to describe all geodesic vectors of (G, g), which are contained in k according to the definition. For this purpose we shall distinguish two cases:

(I) G is an unimodular Lie group; (II) G is a non-unimodular Lie group.

CASE (I): G unimodular.

According to a result due to J. Milnor (see [M, Theorem 4.3, p. 305]) there exists an orthonormal basis {e_1, e_2, e_3} of the Lie algebra g such that

[e_1, e_2] = λ_3e_3, [e_2, e_3] = λ_1e_1, [e_3, e_1] = λ_2e_2.

The basis {e_1, e_2, e_3} diagonalizes the Ricci tensor ϱ and the principal Ricci curvatures are given by

ϱ_1 = 2μ_2μ_3, ϱ_2 = 2μ_1μ_3, ϱ_3 = 2μ_1μ_2,

where μ_i = (1/2)(λ_1 + λ_2 + λ_3) − λ_i, for each i = 1, 2, 3.

We note, by using Lemma 2.2, that e_1, e_2, e_3 are geodesic vectors. Now we must calculate the Lie algebra h of H.

A skew-symmetric endomorphism A : g → g of the Lie algebra g is of the form:

A(e_1) = ae_2 + be_3, A(e_2) = −ae_1 + ce_3, A(e_3) = −be_1 − ce_2.

The condition A(ϱ) = 0 gives in particular

ϱ(A(e_i), e_j ) + ϱ(e_i, A(e_j )) = 0 for each i, j = 1, 2, 3; so we get (7) a(ϱ_2 − ϱ_1) = 0, b(ϱ_1 − ϱ_3) = 0, c(ϱ_2 − ϱ_3) = 0.

From now on, let us suppose that all λ_i are distinct. Then all μ_i are distinct, as well.

If μ_1μ_2μ_3 ≠ 0, then ϱ_1ϱ_2ϱ_3 ≠ 0 and ϱ_i are all distinct; consequently from (7) we get a = b = c = 0 and h = {0}, hence all geodesic vectors are contained in the Lie algebra g.

Suppose μ_1μ_2μ_3 = 0; without loss of generality let μ_1 = 0. Condition μ_1 = 0 implies ϱ_2 = ϱ_3 = 0; we note that ϱ_1 ≠ 0 because λ_i are all distinct, consequently from (7) we get a = b = 0 and the endomorphism A is of the form A(e_1) = 0, A(e_2) = ce_3, A(e_3) = −ce_2.

The endomorphim A is not a derivation of the Lie algebra g in general; in fact condition A([e_1, e_2]) = [A(e_1), e_2]+[e_1, A(e_2)] is satisfied if and only if c = 0. Now each endomorphism A ∈ h satisfies the condition A(Dϱ) = 0. An easy calculation gives for D the following expression: D_{e1} e_1 = 0, D_{e1} e_2 = −λ_3e_3, D_{e1} e_3 = λ_2e_2, D_{e2} e_1 = 0, D_{e2} e_2 = 0, D_{e2} e_3 = −λ_2e_1, D_{e3} e_1 = 0, D_{e3} e_2 = λ_3e_1, D_{e3} e_3 = 0.

Dϱ and A(Dϱ) are defined by Dϱ(X, Y, Z) = −ϱ(D_X Z, Y ) − ϱ(X, D_Y Z), A(Dϱ)(X, Y ; Z) = −Dϱ(A(X), Y, Z) − Dϱ(X, A(Y ), Z) − Dϱ(X, Y, A(Z));

in particular we see that A(Dϱ)(e_1, e_2; e_2) = 0 implies c = 0; consequently the Lie algebra h is equal to zero, hence all geodesic vectors can be found in g.

By using Lemma 2.2 a vector X = x_1e_1 + x_2e_2 + x_3e_3 of g is a geodesic vector if and only if g([x_1e_1 +x_2e_2 +x_3e_3, e_i], x_1e_1 +x_2e_2 +x_3e_3) = 0 for each i = 1, 2, 3.

So we get:

(−λ_3 + λ_2)x_3x_2 = 0, (λ_3 − λ_1)x_3x_1 = 0, (λ_1 − λ_2)x_1x_2 = 0 or equivalently (because λ_i are all distinct): x_2x_3 = 0, x_1x_3 = 0, x_1x_2 = 0.

We conclude that all geodesic vectors X are those from the set span{e_1} ∪ span{e_2} ∪ span{e_3}.

The above study allows us to announce the following theorem:

Theorem 3.1. In a three-dimensional, connected and unimodular Lie group G endowed with a left invariant metric g, there always exist three mutually orthogonal homogeneous geodesics through each point. Moreover, if all λ_i are distinct, there are no other homogeneous geodesics.

Remark. If λ_i are not all distinct, we can suppose λ_2 = λ_3 without loss of generality. If λ_1 = λ_2 = λ_3 we have ϱ_1 = ϱ_2 = ϱ_3 and the space is Riemannian symmetric. Suppose now λ_1 ≠ λ_2 = λ_3, then μ_1 ≠ μ_2 = μ_3. If μ_2 = μ_3 = 0 then ϱ_1 = ϱ_2 = ϱ_3 = 0 and the space is Riemannian symmetric. Thus suppose μ_2 = μ_3 ≠ 0, then we have ϱ_1 ≠ ϱ_2 = ϱ_3 and from (7) a = b = 0. The endomorphism A takes on the form

A(e_1) = 0, A(e_2) = ce_3, A(e_3) = −ce_2.

In this case, the endomorphism A is a derivation of the Lie algebra g. We see that the algebras h and d coincide, and h is spanned by the endomorphim

A^′(e_1) = 0, A^′(e_2) = e_3, A^′(e_3) = −e_2.

A vector X = x_1e_1 +x_2e_2 +x_3e_3 +cA^′ is a geodesic vector if and only if g([x_1e_1 + x_2e_2 + x_3e_3 + cA^′, e_i], x_1e_1 + x_2e_2 + x_3e_3) = 0 for each i = 1, 2, 3.

So we get:

(−λ_3 + λ_2)x_3x_2 = 0, (λ_3 − λ_1)x_3x_1 + cx_3 = 0, (λ_1 − λ_2)x_1x_2 − cx_2 = 0.

Since λ_2 = λ_3 we see from the above system that for every choice of x_1, x_2, x_3 the vector X = x_1e_1 + x_2e_2 + x_3e_3 + (λ_1 − λ_2)x_1A^′ is a geodesic vector, hence G = K/H is a geodesic orbit space or equivalently a naturally reductive space (because in dimension three the two classes coincide) ([KPV]).

CASE (II): G non-unimodular.

According to a result due to J. Milnor (see [M, Lemma 4.10, p. 309]) there exists an orthogonal basis {e_1, e_2, e_3} of the Lie algebra g such that

[e_1, e_2] = αe_2 + βe_3, [e_2, e_3] = 0, [e_1, e_3] = γe_2 + δe_3,

where α, β, γ, δ are real numbers such that α + δ = 2 and αγ + βδ = 0.

The above basis diagonalizes the Ricci form and the principal Ricci curvatures are given by

ϱ_1 = −α^2 − δ^2 − (β + γ)^2,

ϱ_2 = −α(α + δ) + (γ^2 − β^2)/2,

ϱ_3 = −δ(α + δ) + (β^2 − γ^2)/2.

Putting α = 1 + ξ, δ = 1 − ξ, β = (1 + ξ)η, γ = −(1 − ξ)η, the principal curvatures take the form

ϱ_1 = −2(1 + ξ^2(1 + η^2)), ϱ_2 = −2(1 + ξ(1 + η^2)), ϱ_3 = −2(1 − ξ(1 + η^2)).

We note, by using Lemma 2.2, that e_1 is a geodesic vector.

A skew-symmetric endomorphism A : g → g of the Lie algebra g is of the form:

A(e_1) = ae_2 + be_3, A(e_2) = −ae_1 + ce_3, A(e_3) = −be_1 − ce_2.

The condition A(ϱ) = 0 gives in particular

ϱ(A(e_i), e_j ) + ϱ(e_i, A(e_j )) = 0

for each i, j = 1, 2, 3; so we get

(8) a(ϱ_2 − ϱ_1) = 0, b(ϱ_1 − ϱ_3) = 0, c(ϱ_2 − ϱ_3) = 0.

The case ϱ_1, ϱ_2, ϱ_3 all distinct has been studied in [KNV] by O. Kowalski, S. Nikčević and Z. Vlášek. They proved the following theorem: Theorem A. Let α, β, γ, δ be such that all Ricci principal curvatures are distinct. Denote D = (β + γ)^2 − 4αδ. Then up to a parametrization, the space (G, g) admits

(a) just one homogeneous geodesic through a point, if D < 0, (b) just two homogeneous geodesics through a point, if D = 0; they are mutually orthogonal, (c) just three homogeneous geodesics through a point, if D > 0; they are linearly independent but never mutually orthogonal.

We remark that the case ϱ_2 = ϱ_3 ≠ ϱ_1 does not happen (in fact ϱ_2 = ϱ_3 ⇔ ξ(1 + η_2) = 0 ⇔ ξ = 0 ⇔ ϱ_1 = ϱ_2 = ϱ_3).

Suppose ϱ_1 = ϱ_2 ≠ ϱ_3. In this case we have ξ = 1 and the Ricci curvatures assume the form:

ϱ_1 = −2(2 + η^2), ϱ_2 = −2(2 + η^2), ϱ_3 = −2η^2.

From (8) we get b = c = 0, so the endomorphism A takes on the form:

A(e_1) = ae_2, A(e_2) = −ae_1, A(e_3) = 0.

Now A is not (in general) a derivation of the Lie algebra g, in fact we have

A([e_1, e_2]) = [A(e_1), e_2] + [e_1, A(e_2)] ⇔ A(αe_2 + βe_3) = [ae_2, e_2] + [e_1, −ae_1] ⇔ αae_1 = 0 ⇔ αa = 0 ⇔ a = 0

because α = ξ + 1 = 2.

We must check for which values of “a” the endomorphism A satisfies the condition A(Dϱ) = 0. An easy calculation gives for the tensor D the following expression

D_{e1} e_1 = 0, D_{e1} e_2 = −2e_2 − ηe_3, D_{e1} e_3 = −e_2, D_{e2} e_1 = ηe_3, D_{e2} e_2 = 0, D_{e2} e_3 = −ηe_1, D_{e3} e_1 = −ηe_2, D_{e3} e_2 = ηe_1, D_{e3} e_3 = 0.

Note that A(Dϱ)(e_1, e_2, e_1) = 0 implies a = 0; in fact

0 = A(Dϱ)(e_1, e_2, e_1)

= −(Dϱ)(Ae_1, e_2, e_1) − (Dϱ)(e_1, Ae_2, e_1) − (Dϱ)(e_1, e_2, Ae_1) = −(Dϱ)(ae_2, e_2, e_1) − (Dϱ)(e_1, −ae_1, e_1) − (Dϱ)(e_1, e_2, ae_2) = ϱ(D_{ae2} e_1, e_2) + ϱ(ae_2, D_{e2} e_1) + ϱ(D_{e1} ae_2, e_2) + ϱ(e_1, D_{e2} ae_2) = −a2ϱ_2 ⇔ a = 0 (because ϱ_2 = −2(2 + η^2) ≠ 0).

We conclude that h = {0} and all geodesic vectors are contained in g. A vector X = x_1e_1 + x_2e_2 + x_3e_3 of g is a geodesic vector if and only if g([x_1e_1 + x_2e_2 + x_3e_3, e_i], x_1e_1 + x_2e_2 + x_3e_3) = 0 for each i = 1, 2, 3. This condition leads to the system of equations

x_2(x_2 + ηx_3) = 0, x_1(x_2 + ηx_3) = 0.

So, a vector X of g is a geodesic vector if and only if:

- X ∈ span(e_1, e_3) for η = 0.

- X ∈ span(e_1) ∪ span(e_3) ∪ span(ηe_2 − e_3) for η ≠ 0.

Making an analogous study for the case ϱ_1 = ϱ_3 ≠ ϱ_2 we obtain the following system of equations:

x_3(ηx_2 − x_3) = 0, x_1(x_3 − ηx_2) = 0.

So, a vector X of g is a geodesic vector if and only if

- X ∈ span(e_1, e_2) for η = 0.

- X ∈ span(e_1) ∪ span(e_2) ∪ span(e_2 + ηe_3) for η ≠ 0.

As a consequence we can state the following theorem:

Theorem 3.2. Let G be a three-dimensional connected non-unimodular Lie group endowed with a left invariant metric g and with two distinct principal curvatures. If η ≠ 0, then there exist always three linearly independent homogeneous geodesics through each point which are never mutually orthogonal. Moreover, there are no other homogeneous geodesics. If η = 0, then the geodesic vectors form a two-dimensional subspace of the Lie algebra g of G, i.e., there are infinitely many homogeneous geodesics through each point but every three of them are linearly dependent.

References

[G] Gordon C.S., Homogeneous Riemannian manifolds whose geodesics are orbits, Topics in Geometry, in Memory of Joseph D’Atri, 1996, pp. 155–174.

[Ka] Kajzer V.V., Conjugate points of left-invariant metrics on Lie groups, J. Soviet Math.

34 (1990), 32–44.

[Kp] Kaplan A., On the geometry of groups of Heisemberg type, Bull. London Math. Soc. 15 (1983), 35–42.

[KoNo] Kobayashi S., Nomizu K., Foundations of Differential Geometry, I and II, Interscience Publisher, New York, 1963, 1969.

[Kw] Kowalski O., Generalized symmetric spaces, Lecture Notes in Math. 805, Springer- Verlag, Berlin, Heidelberg, New York, 1980.

[KN] Kowalski O., Nikčević S., On geodesic graphs of Riemannian g.o. spaces, Archiv der Math. 73 (1999), 223–234.

[KNV] Kowalski O., Nikčević S., Vlášek Z., Homogeneous geodesics in homogeneous Riemannian manifolds. Examples, Reihe Mathematik, TU Berlin, No. 665/2000 (9 pages).

[KPV] Kowalski O., Prüfer F., Vanhecke L., D’Atri spaces, in Topics in Geometry, Birkhäuser, Boston, 1996, pp. 241–284.

[KS] Kowalski O., Szenthe J., On the existence of homogeneous geodesics in homogeneous Riemannian manifolds, Geom. Dedicata 81 (2000), 209–214.

[KV] Kowalski O., Vanhecke L., Riemannian manifolds with homogeneous geodesics, Boll.

Un. Mat. Ital. 5 (1991), 189–246.

270 R.A. Marinosci

[M] Milnor J., Curvatures of left-invariant metrics on Lie groups, Adv. Math. 21 (1976), 293–329.

[TV] Tricerri F., Vanhecke L., Homogeneous structures on Riemannian manifolds, London Math. Soc. Lecture Note Series 83, Cambridge Univ. Press, Cambridge, 1983.

Dipartimento di Matematica, Universitá di Lecce, via per Arnesano, 73100 Lecce, Italy E-mail: rosanna@ilenic.unile.it

(Received July 16, 2001)